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THE 


PREFACE, 


| Aving for a long time obſerv'd, that 
moſt of thoſe that take in hand the 


Elements of Euclid, are apt zo 
diſlike them, becauſe they cannot preſently 
diſcern, to what end thoſe ſeemingly inconfr- 
derable, and yet difficult Propofitions, can 
condace : I thought I ſhould do an accepta- 
ble piece of ſervice, in not only rendring then 
as eaſie as poſſible, but alſo adding to each 
Propoſition a brief account of ſome Uſe, that 
is made of them in the other parts of the Ma- 
thematicks. In proſecuting which deſign, I 
have been oblig'd to change ſome Demonſtra- 
tions,that ſeem'd toointricate and perplex'd, 
and above the ordinary capacity of Begianers, 
and to ſubſtitute others more intelligible in 
their ſtead, For the ſame reaſon, 1 have de« 
monſtrated the fifth Book after a method, 
[much more clear, than that by Equimulti- 
ples, formerly uſed. I would not be thought 
to have ſet down all the Uſes, that may be 


2 made 
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made of theſe Propoſitions : to have done 
that would have oblig'd me to have compris'd 
the whole Mathematicks in this one Book ; 
which would have render'd it both too large, 
and too ar Tcult, But I have contented my 
felf with tne choice of ſuch, as may ſerve to 
point out ſome of the Advantages they afford 
ws, and are alſo in themſelves moſt clear,and 
woſt eaſie to be apprehended. I have diſtin- 
guiſh'd *m by * Inverted Commas, that 
the Reader may know *em ;, not deſiring he 
ſhould dwell too long upon *em, or labour to 


' underſtand 'em perfectly at firſt, ſince they 


depend on the Principles of the other Parts. 

This therefore being the deſign of this ſmall 
Treatiſe,I voluntarily offer it to the publick, 
in an Age, whoſe Genius ſeems more addi- 
fed to the Mathematicks, than any that 
has preceded it, 


* Inſtead of the Authors Italick Character. 


Eight 


E:zbt Books of the Elements 
of EUCLID, together 
with the Uſe of the Propo- 
fitions. 


THE FIRST BOOK, 


— 


\ 
: HE deſign of EUCLID in this Book 
8 is to lay down the Firſt Principles of 
, Geometry ; and to do it methodically, 
* he begins with Defmitions, and the expli- 
* cation of the moſt ordinary Terms. To theſe 
*he adds ſome Poſtulata, and then Propo- 
*\ing thoſe known Maxims, in which natu- 
\ *ral reaſon does inſtruct us, he pretends, not to 
© advance a ſtep farther without a Demonſtration, 
© but to convince every man, even the molt ob- 
* ſtinate, that will grant nothing, but what is ex- 
*rorted from him. In the firlt Propoſitions he 
* txeats of Lines, and the different 4ngles, which 

A 3 " are 
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6 are form'd by their concourſe; and having oc- 
* calſjion to compare divers Triangles together, 
*in order to demonſtrate the Properties of 
© Angles, he makes that the buſineſs * of the 
© Eight firſt Propoſitions. Then tollow ſome 
© Practical Inſtructions, how to divide an Angle 
*and a Line into two equal ors and to draw a 
© Perpendicular. Next he ſhews the properties 
* of a Triangle, together with thoſe of Paralled 
© Lines; and having thus finiſh'd the Explica- 
* tion of this firſt figure, he paſſes on to Paral- 
* lelograms, teaching the manner of reducing 
* any Pchgone, or multangular figure into one 
* more regular. Laſtly, he finiſhes the firſt 
*Book with that famous Propoſition of Pytha- 


© poras, That in every rettangular Triangle the 
* Square of the * Baſe is equal to the Squares of 
F both the other ſides. 

* He calls that the Baſe, which is commonly call'd the 
Hyporenuſe, 1. e, the Line that is oppoſite to the right 
Angle. : 


ll 
— 


DEFINITIONS. 


r. A Point is that which hath no parts. 

* This Definition muſt be underſtood in 
©tBis ſenſe: That quantity, which we conceive 
* without diſtinguiſhing its parts, or ſo much as 
* conſidering whether or no it has any, is a Ma- 
* thematical point; which is therefore ver 


* di 
= 
= 
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* different from thoſe of Zeno, which were ſup- 
© p0s'd to be abſolutely indiviſible, and there- 
, we ſuch, that we may reaſonably doubt whe- 
* ther they are poſſible; but the former we can- 
* not doubt of, if we conceive them aright. 

2. A Line is length without breadth. 

© The ſenſe of this Definition is the ſame 
© with the former That quantity, which we 
© conceive as length, without reflecting on its 
© breadth'or thickneſs, is that, which we under- 
© ſtand by a Line; though it be impoſlible to 
© draw a real” Line, which will not be of a cer- 
*tain breadth. "Tis commonly faid, that a Line 
* is produc'd by the motion of a Point; which 
* ought to be carefully obſerv'd; for motion 
* may on that manner produce any quantity 
© whatſoever : But here, we muſt imagine a 
* Point to be only fo mov'd, as to leave one 
© trace in the ſpace, through which it paſſes, and 
© then, that trace will be a line. 

3. The two Extreams of a Line are Points. 

4 Aright Line is that, whoſe points are equal- 
ly plac'd between the two Extreams. 

*Or thus. A right Line is the ſhorteſt thax 
* can be drawn from one point to another. Or 
*yet. The Extreams of a right Line may caſt 
* a ſhadow apon the whole Line. { 

5. A Superficies or Surface is a quar .ity, to 
which is attributed length, and breadth, without 
the conſideration of any thickneſs, 

_—_— A 4 6. The 


——— 
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6. The Extreams of a Superficies are Lines. 

7. A plane or right Superficies is that, whoſe 
lines are equally plac'd between its two Extreams; 
Or that, to which a right line may be every way 


apply'd. 
ans 


D ©] have before vbſerv'd, that 
FITTLTH © motion may produce any quan- 
*tiry whatſoever : accordingly 
*we ſay, when one line moves 
B c © over another, it produces a Su- 
* perficies, or a Plane ; and that 
© that motion has a kind of afhnity with Arit5- 
© wnetical Multiplication. Suppoſe then the 
© line AB to paſs along the line BC, retaining 
© ſtill the ſame ſituation, without any inclination 
*to one (ide or other: the point A will deſcribe 
*the line AD, the point B the line BC, and 
* the intermediate points the lines parallel to 
© thoſe, which will make up the Superhcies A 
* BCD. I add further, that this motion anſwers 
*ro Arithmetical Multiplication ; becauſe did 
©I know the number of points, that are contain'd 
*in both thoſe lines, AB, and DC; by multi: 
* plying them together, I ſhould find a product, 
© which would' give me the number of points, 
* which conſtitute the whole ſuperhcies ABCD. 
© As for example, it AB contain'd four points, 
* and 3% fix, by ſaying four times ſxx make 
* twenty four, 1 tind, that the whole ſuperficies 
© AECD conliſts of twenty four points. *” 
o 
. of 
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*by a Mathematical point, may be underſtood 


© any quantity whatſoever; e. g. a Foot, provi- 
© ded it be not ſubdivided into parts. - 

Sd plain Angle is the * lib ance or opening of 
two lines touching each other, ſo as not to compoſe .. 
only one line. 


*Iverture, Gall, ones dAAiAgs KALD15, Eucl, 


E * As the diſtance D betwixt the 
©lines AB, and BC; which are not 
* parts of the ſame line. 
9. A Rettilineal Angle is the di- 
D ſtance betwixt two right lives. 

A C *© Tis chiefly of this fort of An- 
* ples that I would be underſtood at preſent ; 
* which I define by diſtance or opening, becauſe 
© Experience teaches, that the-greateſt part of 
* Beginners deceive themſelves in meafuring the 
© greatneſs of an Angle by that of the lines, 

* within which it is contain'd. 
A *' The Angle that is more 
| D * open, is the greater; that 
1 * is, When the lines of one an- 
n C- / * glelie more apart from. each 
a * other than thoſe of another, 
G{.B;....L * taking them at the fame di- 
ſtance from the points of concourſe, the for- 
mer is greater than the latrer. Accordingly, 
the angle A is greater than the angle E; be- 
* cauſe 
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* cauſe taking the points D and B as remote 
© from the point A, as the points G and L are 
* fomthe point E; the points D and B lie far- 
© ther apart from each other, than the points G 
* and L; from whence I infer, that if the lines 
*EG and EL were produc'd farther, the angle 
*E would be always of the fame largeneſs, and 
* always leſs than the angle A. 

© We uſe three letters when we ſpeak of an 
* Angle, of which the middlemoſt denotes the 
© point of concourſe: as the angle BAD is the 


© angle which by the lines BA and ADisform'd | 


* at the point A: the angle BAC is that made 
© by the lines BA and AC: the angle CAD is 
* comprisd by the lines CA and AD. 

* A Circle is the meaſure of an Angle.There- 
* fore to know the magnitude of - the Angle 
© BAD, I pl2ce the foot of the Compaſs upon 
© the point A, and deſcribe the circle BCD : 
© the angle is ſo much the greater, by how 
© many more parts of a circle the arch, that mea- 
© ſures it, contains: and becauſe a circle is uſu- 
© ally divided into 360 parts, or degrees, there- 
* fore an angle is ſaid to have twenty, thirty, 
* forty degrees, according as the arch, com- 
* pris d berwixr the lines that form it, contains 


* lv many. 390 the angle is the greater, which * 


* :ontuins More degrees, - as the angle BAD is 
* ,,-+1ter than the angle GEL. The line CA 
i: the angle BAD in the middle, becaule 


the x 
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© the arches BC and BD are equal; and the an- 
{ © gle BAC is part of the angle BAD, becauſe 
, the arch BC is part of the arch BD. 

10. When one line falling upon another makes 
two equal angles, they are both right angles ; and 


1 the line perpendicular. 
A 


FE, * AB, plac'd upon the line C 
%. D, make the angles ABC and 
_ SL _ ABD equal; that is, if, ha- 


ving defcribd a ſemicircle 
© CAD from the center B, the arches AC and 
*AD are equal: the angles ABC, and ABD 
* are call'd right angles, and the line AB per- 
{ © pendicular. Therefore becauſe the arch CAD 
© 5s a ſemicircle, the arches CA and AD are 
© each of them a quarter of a circle, that is, the 
* fourth part of three hundred and ſixty degrees, 
© that is, ninety. 

11. An Obtuſe angle is that which s greater 
than a right one. 

* As the angle EBD is an obtuſe or blunt an- 
* ple, becauſe its arch EAD contains more than 
* a quarter of a circle. 

It. An Acute angle us that which leſs than 
4 right one. 
 *As the angle EBC is an acute, becauſe the 
*arch EC, which meaſures it, has leſs than 
* ninety degrees. 

13. A Term # the extremity or end of any 
S C17 14 2 


* As for example: if the line | 


Dy —ax ere, oe er ener 
b.-—- . — i 


DR * - 1 ee "6 
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14. A Figure is a quantity comprehended by 
one or more Terms. 

* That which is call'd a Figure ought to be 
© limited and inclos'd on every fide. 

15. A Circh is a plain figure, terminated by 
the encompaſſing of one line, which is call'd the 
Circumference ; and is every where equally re- 
more from the middle point. 


'S ©'The Figure RVSX is a 
* Circle, becauſe all the 
© lines TR, TV, TS, TX, 

J—x *drawn from the point T, 


| © to the line RVSX, are e- 
| * qual. 
16. . The middle point is 


2 call d the Center, 


17. T he Diameter of a Circle is. any line paſ- 
ſing through the Center, and terminated at the 
Circumference, dividing the Circle into two equal 

arts. 

* As the lines VTX, and RTS. 

But if any ſhould doubt, whether the line 
© V TX does indeed divide the circle. into two 
* equal parts, ſo that the part VSX be equal to 
©the part VRX; it may on this manner be 
* provd. 

* Suppoſe the part VRX to be plac'd upon the 
© other VSX: I ſay, they will nor — 

$ the 


e line 
Oo wo 
ual to 


zer be 


zon the 
ed one 
$ the 
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ET _- *©rtheother. Forif one, ſuppoſe 

Y  <YSX exceed the other VRX, 

Dd *©the line TR will be leſs than 

= \ © TS; and in like manner T'Z 

V T X © than T Y,which iscontrary to 

© the definition of a Circle, which affirms all the 

$ lines drawn from the center to the circumfe- 
* rence to be equal, 


18. A Semicircle is a figure terminated by the 
Diameter, and half the Circumference. 


19. Rettilineal figures are ſuch as are termi- 
nated by right lines, having three, or four, or true, 
or as many ſides as you pleaſe. 

* Euchd divides Triangles with reſpect either 
* to their angles, or ſides. 


20. fin Equilateral Triangle is 
FN that which has its three ſides equal: 
B C | 


o 46. 
21: An lfofceles, or equicrural Tri- 
angle, 1: that which has two fedes equal : 
* As if the two fides AB, and AC be 
* equal, * the triangle ABC is an Ifo- 
B _ C *©ſceles. 


22. A Scalenum 3s a triangle has 


\ wing all the three ſides pans. 7 as 
GHL, 


23. A 
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23. A Refangle triangle #4 that 
D which has one right angle. 

* As DEF, ſuppoting the angle E to 

© be a right one. 


H 4124 An Ambligone, or Ob- 
tuſangle triangle 15 that which 
has one angle obtuſe. As IGH. 

I G 
A 2.5. Oxygone, or an Acutangt 
triangle s that whoſe angles art 
all acute. As ABC. 
B C 
A | 26. ARefangle (properly ſocall'd) 
f foe 


« a figure conſiſts ur fides, and 
ho all tts o——_ right. 
27. A Square has all its fides 
2 *qual, and its angles right, as AB. 
2.8. An Oblong ago bas its 


C 
s unequal, but its ang les right : 
WM; its 


D 
29. 4 Rhowmbus, or Loſavge, bas equal ſides, 
but nnequal angles; as E F. 


C 
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Lat G 30. A Rhomboides, or oblon 


Loſange, hath both its ſides =) 
7 tO angles unequal : as GH. 


H 31. Other irregular figures of 


our ſides are call'd Trapeſia. 

Ob- ſe þ | | "I 33. Parallel lines are 
hich ſuch, as being m the ſame 
GH. ll © | D plane will never concur, 
keeping ſtill an equal di- 

ſtance one from the other : as AB, CD. 
ang A H B 33. A Parallelogram is a 
s ar* | | a / figure, whoſe two oppoſite ſides 
F are Parallels : © as the Figure 
CS p ABCD, whoſe fides AB,CD; 
all'd) *and AC, BD, are parallels. 


and 34. The Diameter of a Parallelegram is 
: right line drawn from one angle to another : as 
BC. 
\B. 35- The Complements are the two ſmall Pa- 
rallelograms, through which the Diameter does 
has its I not paſs: as AFEH, and GDIE. 
right : 


l fades, DEMANDS, or SUPPOSITIONS. 


I. E Op ſuppos'd that a right line may be 


drawn from any point whatſoever 
to another. 


2. That a right line may be continu'd to what 
length you pleaſe. 
30. 4 3. Thar 
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3. That from a Center given a Circle may 
be deſcrib'd at any diſtance whatſoever. 


— 


Ls 


MAXIMS, or AXIOMS. 


x Hoſe quantities that are equal to a 
;- third, are equal betwixt themſelves. 

z.. If equal quantities be added to thoſe that ' 
are equal, the produCts will alſo be equal. 

3-- If equal quantities be taken away from 
thoſe that are equal, the remainders will be e- 

ual. 
b 4- It you add equal parts to quantities une- 
qual, they will remain unequal. 

5. If from equal quantities you take away 
unequal parts, the remainders will be unequal. 

6. Quantities that are double, triple, qua- 
druple, &c. in reſpect of the ſame, are equal 
among themſelves. 

7. Thoſe quantities are faid to be equal, 
which being apply'd one to the other, neither 
exceeds, 

8. Equal lines and angles being placd one 
upon another, do not ſurpaſs each other. 

9. The whole is greater than its part. 

to, All right angles are cqual to one ano- 


ther. 
©Let 
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R: :- La ihe tw 
*right anglespro- 

c—_ E G © EFH,I fay they 
are equal. Forif 


1 *two equal circles CAD, HEG, be deſcrib'd 
1- from the centers B and F ; the fourth parts of 
{* thoſe circles CA, HE, which are the meaſures 
{* of the angles, ABC, EFH, will be equal : 

© therefore the angles ABC, EFH, having 
* equal meaſures, will be equal. 

The eleventh Maxim of 
Euchd is to this efte&. If two 
lines AB, CD, being cur by 2 
third EF, make the internal 
angles, BEF, DFE, leſs than 

wo right angles; the lines AB, CD being pro- 

uc'd, will at length concur towards the points 
and D. 

* Which, though it be true, is not clear 
enough to be receiv'd for a Maxim : therefore 

| have ſubſtituted another in its place. 


11: If two lines be parallel, all the perpen- 
iculars contain'd betwixt them will be equal. 
E GB * As for example, if the lines AB, _- 
| * CD, are parallels, the perpendt- 

* cular lines FE, HG, are equal, 
F HD «Forif EF was greater than GH, 
the lines AB and CD,. would be more remote 
| B from 


Cc /E D» 
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© from each other towards the points E & F, 
© than towards G and H; which would be con- 
©trary to the definition of Parallels, where tis 
* ſaid, they are ſuch as always keep the ſame 
* diſtance, meaſur'd by perpendiculars. 


12. Two right lines cannot encloſe any ſpace ; 
that is to fay, they cannot encompals it on: all 
ſides. 


13: Two right lines cannot have one com- 
mon ſegment. 


* By which I mean, that two 
© right lines, /e AB, and 
£) * CB, —_— point B, 


St. * eannot together make one ole 
* line BD; but cutting one an- 


© other ſeparate again immedi- 
© ately after their rencounter. For, if you de- 
* ſcribe a circle from the point B as a center, 
© AFD will be a ſemicircle, becauſe the right 
ba line ABD, paſling through the center B, will 
* divide the circle into two equal parts. 'The 
* ſegment CFD will be alfo a ſemicirele, be- 
* cauſe CBD will be alſo a right line, and will 
* paſs through the center B: therefore the ſeg: 
* ment CFD will be equal to the ſegment AFU. 
* the part to the wholez which is repugnant 
© to the nigth Maxim, 
Advwer- 


| gna nr 


Adwer- 
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ADdvurTISSMANT. 


6 s Ye are two forts of Propoſitions : In 
$ ſome we have nothing but the bare Spe- 
© culation of a Truth, without deſcending to 
© Practice, which we call Theorems; in the 
© other ſomething is propos'd to be done, and 
© thoſe are call'd Problems. 

* The firſt number of the quotations denotes 
* the Propoſitions, the ſecond the Book. As 
© by the 2. of the 3. that is, by the ſecond Pro- 


_ © polition of the third Book : but if- only one 


* number occur, it ſignifies ſuch a Propofition 
* of the book you are then upon, 


PROPOSITION L 
A ProBLEM, 


| To draw an Equilateral Triangle upon 
any line given. 


ET the line AB be propos'd fot the baſe 
of an Equilateral Trfan gle ; from the 
center A at the diſtance AB deſcribe the cir- 
cleBCD; and likewiſe from rhe center B art 
the diſtance, BA deſcribe the circle DAC cur- 


B 2 ring 


\ 


\L 
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ting the former at the point C. 'Then draw 
the lines AC and BC; and all the fides of the 


triangle ABC will be equal. 
the circumference of 


the circle BCD are e- 


qual, by the Definition of a Circle ; the lines BA, 
and BC are. likewiſe equal being drawn from 
the center B to the circumference of the cir- 
cle CAD. Laſtly the lines AC and BC being 
equal tro the ſame line AB, are alſo equal be- 
tween themſelves. All the three fides re 
of the triangle ABC are equal. | 


The USE. 
©'The of Euchd in 


== *© placing this Problem here 
== * wasonly to demonſtrate the 
* two following: Propoſitions. 
* Bur it may be alſo further 

t G C *« ſerviceablefor the meaſuring 
*an in le line, as for example, the line 
* AB, which by reaſon of a River or Precipice 
* cannot be approach'd. In ſuch a caſe make 
*2 ſinall Equilateral Triangle BDE, either of 
* Wood, or Copper, or the like ; and having 
* placed ir Horizontally-upon B, obſerve the 
point 


Demonſtration 
The Lines AB, and 
AC being drawn from 
the ſame center A to 


e the 
10s. 
rther 
uring 
> line 


make 


cr of 


aVing 
e the 
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* point A, by the fide BD, and any other point 
«©, by the e BE. Then transfer your Tri- 
* angle along the line BC, and place it upon 
* divers parts of the ſame line ; till at- length 
*you find a point C, upon which placing the 
* Triangle yau ſhall ſee int B, by the {ide 
* CG, and the point A by the (fide CF. 1 fay 
© the lines CB and CA are equal; fo that by 
© meaſuring the line BC, you may know the 
© line AB. I might further demonſtrate- that 
© the lines AB, and BC are equal ; but let ir 
* fuffice that in this Propoſition you are taught 
* the way of making an Inſtrument proper t9 
© take the dimenſions of an inacceſlible line. 


PROPOSITION UL 


A PaoziuiM, 


From a point given to draw @ lint equal to ans- 
ther lime given.._. 


Take with ' the Compaſs the 
D length of the line A, and at that 
interval, making B the Center, 
deſcribe the circle CD. Drawing then from 
| B 3 the 


Aeern_ 
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the point B to. which {ide you pleaſe, a line BI, 
or BD, ?tis evident it will equal to the 
line A. 

© Euchd propoſes a more myſterious' and in- 
© tricate \'method of demonſtrating this Pro- 
*; politionz but in praftice'we always make uſe 
* of this; in as much as, having taken with the 
* compaſs the line A, tis as caſte deſcribing a 
© circle. from the center B, as from - the cen- 
*ter A. | 


- 


 <_ 


PROPOSITION 1. 


A ProBLEamM, 


From a peatet line to take a part equal to a leſs. 


Copel you. were, tq t#ke from the line EC, 
a part BI, equal to the line A. .Take be- 
twixt the points of the compaſs the length of 
the line A, and art that diſtance, from the cen- 
ter B deſcribe a circle, which ſhall cut the line 
BC at the point I. "T's ertgin the lines. BI, 
and A, are equal. 

* The Uſe of theſe two preceding Propoſi- 
* tions is ſufficiently evident ; for as much as 
* we are frequently oblig'd in prattical Geome- 
* try to draw one line equal to another ; and to 
* rake a part of a greater line equal toa line that 


* is leſs. PROP- 
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- PROPOSITION 1V. 
A Tuzrzoxn um. 


If rwo Triangles have two ſides _—_ each to 
the other reſpetroely,and the angles alſo,form'd 
by thoſe two ſides, equal ;, their baſes and other 
angles will be equal. 


E T the triangles A 


D A 
BC, DEF, have two 
ſides equal -each to the 
other reſpeCtively ; that 
F _ B is to ſay, let AB be 


equal to DE, and AC to 
DF ; and let the angles BAC, EDF, form'd by 
thoſe ſides be alſo equal ; I fay, the baſes BC, 
EF, are equal, and the angles ABC, DEF: ; 
ACB, DFE, are equal ; and laſtly, the whole 
triangles equal in all reſj 
Demonſtration. - 

Su the triangle DEF to be plac'd upon 
the wel ABC gy ſlide DE rw ——_ 
AB, they will not exceed each other, becauſe 
they are ſuppos'd to be equal ; ſo that the point 
E will be upon B, and the point D upon the 
point A.. For the ſame reaſon the line UF will 
fall upon AC. For if it thould fall on the out- 

B 4 lide 
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fide of it, the angle EDF would be greater than 
the angle BAC; and if it ſhould fall within 
AC,the angle EDF would be leſs : and yet rhey 
are ſupposd to be equal. Therefore {ince the 
point D is upon the point, A, and the line DF 
talls upon the lme AC, to which it is equal, 
they will - not exceed each other, but the point 
F will fall upon C. Laſtly, fince the points E 
and F of the line EF, fall upon B and C; the 
line EF will fall upon BC, becauſe it can nei- 
ther fall higher as in BHC, nor lower as in 
BGC; for then two right lines would encloſe 
ſpace; which is contrary to the twelfth Ma- 
xim. Therefore the two triangles do not at 
all exceed each other ; þut not only the baſes 
BC, EF, bur alſo the angles ABC, DEF ; and 
ACB, DFE, are equal. 

Coroll, An Equilateral triangle hath all its 
angles equal. 


The USE. 
B * Suppoſe [ 


, © was tomea- 
/ &* ſure an in- 
© acceſiible 
© line AB. 1 
* abſerve 
' hom the point C the points A, and Bz and 
* then meaſure the angle C. This done, placing 
* a Board horizontally, and obſ-rving ſccefire 
. 


D 


C 
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© ly by a rule the points A and B, I'draw two 
; RG to the rule, which make the 
*:ngle C; and meaſure with a yard the lines 
{ot 


and BC, which are ſuppo&'d acceſſible. 
* Then going into--an open field, and placing 
* my Board again horizontally upon the poinc 
* F, and obſerving the lines that I drew upom it, 
*I make an e DFE cqual to the angle C; 
*] make likewiſe FD, FE, equal to CA, CB, 
* Then accordigg to this Propoſition the lines 
*AB, and DE, are equal. that meaſuring 
by the yard the acceſſible line DE, I ſhall 
* know AB, which is inacceſſible. my 


Another USE. 


*Theſame yn may 

*ſerve to teach how to hit a 

* bowl at Billiards by refle- 

* Ction. Suppoſe one bowl to 

* be at the point A, and that 

E © which you would hit at the 

* point B, and CD the Billiard table. Imagine 

© then a -perpendicular BDE, and take the 

*line DE equal to BD. I ſay, if you dire& 

© the bowl from the point A to E, the reflexion 

* will carry it to B, For in the triangles BFD, 

*EFD, the fide FD being common, and the 

* ſides BD and DE equal ; the angles BFD, 

*EFD execqual, by this propoſition. Thean- 
c 

' gles 
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* gles AFC, DFE, being oppoſite, are alſo equal, 
* as I ſhall demonſtrate hereafter; Therefore 
* the angle of Incidence AFC, is-equal to the 
* angle of Refleftion BFD; and by conſequence 
the Refleftion will be by AFB, | 


—m_—_— 
_— 


PROPOSITION V. 


THrmnoORsE Mm. 


In ooſceles, or Equicrural triangles, the angles 
| «4 are above the Baſe are equal: as alſo 
thoſe that are below. it. 


D JE the Tſoſceles be 

ABC, that is to ſay, 

let the ſides AB, AC 

be equal. I fay the an- 

4 gles ABC,ACB are ec 

qual ; as alſo rhe an- 

G H 1 K gles GBC, HCB, that 

are below the baſe BC. Suppoſe another tri- 

angle DEF, having the angle D equal to the 

angle A ; and the {1des DE, DF, equal to AB, 

AC. Since the fides AB, AC are equal, all the 
four lines AB, AC, DE, DF will be equal. 

Demonſtration. Since the ſides AB, DE ; AC, 

DF, are equal ; as alſo the angles A, and D: 

if the triangle DEF be plac'd upon ABC, yr 

Wi 


The Firſt Book. 23 


will not exceed each other, but the line DE 
will fall upon AB; DF upon AC; and EF 
upon BC {by the 4th.) therefore the angle 
DEF, will be equal ro ABC. And becauſe one 
art of the line DL falls upon AB, the whole 
Fine DI will be upon AG ; otherwiſe two 
right lines would have a common ſeg- 
meat ; therefore the angle IEF will be equal 
to GBC. Suppoſe then the triangle DEF 
turn'd, and apply 'd another ho | to the triangle 
ABC, that is to fay, fo as DF may fall upon 
AB, and DE upon AC. Since the four lines 
AB, DF; AC, DE, are equal; asalſo the an- 
gles A and D: the triangles will likewiſe agree 
this way, #nd the angles ACB, DEF ; HCB, 


IEF, will be equal. Now by the firſt comparing 
them ir. appear'd, that the angle ABC@was e- 


ual ro the angle DEF; GBC to : there» 
or the angles ABC, ACB being equal to the 
fame DEF; and GBC, HCB, alto equal to the 
fame IEF, they are equal among them- 
ſelves. 
*I was unwilling: to make uſe of Euclid's 
© demonſtration, becauſe being very difficulr, 
* it might diſcourage beginners, 


PROP- 
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PROPOSITION. 
TrnroOREDM. 


If two angles of a triangle be equal, the triangl: 
tins hr py "> wh nt 


/ ; 

wo the angles ABC, ACB of the triangle 
LL, ABC be equal: (ſee Fig. preced.) I lay 
it is an Ifoſceles ; that is to ſay, the two ſides 
AB, AC, which are oppoſite to the equal an- 
gles, are equal. Suppoſe the rrian le DEF tg 
have a baſe EF equal to BC, and the angle 
EF equal to ABC, as alſq DFE equal to ACB: 
ince the angles ABC, ACB are ſuppos'd to be 
ual, all the four angles ABC, ACB, DEF, 
DFE, will be equal. Syppoſe again therefore 
the baſe EF to be plac'd upon the baſe BC, fo 
that the point E lie upon the point B, the baſes 
being ſuppos'd equal it is evident they will 
not exceed each other, Further, the angle E 
being equal to the angle B, and the angle F to 
the angle C; the line ED will fall upon the 
line 'BA, and FD upon CA: fo that the. lines 
ED and FD will meet” at the point A. From 
whence it follows, that the line EC is equal to 

BA. 
'Let then the triangle DEF be turn'd to the 
other lade, and be applied another way to the 
tri- 
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triangle ABC : that is to fay, fo that the point 
E lie upon C, and F upon B: the baſes BC, 
FE will perfe&tly agree, being ſuppos'd to be 
equal: and becauſe the angles F, and B; E, and 
C, are alſo ſuppos'd to be equal, the fide FD 
will fall upon BA, and ED upon CA ; and the 
= D upon A: Therefore the lines AC, 

E will be equal. Whence it follows, that the 
ſides AC, AB are equal between themſelves, 
being equal ro the ſame fide DE. 


The USE. 


* This Propoſition may ſerve 
* for taking the dimenſions of 


© any fort of inacceſſible lines. 
**Tis faid that Thales was the 
* firſt that meaſur'd the heighth 
* of Obelicks by their ſha- 
* dows : it may be done by this Propoſition. 
* For if you were to meaſure the height of the 
* Obelisk AB; do but expect till the Sun be 
* elevated 45 degrees above the Horizon ; that 
* is to fay, till the angle ACB be 45 degrees; 
V and, by the ſixth Propoſition, the ſhadow BC 
* will be equal to the Obelisk AB. _For fince 
* the angle ABC is a right angle, and the angle 
* ACB half a right one, or of 45 degrees ; the 
* angle CAB will be balf a right one, as | ſhall 
* prove hereafter. Therefore the angles BCA, 
* BAC, 


C 
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© BAC, are equal: and (by rhe 6.) the ſides AB, 
© BC, are alſo equal. I can alfo meaſure the fame 
© height withour making uſe of the ſhadow, by 
*taking a ſtand fo far trom the point B,. as that 
© the angle ACB may be half a right angle, 


© which may be known by a Cptons, 
0 


*'Thefe Propoſitions are of frequent uſe in 
©Trignometry, and in all other tracts. 

*'The ſeventh Propoſition may; be omitted, 
© becauſe ris of no other uſe but to demonſtrate 
* the eighth, which may be done withour it. 


PROPOSITION VII 


TrurOREM. 


If two Triangles have all their ſides equal, their 
oppoſe angles will alſo be equal. 


ET the fide 

Gl be equal to 

LI: BL w VI; 

GH, to LV; I fay, 

that the angle GIH, 

will be equal to the 

| angle LTV ; IGH, 

to the angle L; and IHG, to the angle V. 
Fran the center H, at the diſtance HI, deſcribe 


the circle IG ; and from the center G, at the 
ſtance the circle Hl. ' Demon: 


« 
& 
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Demonſtration. 

Suppoſe the line LV brought HG: they 
Re \ exceed each other, beale they are 
ſap 'd ro be equal. I add, that the point T 
will fl preciſely upon the point I: For it 
ought to*zeach preciſely to the circumference 
of the circle IG, becauſe by the ſuppoſition the 
lines HI and VT are equal. It ought in like 
manner to reach to the circumference of the 
circle IH, becauſe the lines Gl and LT are e- 
qual. So then it will light upon the point I, _ 
being the point where thoſe two circles cur = 
each other. Indeed if ir fell any where elſe, as 
upon O, the line HO, 'that is to ſay VT, 
would be greater than HI; and the line GO, 
that is LT, would be leſs than Gl; which is 
againſt the ſuppoſition, ' Whence 1 conclude, 
that the triangles will exatly correſpond, and 
the angle GIH be equal to the Angle LTV. 


The USE. 


* This Propoſition is neceſſary for the proof 

* of thoſe that follow. And further, when we 
* connot take the meaſure of an angle, becauſe, 
* the lines meeting in a ſolid body; we cannot 
* apply our Inſtruments to it; we mult take 
* the three fides of the triangle, and make an- 
* other upon a paper, whoſe angles we may 
- meafure. This is a very oudinary practice in 
Gno- 
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© Gnomonicks, or Dialling ; and in the Treatiſe 


x —_— cutting precious ſtones, fo as to fit 


© the pann 


, and to retain the waters, 


— — ——— 


PROPOSITION IX 


PrRODBL Þ® M. 


To divide an Angle into two equal parts. 


E T the. angle SRT be 
propos'd to be divi- 
ded into two equal parts. 
AD Take the Compaſs, and from 
f the center R, at any diſtance, 
draw the arch ST, cutting off 
ewo equal lines RS, RT. Then 
draw the right line ST, and (by the 1.) deſcribe 
an equilateral triangle ST'V. I fay, the line VR 
divides the angle into rwo equal parts: that is 
to ſay, the angles VRT), and VRS, are equal. 


R 


Demonſtration. 


The triangles VRS, and VRT, have the 
fide VR common ; and the {ide RT was taken 
equal to the fide RS: the baſe alſo SV, is e 
qual to VT, becauſe the triangle SV T is equi: 
lateral. Wherefore (by the 8.) the angles SRV, 
VRT, are c val, \ The 
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The USE. 

© This Propoſition is very uſeful to divide 
* the fourth part of a circle into degrees: for tis 
© the ſame thing to divide an arch, as an angle 
into two oat parts; and the line RV does 
*both, thar 1s,it divides both the arch ST), and 
* the angle SRT. Having therefore apply'd the 
© ſemidiameter to the fourth part of a circle, 
* you cut off an arch of 60 degrees, which divi- 
© ded equally gives anarch of 230; and that 
© again divided, makes one of 15 degrees. Tis 
©rrue, to finiſh this diviſion, we mult diyidean 
* archaigto three equal parts, but that is not to 
© be done Geometrrically. Pilots alſo divide the 
* Compaſs into J2 - winds by the hdp of this 

* Propoſition only. 


PROPOSTTION X. 


A PRoBL EM. 


To divide a Yight line into two equal parts. 
Q Uppoſe the line AB was to 
re 2 ppoſe the line was t 
'£3% > be divided into two equal 
: parts; upon the line AB de- 


o \ {cribe an equilateral triangle AB 
A monary 
ih / a C, (by the 1.) and divide the an- 
” gle ACBinto two equal parts by 
the line DC, (by the 9.) I fay 
C t 


\? 
s* © 


. 4 
'f 
D 
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the line AB is divided equally at the point E ; 
that is to ſay, the lines AE and EB are equal. 
Demonſtration, 

The triangles ACE, and BCE have the fide 
CE common, and the {jdes CA and CB are e- 
gual, becauſe the triangle  ACB is equilateral: 
and the angle ACB being divided equally, the 
angles ACE and BCE are alſo equal. @- 
fore (by the 4.) the baſes AE and BR arecqual 


The USE, 


© Great uſe is made of this Propolition, ordinary 
* praQtices frequently requiring us to divide a 
*bne in the middle, . which Geqmetricigas re- 
* quire ſhould be done exaQtly at the firſt daſh, 
© by a method thar is infallible, and nor by eſ- 
* ſays. This practice is likewife principally ufe- 
* ful for dividing the parts. 


PROP. 
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PROPOSITION. XL 
APxzoBLimn mm. 


To draw a Perpendicular to a line given, upon a 
point of the ſame line. 


© Uppoſe you _ to raiſe 
a ndicular upon the 
poine A of the lie BC. 
ake two equal lines AB 

and AC on both ſides the 

int A,and make an{equi- 

teral triangle BDC up- 

on the line BC, (by the 1.) I fay the line AD is 


a prov y won that is to ſay, the Angles BAD 
and CAD are equal. 


Demonſtration. 


The triangles BAD, and CAD havethe fide 
AD common, the fides AC and AB are equal, 
andthe baſes BD and DC alſo equal : therefore 
(by the 8.) the angles BAD, and CAD, are e- 
qual; and (by be 10, def.) the line AD per- 
pendicular to BC. 
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PROPOSITION. XIL 


A PROS Ln mM. 


To draw a perpendicular to a line given, from a 
point which is out of the line. 


A F you would draw a perpen- 
ws. dicular to the line BC, from 
F E_*,/ the point A: having ſet the 
B*..... 1..." < footof the compaſs upon Agde- 
Ay" ſcribe the Circle BC, which 
D ſhall cut. the line BC, at the 
points B and C. Then diyide the line BC in- 
to two equal partsat the point E. I fay the-line 
AE is perpendicular to. BC, Draw the lines 
AB, AC. | 
Demonſtration The triangles BEA,znd CEA 
have the fide AE common; and the Rides EC 
and EB equal, the line BC having been equal- 
ly divided at the point E; the baſes AB' and 
AC, being drawn trom the center A to the cir 
cumference BC, are likewiſe equal : therefore 
the angles AEB, and AEC,are equal,(by the 8 ) 
and the line AE perpendicular, (by defi. .10. 
The method, in ptaCtice,of dividing the line 
BC in the middle, ir to deſcribe two arches at D, 
at the ſame interval, from the centery B and C. 


The 
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The USE. 

*.We have need of a Plummet or. Squaring- 
© line almoſt in all our operations : no angles 
* are of uſe in buildings but the right; and all 
© chairs, benches, tables, buffets, and other moye- 
* ables, are fram'd by the ſquare. No ſurvey of 
© Land can be taken without making uſe < per- 
* pendicular lines; nor can Diallmg be per- 
F Frm'd withour them: The Carpenter's Le- 
© vel contains a right angle, and the ſame is 
* preferr'd before any other, eſpecially by the 
* French, in Fortifications. . Laſtly, not only 
* Mathematicians, but alſo the greatelt part 
© of practical Artiſans, require that ' we ſhould 
* know how to draw a perpendicular. 


PROPOSITION MII. 


A Tazortwn. 


One line fallin upon another makes with it ei- 
ther 1wo right angles, or two angles equal to 
myo right ones. © 


one obtuſe, and the other acute, 
G which joyn'd-together ſhall be of 
Th equal value with two, right ones 

C 3 Demon- 


A Bye the line AD fall upon BG; 
+ Loe : I ſay, twill make with it eitner 
" D : rwo rightangles.; or two angles, 
.: _—_ ; | 
-D 


and C 


LS 


| 
= 
'I 
{It 
F 
ll 
: 
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Demonſtration. 

Suppoſe the line AD to fall dicularly 
upon BG, then tis evident (by wy t0-) thar 
the angles ADB, and ADG, are equal, and by 
conſequence right angles, ' Or. 

E A Secondly, ſuppoſe the line 

ED nor to fall pe icular- 

Iy upon BC, and draw a per- 

pendicular AD (by the 11.) 

—< the angles ADB.and ADC are 

right angles, which are of e- 

qual value with the three _— ADC, ADE, 

EOB. But the 'obtuſe angle EDC, and the 

acute angle EDB, are of equal value with the 

three angles ADC, ADE, and EDB: therefore 

the angles EDC, and EDB, are of equal value 
with two right ones. 

This Propoſition may be 'more eaſily de- 
monſtrated by deſcribing a ſemicircle from the 
center D upon the line BC. For the angle 
EDB, and EDC, will require a ſemicircle for 
their meaſure, which is the meaſure of two 
right angles, as I have ſhewn before ; in the $ 
definition. 

Coroll. 1. If the line AD falling upon BC, 
-make one right angle ADC; it 1s evident the 
other, ADB, will be alſo a right angle. 

Coroll. 2.1f the line ED, talling upoh BC, 
make the angle EDB acute; the angle EDC 


will be obtuſe. 
The 
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The USE. 

© By this means, when we know one of the 
© angles which is made by one line falling upon 
© another, we know allo the other: as tor e x 
* ample, if the angle EDB be one of po de- 
© precs, waking uway 750 from 180, there 
« will retain 110 for the angle EDC. This 
* operation does frequently occur in Frigons- 
* metry; and alld in Afrowmy, for finding the 
* eccentricity of the circle through which the 
© Sun unually paſles. : 


PROPOSITION XIV. 


A Tanrorseu. 


If two lines meeting together at the (ame point of 
another line, make with it two angles equa! 
ro two _ okesz they will make bt one and 
the ſame lint. 


B " Cppote the lines CA, znd 


A,to meet at the point A of 
the line AB; "and that the an- 
gles adjoyning, CAB, and BAD, 
are equal to rwo right ones. {1 

| fay, the lines CA'and DA are 

but one/and the fatne line ; fo that CA being 

continued, will fall preciſely upon AD. 
C4 


Imagine 
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Imagine, if you pleaſe, that CA continu'd 
will paſs on to E, and from the center A de- 
ſcribe a circle. | 

Demonſtration. 


. If you fay that CAE is a right line, the arch 
CBE will be a ſemicircle. . But *tis ſuppog'd, 
tharthe angles CAB, and BAD are equal to two | 
right ones, and that therefore their meaſure is a 
ſemicircle. Therefore the arches CBE, and 
CBD will be equal ; which is impoſſible, one 
being a part of the other, Therefore the line CA 
being continu'd, will make but one and the 
fame line with AD. 


te. _— —— 


PROPOSITION XV. 


A Tuzorax. 


If rao right lines cut each other, the oppoſite angles 
Jn 4 * at the top will be nw ; 


*.7 xopu2ny Eucl, au ſommet, Gall, 


A C ET rhe lines AB and CD 
| cut each other atthe point 
E:I ſay, the angles AEC, and 
EN DEB, which are oppolite at 
the top are equal. 

D B Demonſtration. : 
 Fheline CE falling upon theline AB, wow 
the 
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tinu'd Wl the angles AEC and CEB equal to two right 
A de- WW ones, (by the 13.) In-like manner the line 3E 
falling upon the line CD, makes the angle CE 3 
and BED equal to two right ones. Therefore 
- arch 8 the angles AEC, CEB, taken together, are e- 
pog'd, Ml qual to theangles CEB, BED; therefore takin 
orwo Ml way the angle CEB from both, the angle AEC 
reisa vill remain equal ty DEB, (by the 3. Maxim.) 
\ and Coroll. x. It rwo lines DE, and EC, concur- 
' one I ring at.the fame point E of the line AB, form 
i<CA I with it the oppolite angles AEC, DEB equal, 
4 the M PE and EC make bur one right line. 
Demonſtration. 

Theline EC falling upon the line AB, makes 
the angles AEC, and CEB equal to two right 
ones, (by the 13.) *Tis ſuppoſed likewiſe that 
the angle DEB is equal to the angle AEC. 
Therefore the angles DEB, BEC, are equal to 


two right ones. And (by the 14.) the lines CE 
angles WF and ED make butyone right line. 


Another USE. 
nd CD A*®The two preceding Propo- 
e point 7 ©* fitions are made uſe of to 
C, and £/ * prove, that two lines make 
olite at © but one total. As for exam- 


* ple, in Catopcricks or Perſpe- 
; * &tives, where that is required 
makes M. * to prove, that all the lines 

_ the —_ that 


\ 
\ 
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*abat can be drawn by reflexion from the point 
* A- to the point B, thoſe are the ſhorteſt, 
© which make the angle of Incidence equal to 
* the angle of Reflexion. As for example ; if the 
* angles BED and AEF beequal, the lines AE, 
* and EB, are ſhorter than AF, and FB. From 
* the point B draw a perpendicular BD, and 
* make the lines BD and CD equal ; then draw 
*EC, and FC. Firſt in the triangles BED and 
* CEDthe fide DE is common; and the fidet 
*BD, and DC being equal, as alſo the angles 
© BDE, and CDE ; the baſes BE, and CE will 
© be equal ; as alſo the angles BED, and DEC, 
© (by the 4.) In like manner I may prove, that 
* BF, and CF are equal. 
Demonſtration. 

*The atigles BED and DEC are equal,and the 
© angles BED and AEPF are ſuppos'd likewiſe to 
© be equal ; therefote the oppoſite angles DEC 
* and AEF will be equal ; and (by the Coroll. of 
* the 15.) AEC one right line ; and by con 
© ſequence AFCis a triangle, of which the fides 
© AF and FC muſt be longer than AEC, that 1 
© to ſay, than AE, and EB. Bur the lines AF 
* and FC are equal to the lines AF and FB; 
©therefore the lines AF and FB are longer than 
© the lines AEand EB. And fnce natural cau- 
© ſes always att by the ſhorteſt lines, the Refle- 
© xion will always happen in ſuch dmanner,that 
* the angles of Retlexion and {ncidence may be 
* equal. Fur- 
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© Further, becauſe we can eaſily prove, that 
« all the angles that can be made upon a plane 
$ about the fame point, are equal to four right 
© angles; for as much as in the firſt figure of 
* this pr tion, the angles AEC and AED 
© areequal to two right ones, as alſo BEC and 
*BED to two more : we make a general rule 
* to determine what Polygones may be joyn'd in 
* paving a Hall. Accordingly we fay, that four 
« ſquares, fix triangles, and three hexagones, 
* may be uſed for that purpoſe; and that there- 
© fore Bees are always obſerv'd to make their 
f little cells of the laſt, that is, of figures comſiſt- 
ing of {ax (des. 


= w_ —_ 


PROPOSITION XVI. 


A TuroknwMm. 


The external anole of a triangle is greater than 
either of the internal oppoſite ang les. 


A E Roduce the fide BC 
of the triangle ABC 
I fay the external angle 


*- AD ACD, is greater than ci- 


ther of the internal op- 


— angles, ABC, or 
AC. Suppoſe the tri- 
angle ABC to be mov'd along the line BD, 

and 
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and carry'd into the place of CED. 
pops, Dmenſtration. | | 

"Tis impoſſible that the nr 4 ABC ſhould 
be ſo mov'd, but the point A muſt come into 
the place of the point E; and then t'will ap- 
pear, that the angle ECD, that is to ſay, ABC, 
is leſs than the angle ACD: therefore the in- 
ternal angle ABC is lefs than the, external 
ACD. 

"T's likewiſe eafie to prove, that the angie A 
is leſs than the external angle ACD : for hav- 
ing prolong'd the {ide AC as far as F, the 0 
polite angles BCF, and ACD, are equal (by the 
I5.) Therefore cauſing the triangle ABC to 
ſlide along the line ACF, I ſhall demonſtrate, 


the angle BCF to be greater than the angle 


The USE. 


We may draw from this propoſition many 

© moſt uſeful concluſions. As firſt, that from a 
* point given only one perpendicular can be 
*drawn to the ſame line.. For example, Sup- 
A _ ©poſe the line AB to be 

- ndicular to the line 
* BC: I fay,. that AC will, 
- © not be perpendicular; be- 
F E C B D *cauſe the right angle 
* ABD muſt be greater than the internal angle 
© ACB ; therefore ACÞcannot bear ight angie, 
He- 


Þ 


*nor AC a perpendicular, 


6 ; 
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* Secondly, that from the fame point A can” 
hot be drawn more than two equal lines; fot 
* example, AC, and AD; and it you draw a 
© third as AE, it will not be equal to the for- 
© mer. For ſince AC and AD are equal, the an- 
« ples, ACD and ADC, are equal, (by the 5.) 
6 but in the triangle AEC, the external angle 
« ACB is greater than the internal AEC : and 
« therefore likewiſe the angle ADE, is greater 
« than the angle AED. Therefore the lines AE, 
« and AD, are not equal ; nor by conſequence 
« AC and AE. 
* Thirdly, that if the line AC makes the an- 
* ole ACB acute, and ACF obtuſe, the perpen- 
* dicular drawn from the point A will tall on 
* the (ide of the acute angle. For if you ſay 


* that AE is a perpendicular, and that AEF is a, 
* right angle; the right angle AEF would be 
* greater than the obtuſe ACE. Theſe conclu- 
* {10ns are. ſerviceable for meaſuring Parallelo- 


* lograms, Triangles, and Trapeſia, and tg re- 
* duce them into retangular figures. 


PROP. 
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PROPOSITION XVIL 
A Tunzonrnu. 


Any two Angles of a triangle are kefs than two 


right ones. 


D | $e- the triangle be ABC; I 
A fay, that any two of its angles 

taken together, as BAC, and BCA, 

are Jeſs an rwo right ones. Pro- 

duce the fide CA to the point D, 

B C Demonſtrations. 

The internal angle C, is lefs than the exter- 
nal BAD, (by the 16. ) Add therefore to both 
the angle BAC; the _ BAC, and BCA, , 
will be lefs than the angles BAC, and BAD; 
yet thoſe are but equal to two right ones, (by 
rbe 12.) therefore the angles BAC, and BCA, 
are lels than rwo right ones. 

After the ſame manner I can demonſtrate theY 
angles ABC, and ACB, to be leſs than two 
right ones, by producing the 6de BC. 

Corall. If one angle of a triangle be a right, or 
obtuſe angle, the others are acute. 

* This Propoſition is neceflary to demon- 
ſtrate thoſe that follow. 


PROP 
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PROPOSITION XVII. 
A TrzoRs nm. 


avs ' every rrianghe whatſoeyer the greateſt ſide us 


- - oppos'd to the greateſt angle, 
1 A Uppole the (ide BC of the 
» 
les triangle ABC,to be great- 
A er uy _ AC: Ifay,the 
A angle BAC, that is oppos'd to 
" > D C the (ide BC, is greater thanthe 


angle B, which is oppos'd to the fide AC. 
> ag No BC in D, ſo that CD may bee- 


= qual to AC; then draw the line AD. 
A, " Demenſtratiun. 
D; Since the {ides AC, and CD, are equal, the 


angle ACD will be an Joſceles, and (by the 5.) 
the angles CNA, and CAD, equal. Now the 
whole angle BAC is greater than the angle CA. 
D: theretore the angle BAC is greater than, 
he angle CDA ; which yet, being an external 
angle in reſpect of the triangle ABD, is great- 
r than the internal B, (by he 16.) Therefore 
the angle BAC is greater than the angle B. 


PROP. 
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PROPOSITION XIX 


LD — 


A TrzorBm. 


I every triangle the greateſt angle is oppos'd ti 
4 Shs pl. pho Oe. ze 


A ET the angle A of the 
triangle BAC, be gres 

_ pl ter than the angle ABC. | 
» C fay, the fide BC which is op 


| pos'd to the angle A, is great- 
er than the fide AC, that is oppos'd to the ar: 


gle B. 
Demonſtration. 

If the fide BC be not greater than the fide 
AC, *tis either equal ; and thenthe angles A and 
B would be equal, (by tbe 5.) which is contrary 
to the ſuppoſition: or leſs ; and if fo, the {ide 
AC, being greater than BC, the angle B would 
be greater than the angle A, though the © con: 
trary be ſuppos'd. , It remains therefore that the 
{ide BC be greater than the {ide AC. 


The USE. 


© We may prove from theſe propoſitions 
* not only that no more than one perpendicular 
| Can 
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* can bedrawn from the ſame point to the ſame 
© line; bur alſo thar it is the ſhorteſt of all. As 
a * for example; if the line RV 

* be perpendicular to ST, it will 

* be leſs than RS: becauſe the 

© angle RVS being a right angle, 


| * the angleRSV will be an acute, 

S YT ©(b the Coroll. of the 17.) and 

*che line RV will be leſs than 

*RS, (by the preceding ) Therefore Geometri- 

* cians do always make uſe of a perpendicular, 

© when they take the dimenſions of any thing, 

F and reduce irregular hgures to ſuch as have 

* one or more right angles, I add, that it being 

* impoſiible- that more than three perpendiculars 

* ſhould meet at the fame point, it cannot be 

© imagin'd that there ſhould be more than three 

* ſpecies or kinds of quantity, a line, a ſuperh- 
Fcies, anda ſolid body. 

* By theſe propoſitions we likewiſe prove, that 

* a bowl wane round cannot reſt, but upon 

* ſuch a certain point. For example ; let the 

*\ine AB repreſent a plane, 

*and C the center of the 

© earth, and that CA be 

* drawn perpendicular to 

* the line AB; | ſay, that a 

* bowl being plac'd upon 

* the. point B, cannot reſt there. For a heavy 

* body cannot reſt, when it may d:{fcend. Now 

D * rhe 


- 
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* the bowl B moving towards A continua lly de- 
* ſcends, and approaches nearer the center of 
* the earth C; becauſe in the triangle CAB, the 
* perpendicular CA is ſhorter than BC. 

© In like manner we prove, that a liquid body 
© muſt flow from B to A, and that its ſupert: 
© cies muſt be round, 


PROPOSITION. XX.- 


he 


A Tuzonzu. 


Any two ſides of a _— taken together ant 
greater than the third. y 


R I fay that thetwo ſides TL, LV, 


| are greater than the ſide TV 

1 Some men prove this Propoſition 

| by the definition of a TightAline, 

| Pg which is the ſhorteſt that can be 


V T drawn from one point to another: 
therefore the line T'V, is leſs than 
the two lines TL and LV. 

Bur it may alſo be demonſtrated another way. 
Continue the ſide VL toR, fo that the lins 
LR, agd LT be equal; then draw the line 
RT. ) Demonſtration. 

The ſides LT, and LR,of the triangle LTR, 
are equal; therefore the angles R; and LT, 
*vre equal, (by the 5.) Bur the angle RTV » 


greate! 


pay ty. wa, 7 25 


[and 
yy 


The Firſt Book. 47 


greater than the angle RT'L: therefore the an- 
gle RTV is greater than the angle R: and (by 
tbe 19.) in the triangle RTV, the fide RV, 
that is toſay, the ſides LT and LV, are great- 
er than the fide TV. 


hn EO —— 


PROPOSITION -XXl. 


A THtoRmnmMm, 


If a ſmall triangle be deſcrib'd within a preater, 
wpon the ſame baſe, the ſides of the ſmall one will - 
be leſs than thoſe of the greater ; but they will 
form a gr-ater angle. 


C I, E T the fmall triangle ADB be 
E deſcrib'd within the triangle 
ACB, upon the fame baſe AB. I lay 
- ; firſt,the ſides AC and BC are great- 
er than the {ides AD and BD. Con- 

tinue the line AD to E. 


Demonſtration, 

In the triangle ACE, the ſides AC and CE, 
are greater than the {ide AE alone, (by the 20 ) 
Therefore adding to them the fide E3; the 
lides AC, and CEB, are greater than the {ides 
AE, and E3. In like manner in the triangle 
D3E, the two ſides BE and ED are greater than 
the ſide BD alone, and adding the {ide AD, 

2 the 
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the ſides ADE, and EB, will be greater than 
AD and BD. | 

I fay further, that the angle ADB is greater 
than the angle AC33: for the angle ADB is an 
external angle in reſpe&t of the triangle DBE, 
and theretore greater than the internal DEB 
_(by the 16) In like manner the angle DEB, 
being an external angle in reſpeCt of the trian- 
gle ACE, is greater than the angle ACE, 
therefore the angle ADB is greater than the 
angle ACB. 


The USE. 


* By the help of this Propoſition we demon- 
© ſtrate in Opricks, that the Baſe AB view 
© from the point C, will appear leſs, than when 
iris beheld from the point D; according to 
* that principle, That quantities view'd under 
© a greater angle will appear greater, Therefor: 
* tis, that Vitruv:us adviſes, not much to leſſen 
© the tops of very high Pillars, becauſe they 
© being to remote from our fight, quickly 
* appear {lender enough withour being dimi- 


© nilh'd. 


dP, 
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'— PROPOSITION. XXIL 


A Trnoks mn. 


To deſeribe 8 triangle, whoſe ſides ſhall be equal 
to three ſides yn. provided that any = of 
them be greazer than the third. | 


A—___ 


.**&:.-. T ET:it be proposd to de 
| ſcribe: a triangle; + *whoſe 
\N . fides ſhall. be equal” ro: three 

A 7 


- B lines given, AB, D,and E:\'Mea- 
5 ——-——  fure with the compaſs the line 
D_ ., 4,-,. D, and ſetting one foot thereof 
upon the point B make an arch. Then take the 
line E, and. placing | the foor of your compals 
upon the point A, make another arch, cutting 
the former at the point C. Which done draw 
the lines AC, and BC. I fay that the triangle 
ABC, is ſuch a one as you rd N | 
Demonſtration. 

- The fide AC is equal to the line E, becauſe 
it reaches to the arch, which is drawn from the 
center A at the diſtance of the line E; and tor 
the fame reaſon the {ide BC is equal to the line 
D: therefore the three ſides AC, BC and 
AB, are equal tothe lines E D, and AB. | 

I added a Proviſo, that the two lines ſhould 
be greater than the third: becauſe otherwiſe fi 
0 3 the 
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the lines D and E were leſs than the line AB, 
the Arches'could not tut each other, 


The USE. 


© This Propoſition may be uſeful for deſcrib: 
* ing afigure equal or like to another : for ha- 
* ving. divided: that, .which is propos'd 'to 'be 
* equall'd or imitated, into triangles; and' made 
* other triangles, having equal fides with the 
© former; wehall have a fgure exattly equal, 
* But if we deſire only one that is-like, but leſs; 
F as When we would deſcribe a Plain, or Coun- 
* try upon paper ; having divided it into trian- 
* gles, and meaſur'd all their fides, we muſt 
* make {imilar triangles; giving to each of their 
* ſides ſo many parts of a Scale," or line divided 
© into equal parts, as thei {ides of the triangles 
* propos'd have of yardvor feet. /''7 


PROPOSITION xXllL 
A PrxoOn LE Mm. 
To make an-angle. equal to another at a point of a 


line given. 
Geol You were to make 
an angle at the point A 
of the line AB, equal to the 
, angle EDF. Deſcribe from 
P\ the points A and D as centers 
rwo 


 o - | © -” nn 
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"wo arches BC, and ER at the fame wideneſs 
of the compaſs; - then'take the diſtance EF, 
and having meaſur'd as much at BC, draw the 
line AC. I fay the angles BAC, and EDF, are 


equal. 


Demonſtration, 


The triangles ABC, and DEF, have the 
ſides AB, and AC, equal to the ſides DE, and 
DF; fince the arches BC and EF were de- 
ſcrib'd with the fame wideneſs of the compaſs : 
the' baſes alſo BC an& EF are equal, therefore 
the angles BAC and EDF are equal, (by the 8.) 


The USE. 


This Problem is ſo neceffary in Geod:ſia, For- 
tifications, PerſpeFrvt, Dialling, and all other 
parts of the Mathematicks, that the greateſt 
part of their Operations would be impoſbible, if 
we did not know how to make one angle equal 
to atiother, or of ſuch a number-6f degrees as 
we pleaſe. | | 


D 4 
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PROPOSITION XXIV. 


A Turonnw. 


Of two triangles, having each two ſides equal ts 
two of the other, that which hasthe greateſt 
angle, has alſo the greateſt baſe. 


A ET the triangles ABC, DEF, 


have the fides AB and DE ; 
bh AC and DF equal; and let the 
© angle BAC be greater than the ar- 


P G gle EDF. I ay, the baſe BC is 
greater than the baſe EF. 


, x Make the angle EDG equal to 
the angle BAC, (by the 23.) and 
the line DG equal to AC ; then draw the line 
_ EG. Firſt the triangles ABC and EDG, ha- 
"ving the {ides AB and DE, AC and DG, equal, 
and the angle ELG, equal to the angle BAC; 
their baſes BC and EG will be equal (by rhe 4.) 
and the lines DG and DF being both equal to 
AC, will be equal betwixt themſelves. 
Demonſtration. | 
In the triangle DG+, the ſides DG and DF 
being equal, the angles 2GF and DFG will be 
_—_ by the 5.) But the angle EGF is lels 
than the angle DGt, and the angle EtG is 
greater than the angle Dt G. Therefore a 
the 
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the triangle EFG, the angle EFG will be great- 
er than the angle EGF: and therefore (by 
the 18.) the line EG oppos'd to the greater 
angle EF G, will be greater than EF. Therefore 
BC, being equal to EG, is greater than EF. 


OO CEC—_T 


PROPOSITION XXV. 


A TrnOREM. 


D—— 


two triangles, having each two ſides equal to 
yo of the other, = which has the _ 
baſe, has likewiſe the greateſt angle. 


ET the two triangles AB 


D A 
C, DEF, have the ſides 
/\ /\ AB, DE; and AC, DF, equal; 
and let the baſe BC be great- 
E F 5 C 


er than the baſe EF. 1 fay, 
that the angle A willbe great- 
er than the angle D. 
Demonſtration. | 
If the angle A be not greater than the angle 
D; it will be either equal, and tben the baſes 
BC, EF, will be equal, (by the 4 ) or it will be 
lefs, and the baſe E' greater than the baſe 
BC, (by the 2.4.) but both are contrary to the 
ſuppolition, 
** Theſe Propoſitions are neceſſary to de- 
* monſtrate thoſe that come after. 
PROP. 
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PROPOSITION 'XXVI 


A T nzonrew. 


If one triangle has one ſide, and two angles,cqual 
to thoſe of another triangle ; tis —_ 10:t in 
all reſpets. 


ET the angles ABC, DEF; 
ACB, DFE, of the triangles 
ABC, D=F, be equal; and the 
fides BC, and EF, which are be- 
tween thole angles, alſo equal. 
I fay, that the other ſides are e- 
| > qual ; forexample, AC, and DF. 
F _ lmagine, it you pleaſe, the {ide DF 
to be greater than AC, and cutting GF equal to 
AC draw the line GE. | 

: Demonſtration. 

The triangles ABC, GEF, havethe fides EF, 
BC; AC, GE, equal; the angle C is alſo ſup- 
pos'd to. be equal to F. Therefore ($y the 4. Jthe 
triangles ABU, GEF, are equal in all reſpects; 
and the angles GEF, and ABC, are _ But 
we fuppos'd the angles ABC, DEF, to be equal: 
and fo, the angles DEF, GEF, would be equal: 
that is, the whole to the part ; which is um- 
poflible. Therefore the fide DE will not be 
greater than the {ide AC, nor AC greater -_ 

n , 
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DF, becauſe the ſame demonſtration may be 
made in the triangle ABC. | 

Again, ſuppoſe the angles A and D, CandF 
to be equal; and alſo the {1des BC, and EF, op- 
pos'd to the angles A and D, to be <qual. I ſay, 
the other - ſides are equal. For it DF be greater 
than AC, &urt GF equal ro AC, and draw the 
line GE. Demon|tr.;tion. 

The triangles ABC, G_F, having the ſides 
EF, BC; FG, CA, equal, ' will (by the 4) be 
equal in all reſpects; and the angles EGF, 
BAC, will be equal. But we ſuppos'd, thar 
the angles A and D-were equal, therefore the 
angles D, and EGF, muſt be equal, which is 
impoſible, . {ince the angle EGF, being the ex- 
ternal angle in reſpe&- of the triangle EGD, 
muſt be greaterthan the internal D, (by the 16.) 
therefore the ide DF is not greater than AC. 


The USE. 


* Thales made uſe of this Propoſition to mea» 

* ſure inacceſſible diſtances For example : the 
: 4 >D diſtance AD being 
z * propos'd, he would 
* draw from the poinr 
=== *A,heline ACper- 

C ESZSS *pendicular to AD; 
then deſcribing a ſemicircle at the point C, 
. would meaſure the angle ACD, and take an- 
© other 


= 
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©.other equal to it on the other ſide, prolonging 
© the line CB till it met with the line DA art the 
* point Bj, and then demonſtrated the lines 
*AD and AB to be equal; fo that meaſuring 
© the line: AB, whici1 was accetlible, he could 
© know the other which was not. For the two 
© triangles ADC, and ABC, have the right an- 
© ples CAD, and CAB equal, the angles ACD, 
* and ACB are alſo taken equal; and the fide 
© AC is common to both : therefore (by the 26.) 
* the {ides AD and AB are equal. | 


ALEMMA. 


A line which is perpendicular to one of two pa- 


rallels, is alſo perpendicular to the other. 


A _E _ B © Let the parallel lines be AB, and 
C!), and let EF be perpendicu- 

Fg « * lar to CU. I fay, tis allo perpendi- 
CF D cularto AB. Cutthe line CF & 
* qual to FD, and upon the points 

©C and D raiſe two ndiculars to CD, 
© which, by the definition of Parallels, will be & 
© qual to FE; then draw the lines EC and ED. 

Demonſtraticn. 

© The triangles CEF, and FED, have the 

© fide FE common, the fides CF, FD equal, 
* and the angles CFE and EFD, right, and by 
* copſequence equal; therefore (by rhe 4.) the 


baſes 
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$ baſes EC, ED, and the angles FED, FEC, and 
*FCE, FDE, will be equal; the two laſt of 
* which being taken away trom the right angles 
* ACF and BUF, leave the two angles ACE, 
*and BDE, equal; therefore the triangles 
CAE, DBE, will have (by the 4.) the angles 
6 DEB, CE A, equa] ; which being added to the 
© equal angles CEF, FED, make the angles 
*FEB, and FE A, equal; therefore the line EF 
$ is perpendicular to AB. 


—_——Þ 
© mm 


PROPOSITION XXViL 


A ilnzors. 
If a line, falling upon two others, makes with them 


the alternate anghes equal, thoſe two Imes are 


parallel. 


ET the line EH, falling 

upon the lines AB and 

F-. OCD, make with them the 

21 alternate angles AFG, FGD 

equal, I fay brit, the lines 

AB, and CD, will never 

concur, though continu d as 

far as you pleaſe. For luppole them to concur 

in I, and that FBI, and Gil, be rwo right lines, 
Demonſtration. 


It FBI, and GDI, be two right lines, FIG 
's 
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is a triangle ; and (by the 16.) the external an: 

le AFG, is greater than the internal .FGl, 

ey cannot therefore be equal, if rhe lihes AB 
and CD ever concur. 

* But becauſe we have Examples of ſome 
© crooked lines, which never concur, and yet 
* are not parallels, approaching till nearer and 
© nearer to each other. 

I fay ſecondly, that if the line EH, falling 
upon the lines AB3,and CD, make 
the alternate angles AFG,. and 
FGD equal ; the lines AB, CD, 
are parallel, or in all reſpects & 
qually remote from each other, 
ſo that the perpendiculars between 
them will be equal. From the 
point G draw the perpendicular 
GA to the line AB; and taking GD equal to 
AF, draw FD. 

Demonſtration. 

The triangles AGF, and FGD, have the 
fide FG common; the fide GD is alſo taken 
equal to the fide AF, andthe angles AFG and 
FG: ) fuppos'd to be equal: Therefore (by the 
4 ) the baſes 34G and FD are equal, and the 
angle CLF is equal to the right angle CAB; 
therefore FD is perpendicular. I add, that the 
line .\'B is parallel ro CD: for the only paral- 
lel line that can be drawn from the point Fto 
the line CD, ought to pals by the point A, ac 

cording 
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cording to the definition of Parallels; which re- 
quires, that the perpendicular lines AG and FD 
be equal. 


_— 


—_ ——_—GCl.o_ 
_- 


— 


PROPOSITION XXVII 


A TI xnzoRsE mM. 


If a line, falling upon. two others,nakes the exter- 
nal angle, equal :c the internal oppoſite angle on 
the ſame ſide ; or the twointernal angles on the 
ſame ſide equal to two right ones ;, thoſe two 
lines will be parallel. 


T* the precedent figure, ſuppoſe the line EH, 


falling upon AB, and CD, to make firſt the 
external angle EFB equal to the intcrual oppo- 
fite angle on the ſame {ide FGD. I fay, that the 
lines AB, and CD, are parallel. 

Demonſtration. 

The angle EFB is equal to the angle AFG, 
being oppas'd to it at the top (by the 15.) and 
tis luppos d that the angle FGD is alſo equal to 
the angle EFB; theretore the alternate angles 
AFG, FGD, will be equal ; and (%y the 27.) 
the lines AB, and CD, will be parallel, - 

I lay in the ſecond place, that it the angles 
BFG, and FGD, which are the internal angles 
en the fame (de, be equal to rwo right ones, the 

lines 
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lines AB and CD will be parallel. 

Demonſtr. The angles AFG and BFG arc 
equal to two right angles, (by the 1 3.) and 'tis 
_ that the angles BFG,. and FGD, are 

o equal to two right angles; therefore the 

les AFG, BFG, are equal to-the angle 
BFG, and FGD; therefore taking away the 
angle BFG, which is common to both, the al- 
ternate angles AFG and FGD will be equal; 
ney by the 27.) the lines AB and CD will þ 

el. ; 


pa 


V——————. uh _ 


PROPOSITION XXIX. 


A I xrorem. 


ati. ——h— —C 


If a line cut two parallels, the akernate angle 
will be equal; the external angle will be equa, 
to the internal oppoſite angle, and the two in 
gernals on the ſame ſide will be equal to twi 
right angles. 


| goa the line EH [ ſee fig. preced. ] cut the two 
parallels AB, and CD; I fay hrit, the # 
ternate angles AFG, and FGD, are cquy|. 
From the points F and G draw the perpendicr 
lars GA, and FD, which by the definition of 
Parallels are equal. 

Demonſtration. 


In the rectangle triangles AFG, and FGD, 


the 


.* LE Ld LN LN > 8 R\F<Yz 


; 


0 


o—__— 


, 
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the ſides FD and AG being equal, as alſo the 
right angles A and D, and the ſide FG common 
to both. I fay firſt, that the fide GD is equal 
to'AF, For if GD be greater; having cut the 
line DI equal to AF, and drawn the line FI; 
the triangles AFG, and FDI, would have their 
baſes GF and FI equal, which is impoſlible. 
For ſince the angle D is a right angle, the angle 
FID is an acute,and FIG an obtuſe, (by the 13.) 
therefore (by the 18.) in the triangle FIG, the 
fide FG oppos d to the obtuſe angle, is greater 
than FL Therefore DG is equal to AF; and 
the triangles AFG and FG&D, having all their 
ſides equal, will have the alternate angles AFG 
and FGD equal, as being oppos'd to the equal 
ſides AG, and FD. 

I ſay again, that the external angle EFB 1s 
equal to the internal EGD, becauſe (by tbe 15 ) 
It is equal to its oppolite AFG, which is equal 
to its alternate FGD. 

Laſtly, fince the angles AFG and GFB are 
equal to two right ones ; taking away AFG, 
and ſubſtituting in its place its alrernate FGD, 
the two internal angles GFB, and 4#GD, will 
be equal to two right angles. 


The USE. 


* Eratoftenes found out by theſe Propolitions 
ta way of mcaſuring the circuit or circumte- 
Y * rence 
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* rence of the Earth. In order to which he ſup- 
* pos'd two rays, proceeding from the center of 
© the Sun to two points of the earth, to be phy- 
© ſically parallel; and alſo that at Syene,a town 
© in the higher parts of Egypt, the Sun comes 
* exactly to the Zenith upon the day of the Sol- 
© ſtice, obſerving the Wells there to be then 
© illuminated ts the very bottom : and likewiſe 
© computed the diſtance between Alexandria and 
*. Syene by miles or furlongs. 
_ © Let us therefore ſuppoſe Sy- 
* ene to be at the point A, and 
—_— at B, _ we 
erect aſtyle BC ndicu- 
© lar to the Aa nf and let 
* the two lines DF and EG re- 
* preſent the two rays proceeding from the cen- 
© ter of the Sun upon thezday of the Solltice, 
* which are parallel to. each other. DA, 
* which paſſes by Syene, is perpendicular, that 
* is, it paſſes through the center of the earth. 
* Having obſerv'd by the perpendicular ſtyle 
* BC the angle GCB, made by the ray of the 
* Sun EG: ſay, the rays DA and EG being par 
* rallel, the alternate angles GCB and BFA are 
* equal ; by which means we have got the angle 
* AFB, and its meaſure AB; which gives us 1n 
* degrees the diſtance between Alexandria and 
* Syene. And having ſuppos'd it to be known 


©.in miles, the circumference of the carth may 
s be 
k 


_—— RE AS. _.- Es 4 
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© be found by the ſimple Rule of Three, [faying» 
© If ſo many degrees groe ſo many miles, how ma- 
* ny will 360 give? | 


—_—_— —_> 


PROPOSITION XE 


A TrnoRrnm. 


Lines parallel to a third, are alſo parallel among 
themſelves. 


= Suey the lines AB, 
A B and FE to be parallel 
to the line CD : I fay, 
they are parallel betwixt 
themſelves. Let the line 
E GLeceut them all three. 
Demonſtration. | 
For as much as the lines AB and CD are pa- 
rallel, the alternate angles AHI, and HID, are 
equal (by the 29.) and becauſe the lines CD 
and FE are alſo parallel, the external angle 
HID will be equal to the internal ILE ; | by 
the ſame? therefore the alternate angles AHI, 
and ILE, will be equal, and the lines AB and 
VE parallel [by the 27.) 


E- 2 
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PROPOSITION XXXL 


A PROBLEM. 


&.. —_— 


% , 
JW 


A _ Þ and make the angle ECD e- 


qual to the angle CEA. I fay the line CD is pa- Þ 


rallel ro AB. Demonſtration. 


The alternate angles DCE and CEA are e- 
qual : therefore the lines CD and AB are pa- Þ 


rallels. 


* The eleventh Maxim, 1. e. If a line fallin: 
* porn two others make the internal angles leſs tha 
* two right angles, thoſe lines will concur,may allo Þ 


* now be calily demonſtrated. 


"HL Let the line AC, fallins 


FA upon the , lines AB and CU), 
/ I'S make the internal angls 
— ACD, and CAB, lefs than 


G two right angles: I ſay that 
the lines AB and CD will concur. Let the an 
gles ACD and CAE be equal ro two right an 
gies: the lines AE and CD will be pare 

(9 


10 draw aline parallel to another by a point given, j 


be, WM = it be requir'd to draw Þ 

"a, i a «line by the point C, 
f-- i  # which ſhall be parallel to the Þ 
line AB. Draw the line CE, Þ 
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(by the 2.8.) Fake the line”AB as long as you 
pleaſe,* and by the point B draw EF parallel to 
CA. Then take the line EB fo oft as 1t is necef- 
fary, to make it reach lower than the line CD; 
as in the preſent figure I have taken it only 
twice; fo that EB and BF are equal. By the 
point F draw a parallel FG equal ro AE, and 
joyn the line GB. I fay that the line ABG is 
only one line; - and that therefore the line AB 
concurring in FG, it the line CD be conti- 
nu'd, fince it cannot cut its parallel FG, it will 
cut the line BG between 3 :nd G. 
Demonſtrat1. 

The triangles AEB and 5FG have the. ſides 
AEF and FG, BE and BF, equal; as alfo the al- 
ternate angles AEB, and BFG, (by the 29.) 
therefore they are equal in all reſpects, (by rhe 
4) And the oppoſite angles ABE, and FEG, 
are equal; and by conſequence | by the coroll. of 
the 15.] AB and BG make bur one right line. 


The USE. 


* The uſe of parallel lines is very common ; 
* ag in Perſpe+yes, for as much as the appear- 
© ances or images of lines parallel ro the picture 
* or table, are parallel] among themſelves. In 
* Navigation, we lincs of the ſame Rhomb ot 
© the wind are delcrib'd by Paralle'ss Polar 
* Dials have the hour-lines Paraliels. 'I'he Com- 
* pats of Proporiion is rounded ally upon Pare 


* tels. E 3 PROP 
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PROPOSITION KXXXII 


A Tuazon uw. 


The external angle of a triangle is equal to both 
the internal oppoſite angles taken together ; and 
all the three angles of a triangle are equal torwo 
right angles. 


A E ET the fide BC of the 

triangle ABC be pro 

duc'd to D. I fay, that 

the external angle ACD 

L—— is equal to both the inter- 

D nal angles A andB taken 

pagether. By the point C draw the line CE pa- 

el to the line AB. 

Demonſtration. 

The lines AB and CE are parallels, therefore 
[by the 29.] the alternate angles ECA and CAB 
areequal ; and [ by the ſame] the external angle 
ECD is equal to the internal B, And by con- 
ſequence the whole angle ACD, being equal to 
both the angles ACE, and ECD, of which it i 
compos'd, will be equal to bath the angles A 
and B taken together. 

In the ſecond place. The angles ACD and 
ACB are equal to tworight angles, (by the 13.) 
and I have demonſtrated the angle ACD to be 

equal to both the angles A and B taken roge 
| ther ; 
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ther ; therefore the angles ACB, A, and B, 
that is to ſay,all the angles of the triangle ABC, 
are equal ro two right angles, or which is all 
one, to 180 degrees. 

Corollary 1. All the three angles of one tri- 
angle are equal to all the three angles of another 
triangle. 

Coroll. 2: If rwo angles of one triangle be 
equal to two angles of another triangle, their 
third angles are alſo cqual. 

Coroll. 3. It a triangle has one right angle, 
the other two will be acute; and taken toge- 
ther will be equal to one right angle. 

Coroll.. 4. From a point given only one per- 
pendicular can be drawn to the fame line ; be- 
cauſe a triangle cannot have two right angles. 

Coroll. 5. A perpendicular is the ſhorteſt of 
all the lines, that can be drawn from the ſame 


fore point to the ſame line. 
>AB Coroll. 6. In a re&tangle triangle the right 
ngle angle is the greateſt angle, and the (ide 'oppos'd 
con- to it the greateſt ſide. 


Coroll. 7. Every angle of an equilateral tri- 
angle contains 60 degrees ; thar is to ſay, the 


third part of 180. 


and The USE. 
3) | 

be * This Propoſition is of uſe in Afronomy, to 
ge- * determine the Parallax. Suppole the point 
cr; E 4 s 
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©* A to be the center of the earth; and that from 
Db <* the point B upon the fupert- 
* cies be taken the angle DBC, 


* gle CAD, which is leſs than the angle CBD. 
© For the angle CBD being an external angle 
©in reſpect of the triangle ABC, it is (by the 
* 32.) equal to both the oppoſite angles A and 
*C: Therefore the angle C will be equal to 
© theexceſs of the angle CBD above the angle 
*A. Whence I infer, that if I can know by 


© the Aſtronomical tables how far remote from F 


* the Zenith the ſtar ovght to appear to him 
© that ſhould be at the center of the earth, and 
* obſerve it at the ſame time from the ſuperficics, 
© the difference of thoſe two angles will be the 
© Parallax BCA. 


© that is to ſay, the diltance of a F 
© ſar from the Zenith D. If the Þ 
* earth was tranſparent the ſtar F 
* would appear remote from the P 
* Zenith D, according to the bigneſs of the an- Þ 
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PROPOSITION. XXXIIL 


A TrzroktmMm, 

$ Two lines drawn towards the ſame parts, from 
the extremity of two other lmes that are equal 

and yaa are alſo themſehyes equal and pa- 

rallel. 


BY ET the lines AB and CD 


A 

/ be parallel and equal ; 
/ and let the lines AC and BD 
4 be drawn from their extremi- 


C ties towards the ſame parts ; 

8 1 ay, that the lines AC and BD are equal and 

parallel, Draw the Diagonal line BC. 
Demonſtration. 

Since the lines AB and CD are parallel, the 
alternate angles ABC and BCD will be equal ; 
(by the 29.) therefore in the triangles ABC 
and BCD, which have the fide BC common, 
and the fides AB and CD equal, together with 
the angles ABC and BCD equal alſo, the baſes 
AC and BD will be equal, (by the 4.) and allo 
the angles DBC, and BCA ; which being al- 
ternate angles, the lines AC and BD will be pa- 
rallel, (by rhe 27.) 

The USE. 

* This Propolixion is reduc'd to practice for 

© the 
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*the meaſuring the perpendicu- 

D A <Gthy hights, AG, of the valtel 
_— * Mountains ; and alſo their hors 
—H*zontal lines, CG, which are hid 

* by their bulk. Take a large ſquare 
C—©EF G * ADB, and place it fo at the point and 


* A, that the ſide DB may fall per- JW 94 

© pendicularly ; then meaſure the fides AD = Þ*P 
* 2nd DB. This done, dothe fame again at the I wil 
* point B, and meaſure BE and EC: the lids BC 
© parallel to the horizon, AD, BE, added toge- gles 
*ther give the horizontal line CG; and the iſ >< © 
* perpendicular ſides DB and EC, give the per- I he 
* pendicular hight AG. This way of meaur- I 8'* 
© ing 1s called * Cultel/ation. ” 
* : JOY inc 

| Meaſuring __ meal, i 
PROPOSITION XXXIV. or 


A Tuuoks wm, 


The oppoſite ſides and angles of a Parallelogram A 
are equal, and the diameter divides it imo rw Ml | 
equal parts. 

C 
Uppoſe the figure ABDC [ ſee the fig. of tht 


preceding Prop. | to bea Parellelogram, that 
is to ſay, that the ſides AB, CD; AC, and BD, 
are parallel. I fay, the oppoſice fides AB, CD; 
AC, and BD, are equal; as alſo that the _ 


The Firſt Book. 71 
A and D, ABD, and ACD; and that the dia- 
meter BC equally divides the whole figure. 
Demonſtration. 

The lines AB, and CD, are ſuppos'd to be 
parallels : therefore the alternate angles ABC 
and BCD will be equal, (by rhe 29.) In like 
manner the ſides AC and BD being ſuppos'd to 
be parallels, the alternate angles ACB and CBD 
will beequal. And further, the triangles ABC, 
BCD, having the ſame {ide BC; and the an- 
gles ABC, BCD ; ACB, and CBD equal, will 
be equal inall _— (by the 2.6.) "Therefore 
the lides AB, CD; AC, and BD, and the an- 
ples A and D, are equal: and the diameter 
divides the figure into two equal parts. And 
fince the angles ABC, BCD ; ACB, and CBD, 
are equal,joyning together ABC and CBD; and 
likewiſe BCD and ACB, we infer that the op- 
polite angles ABD, and ACD are equal. 


The USE. 


E B *Surveyors have need of this Pro- 

 / } * polition for dividing grounds. If 

* the held be a Parallelogram, they 

*can divide it into two equal | 

*by the diameter AD. Bur it you 

« be oblig'd to divide it by the point E: divide 
<rlt the diameter into two equal parts by the 
« point F, then draw the line EFG, which will 


« divide the figure into xgwo equal parts. For 
L * the 
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* the triangles AEF, and GFD, having the alter 
© ternite angles EAF, FDG; and AEF, FGH; 
* and the {ides AF and FD equal, are equa 
© (by the 26 ) And ſince the Trapezium BEFD 
* with the triangle AEF ; that is to ſay, the tri 
*angle ADB, is half the parallelogram, (by t& 
© 34) the ſame Trapezium BEFD with the ti; 
*angle DGF will be half the fame. "Therefor 
* the line EG divides it in the middle. 


PROPOSITION XXXV. 


A TuztoremM. 


Por allelograms, having the ſame baſe, and bein 


berween the ſame parallels, are equal. 


. "Hae RS ny ET the Parallelograms 


LT be ABEC, and ABDF, 
LAT” having the' fame baſe AB, 


A; and being between the ſame 
parallels AB and CD. Iay, 
they are equal. D: monſtration. 

The ſides AB, CE are equal, (by the 34) s 
alſo AB, FD: therefore CE and FD are equal; 
and adding to them EF, the lines CF and ED 
will be equal. "The triangles therefore CFA, 
and EDB, have the {ides CA, EB, asallo CF, and 
ED equal, together with the angles DZ, aid 
FCA, (by the 29.) one being au external, and 


+a 
»4is 
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"the other an internal angle on the fame ſide. 
Therefore (by the 4.) the triangle ACF and 
BED'are equal; and taking from them both, 
that Which is common, viz. the little triangle 
EGF, the Trapezium FGBD will be equal to 
the Trapezium CAGE : and adding to both 
the triangle AGB, the Parallelograms ABEC 
and ABDF will be equal. 


The U'S E. 

© Scotus, and ſome Divines ſince him, have 
* made uſe of this Propoſition to prove, that 
* Angels may extend themſelyes to what ſpace they 
* pleaſe. For ſuppoling they can aflume any 
* higure, provided {they have not a greater ex- 
* tenſion : it is evident, that it an Angel ſhould 
© poſſeſs the ſpace of the Parallelogram ABEC, 
© it may likewiſe occupy the ſpace of the Paral- 
*lelogram ABDF ; and becauſe parallels may 
© be continu'd in infinitum, (without end,) and 
* Parallelograms may be ſtill form'd longer and 
* longer, which will all be equal ro ABEC; an 
* Angel will be able to extend ir ſelf ſtill farther 
* and farther. 


A Demonſtrat ion of the ſame Prepeſition b 
Indiviſibles. x 4 


*'This method was lately invented by Cawa- 
« ters 3 which has found difterent acception in 


the 
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_ * the world, ſome approving, and others rejed- 
*ing it. 'His method conitls in this ; that we 
* imagine ſuperficies's to be compos'd of lines, 
©like ſo many threds. And tis certain, that 
* two pieces of linnen will be equal, if they have 
* both the ſame number of threds, of equal 
* length, and equally compacted. 
C E EF DÞD * Let ' two Parallelograny 


© therefore ABEC, and ABDEF, 
= M © be propos'd, having the ſame 

©baſe AB, and being between 
<< © the ſame parallels AB, CD. 

* Divide the Parallelogram 
* ABEC into as many lines as you pleaſe, pa- 
© rallel ro AB, which continue to the other Pa- 
© rallelogram ABDF. *Tis evident there will 
© be no more in one, than in the other; and 
* that they will be of equal length, being all 
* equal to the baſe AB; and thar they will not 
©be more cloſely compacted in one, than in the 
* other : therefore the Parallelograms will be 
* equal. 


Parall, 
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PROPOSITION XXXVL 


A Trnzont mm. 


Parallelograms, upon equal baſes, and between the 
ſame parallels are equal. 

80S ET the baſes CB and OD 

of the parallelograms AC 

BF, ODEG, be equal; and 

— let both be between the fame 

parallels AE, CD. I fay the 

parallelograms are equal. Draw the lines CG, 
and BE, Demonſtration. 

The baſes CB,and OD,are equal : OD, and 
GE, are alſo equal: therefore CB and GE are 
equal, .and parallel; and by conſequence (ac- 
cording to the 33.) CG and BE will beequaland 
parallel; and CBEG will be a parallelogram 
equal ro CBFA, (by the 35.) having both the 
lame baſe. In like manner, taking GE for the 
baſe,the parallelograms GODE and CBEG will 
be equal, (by the ſame.) "Therefore the paralle- 
lgrams ACBE, and ODEG, are equal. 


The USE. 
* We oft reduce parellelograms, which have 
* oblique angles, as CBEG, or ODEG, to re- 
. angles; as CBFA : fo that meaſuring the 
* latter, 


- YJ - —— 2”, "ae _ E—E_— - ——— — 
- re © Hh > EIS PRAY Z Fox == P 
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F latter, which is-cafie, being only to muliply 
*AC by CB, - the product being equal to the 
* Parallelogram ACBF, we may by conſequence 
* know the other Parallelograms CBEG, or 
* ODEG. 


Sh 
i——— 


PROPOSITION 'XXXVIIL 


A TurzoORs Mm. 


Triangles having the ſame baſe, and being be- 


tween the ſame parallels, are equal. 


B E FFF the triangles ACD and 
| CDE, have the ſame baſk 


FAIL 

: | CD, and be inclos'd between 
WA \| the ſame parallels AF, and 
CD G H CH, they willbe equal. Dray 
the lines DB, and DF, parallel to the lines AC, 
and CE, and you Will bave form'd two Paral- 
lclograms. 


8 


Demonſtrations 


The Parallelograms ACDB, and ECDF, are 
equal (by the 35.) and the triangles ACD, 
CDE, are the halts of thoſe Parallelograms (6 
the 34.) Therefore the triangles ACD, -CDF, 
are equal, 


PROP, 


be- 
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PROPOSITION. XXXVIl. 


A TuzrzoRret wm. 


Triangles, that have equal baſes, and are inclos'd 


within the ſame parallels, are equal. 


| the triangles ACD, and EGH, | ſee fp. 
eced.) have equal Bafes CD, and GH, and 
are inclos*d within the ſame parallels AF, and 
CH, they are equal. Draw the lines BD and 
HF parallel to the {ides AC, and EG; and you 
will have form'd ewo parallelograms. 
Demonſtration. 

The Parallelograms ACD3B, and EGHF, are 
equal, (by he 36.) and the triangles ACD and 
EGH are the halfs of thoſe parallelograms, (by 
the 34.) therefore-they are alſo equal. 


The USE. 
* We have in theſe propoſitions direCtions for 
* dividing a triangular held into two equal parts; 
A * for example the triangle ABC. 


* Divide. the line which you will 
© take for the baſe, as BC, into two 
* equal parts in D : I fay the tifan- 


: I» * ples ABD, and ADC, are heat 
For if you ſuppoſe a line drawn by /., parallel 
, to BC, thoſe triangles will have equal baſes, 

y * and 


* 
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* and be inclosd within the fame parallels, and 
* by conſequence will be equal. Other Divilr 
* ons, grounded upon the ſame propolition, 
* might be made ; but I omit them, that | 
© might not be tedious. 


PROPOSITION XXXIX 


A T unBOREM. 


Equal trinagles, upon the ſame baſe, are within 
the ſame parallels. 


E TF the triangles ABC, and 

DBC, having the fame 

baſe BC, be equal; the line 

AD drawn by the tops will 

be parallel to the baſe. For 

it AD and BC be no paral- 

lel ; it you draw a paralled by the point A, it 

will fall either below the line AD, as AO; or 

above It, as AE. Suppoſe it to fall above, and 

produce BU till it meer the line AE, at the 
point E ; then draw the line CE. 

Demonſtration. 

The triangles ABC and EBC are equal, (t) 
the 38.) lince the lines AE and BC are paral- 
lel; tis likewile ſuppos'd that the tirangles 
ABC, and BDC, are equal : therefore the tri- 

angle: 
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angles DBC and EBC would be equal; which 
is impoſſible, the firſt being part b ſecond. 
Whence I conclude, that a line parallel to BC 
cannot be drawn above AD, as AE. 

I add, that that parallel cannot be below AD, 
3s AO: becauſe the triangle BOY would be 
equal to the triangle ABC, and by cotiſ&quence 
to the triangle DBC ; that is to ſay, the part 
would be equal to the whole. It muſt there- 
fore be confel'd, that the line AD is parallel to 
the lineBC. 


PROPOSITION. XL. 
A TauEtoOREmM. 


Equal triangles, hawmg equal baſes, if they be ta- 
ken upon the ſame line, are between the ſame pa- 
rallels. 


[ F the equal triangles ABC 

and DEF, have equal ba- 

{cs AB and DE, taken upon 

the ſame line AE ; the-line 

| _YV CF drawn by their tops will 

A B D E beparallelto AE. Forit ir 

be nor parallel, having drawn 

by the point C a line parallel to AE, it will paſs 
either above CF, as CG; or below it, as CI. 

| Demonſtraticn. 
If it paſs above QF, as CG, continue EF till 
"F 2 it 


2 


OT ERS ner = oor Arete ay - 


_ 
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It meet with CG in G; and draw the line EG 
The triangles ABC and DGE would be equal 
(by the 38.) and ABC and DEF being ſuppos'd' 
to be equal, DEF, DGE, would be alſo equal? 
which, one being part of the other, cannot pof- 
fibly be : therefore the parallel cannot paſs a- 
beve CF. I add, that neither can it paſs below 
it, as CI; becauſe then the triangles ABG and 
DEI would be equal, and by conſequence DET, 
and DEF ; the part and the whole. Therefore 
only CF can be parallel ro AE. 


W— — — — -- — 


PROPOSITION XLI. 


A TIT uzoRnemMm. 


A Parallelogram will be double to a triangle, if 
they be RR the ſame parallels, and have 


equal baſes, 


A D E FF the Parallelogram ACBD, 
and the triangle EBC, be 
berween the ſame Parallels 
\| AF and BC; and have the 
—_ fame baſe BC, or only equal 
baſes ; the Parallelogram wil 

be double the triangle. Draw the line AC. 

Demonſtration. 


The m_— ABC and BCE are equal, & 
Tre 
[ 
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G 

al Bl th* 37:) But the Parallelogram ACBD is dou- 

"& I Þ!- the triangle ABC, (by the 34.) It is there- 

11> Þ fore double the triangle BCE. It would be allo 

of- © double a triangle, that, having a baſe equal to 

a- BC, ſhould be berween the fame parallels. 

OW The USE. 

nd il Z - & * The ordinary method of meafur- 

EL, ; F : ©ing the area or ſuperhcies of a trian- 

Ire / |; WV gle is builr upon this Propoſition. ly 
B DE C * thetriangle ABC bepropos'd; from 


* the angle A we muſt draw Ai per- 
c . . . 
pendicular to the baſe BC; then multiplying 
* the perpendicular AD by half the baſe BE, the 
"product gives the area of the triangle : becauſe 
multiplying AD, or what is the fame, EF by 
BE, we have a rectangle BEFH, which is c- 
= to the triangle ABC. For (by the 41.) 
the triangle ABC is half the rectangle HBU 
*G; and to likewiſe is the redtangle BEFH. 
*We meaſure all forts of rectilineal figures, 
| HW *23 ABCDE, by dividing then 
/| G © into triangles, as BUD, ABD, 
AF D>o AED; drawing the lines AD, , 
- tand BD; and the perpend!- 
E © culars CG, BF, and EL. Ir 
"multiplying half of BD by Cu, and halt ot 
*AD by BF), and by EI, we have the area ot 
ail thoſe triangles: adding which Together the 
*ſumm is equal to the rectilineal higure AB .- 


*E, F 3 * We 


= = > bt > - 
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© We find the area of the regular Polygones, by 
* multiplying half their circuit by a perpendi- 
Ma. 


* cular drawn 


HM N * from theircer- 
L » | © ter to one of 
| © their {1des. For 

KL Oo 


* multiplying A 
ID "0 by 1G, we 
* ſhall have a reftangle HKLM equal to the 
*triangle AIB : and repeating the fame for all 
* the other triangles, taking always half of the 
© baſes, we ſhall have a reftangle HKON, which 
© will have the {ſide KO compounded of all the 
* half baſes, and by conſequence equal to half 
© the circumference ; and the ſide HK equal to 
* the perpendicular IG. 
* Tis according to this principle, that Archi- 
* medes has demonſtrated, that a circle is equal 
* to a rectangle compris'd under the femidia- 
© meter, and a line equal to half rhe circumte- 
* TeRCE. 


To 
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PROPOSITION 


A PxoBLEM. 


To mike a Parallehgram equal to a triangle gi- 
wen, having one angle eqaul to an angle given. 


AF G ET a Parallelogram be de- 
fir'd, equal to the triangle 
I ABC, and having an angle e- 
Son——_ qual to the angle E, divide the 
baſe BC into two equal parts 
at the point D; and draw the line AG paral- 
lel to BC, (by the 31.) then make the angle 
CDF equal to E, (by the 23.) and laſtly draw 
the line CG parallel ro DF : the figure FOCG 
Is 2 | >" pn cheer the lines FG, DC ; 
FD, and GC, are parallels, and its angle CDF 
is equal to the angle E; and farther, tis alſo equal 
to the triangle ABC. 
Demonſtration. 

Thetriangle ADC is halt the parallelogram 
FDCG, (by the 41.) 'tis alſo halt the triangle 
ABC ;7Tince the triangles ADC, and ADB, are 
equal, (by the 38.) "Therefore the triangle AB 
C is equal to the Parallelogram FDCG. 


PROP » 
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PROPOSITION XL. 


A TrmronnmM. 


The complements of a parallelogram are equal. 


B Fn the Parallelogram ABD 
C, the complements AF 
EH, and EGD], are equal, 

D Demonſtraticn. 
The triangles ABC, and 
BCD, are equal, (by rhe 34.) therefore if the 
triangles HBE, and BIE; FEC, and CGE, 
' which are alſo equal, (by the ſame,) be ſubſtra- 
Qed, the complements AFEH, GDILE, which 


| remain, will be equal. 


PROPOSITION XLIV. 


A PxoBsLEM. 


To deſcribe a\ parallelogram upon a line given, 
whieh ſhall be equalto a triangle, and have ſuch 

a certain angle , i.e. equal to one given. 
i__H1G A CQuUppoſe you be requir'd 
to make a parallclogram, 
C which ſhall have one of its 
[8 angles equal to the angle E, 
and one of its ſides equal " 
the 
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the line D, and be equal to the triangle ABC, 
Make the Parallelogram BFGH, (by the 42.) 
which has the angle BFG equal to the angle E, 
and is equal to the triangle ABC. Produce the 
ſides GF, and GH, fo that HI may be equal tg 
the line D ; and draw the line IBN till it cuts 
GF produc'd to N; and from the pou N draw 
the line NO parallel to Gl, and IO parallel to 
BH; producing alſo the fide FB to K, and HBtq 
M. 'The parallelogram MK is that which you 
deſire. Demonſtration. 

GF and HM being parallels, the alternate 
angles GFB or the angle E, and FBM, are e- 
qual (by the 29.) In like manner the lines KB 
and MN being parallel, the alternate angles 
FBM, and BMO, are equal ; therefore the an- 
gle BMO is equal to E, and the fide KB is e- 
qual to the line HI or D: and laltly, the Pa- 
rallelogram MK. is equal to the Parallelogram 
GFBH, (by the precedng,) and that was made 
equal to the triangle ABC. T heretore the Pa- 
rallelogram MK. is equal to the triangle ABC. 


The USE. 
—* This Propoſition contains a kind 
-F# D «© of Geometrical Diviſion: for in 
A ! þ | 
T 


= 


1 © Arithmetical Diviſion a number 
* is propos'd, which may be lookt 

G *on asa rectangle: for example, 
- © the rectangle AB, conliſting of 
twelve 


yy 


Ct 
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* twelve ſquare feet, which is to be divided by 
* another number, ſuppoſe, two; that is to ſay, 
* another rectangle is defir'd to be made equil 
*to AB, having one of its ſides, BD equal to 
* two; and the queſtion is, how many feet the 
© other {ide ought tocontain ; which is, asit were, 
5 the quotient. This is done Geometrically by 
© the Rule and Compaſs. Take BD conliltinf 
© of two feet, and draw the Diagonal DEF: 
© the line AF is that which you ſeek. For hay- 
* ing compleated the reftangle DCFG, the com- 
* plements EG, and EC, are equal, (by the 43.) 
*and EG has for one of its ſides EH, equal to 
* BD, of two feet in length ; and EI equal to 
*AF: This kind of Diviſion, is call'd Appl 
© cation, becauſe the reCtangle AB is apply*d to 
© the line BU, or EH : and from hence tis, that 
* all Diviſion is frequently call'd Application; 
© becauſe the ancient Geometricians made {more 
* uſe of the Rule and Compaſs, than of rith 
* merick, 
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lay, PROPOSITION XLYV. 
equal 
al to AProrunn/ 
the 
vere, i To deſcribe a parallelogram, whith ſhall bave a 
y by certain angle and Je equal to a reftilineal fi- 
Lin Lure given. 
EF; : 
Jav- EEE ET the recilineal f6- 
2m- Oo gure propos'd be AB 
2) - D ul [4 CD, to which you are re- 
| to - £-coamny uired to make an equal 

| to | wax—Ptlwy which ſhall 
pl- WO have an angle equal to the angle E. Divide the 

| to MW redtilineal into triangles by the line BD : and 
hat WW (by the 4%.) make a Parallelogram FGHI, which 
"; © has the angle IHG equal to the angle E, and is 


equal to the triangle ABD ; and (by the 44) 
make the Parallelogram IHKL equal to the tri- 
angle BCD, having one fide equal to IH, and 
the angle LIH equalto the angle E. The Pa- 
rallelogram FGKL will be equal to the rectili- 
neal ABCD. 


i 


the 


Demonſtration. 

Nothing need be prov'd, bit that the Paral- 
lclograms FGHI, and HELI, make up but 
one ; that is to ſay, GH, and HK, make but 
one right line. The angles GHl, and LKH, 


are equal to the angle E. And the angles m_— 
an 


- WAS a Ear Iobo 2 — whe ES. Cr iro conch hs. 
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and KHl,are equal to two right angles, becauſ: 
KHIL iz a Parallelogram. "Therefore the angle; 
GHI and KHI are equal to two right angles, 
and (by the 14.) GH and HK make one right 
line. 

Fhe USE. 

*'The uſe of this propoſition is the ſame with 
* the preceding ; ſerving to meaſure the caps 
© city of any tigure whatſoever, by reducing it 
* into trmngles, and then making a re&angular 
F Parallelogram equal to them. 

* Tis calie likewiſe to make a refangular Pa- 
© rallelogram upon a determinate fide, which 
* may be equal to many irregular figures. In 
* like manner having many tgures a rectangle 


© may be deſcribed equal to their difference, 


— 


PROPOSITION. XLVL 


A PrxoBLEM, 


To deſcribe a ſquare upon a line given. 


{ Ky deſcribe a ſquare-upon the 

line AB, draw two pcrpen- 

diculars AC and BD equalto AB, 
and draw the line CD. 
Demonſtration. 

The angles A and B being right * 

angles, 
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arigles, the lines AC and BD are parallels (by 
the 28.) They are alſo equal ; therefore the 
lines AB and CD are rarallels and equals, [ by 
the 33.) and the angles A and C equal to two 
right angles; as alfo B and D, [ by che 29.] and 
fince A and B are both right angles, the angles 
C and D will be fo likewiſe. "Therefore the fi- 
gure AD has all its {des equal, and all its angles 
right angles, and by conſequence is a ſquare. 


—— —  —— — n— —_— - 


PROPOSITION XLVIL 


A Tunzornu. 


The ſquare of the baſe of a rettangular triangle, is 


equal to the fqyares of both the other ſides taken 
together. —_—_ —__ 
ole the angle to 
P YN g = right bow. and that 
ſquares were deſcribed upon 
EL C all the {tides BC, AB, and A 
C: that of the baſe BC, 
| which is oppos'd to the right 
D H = Angle, will be equal to the 
{quares or both the fides AB, 
and AC, Praw the line AH parallei to BD, 
and CE; and joyn the lines AD, AE, FC, and 
EG, I will prove the ſquare AF is equal to the 
rectangle BH, and the fquare AG to the _—_ 
ge 
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gle CH ; and therefore the ſquare BE is equi 
to both the ſquares AF and AG. 
Demonſtration. 

The triangles FBC, and ABD, have the fide 
AB,EF; BD, and BC, equal: and the angle 
FBC, and ABD, are equal, each containing the 
angle A3C more than their reſpective right an- 
gles. Therefore | by the 4. the triangles ABD 
and FBC are equal. Bur the ſquare AF is deu- 
ble the triangle FBC, [by the 41.) having the 
ſame baſe BF, and being berween the fame pa- 
ralleis BF, and AC. . In like manner the re 
Ctangle BH is double the triangle ABD, having 
likewiſe the lame baſe BD, and being between 
the ſame parallels BD and AH. Therefore the 
ſquare AF is equal to the triangle BH. By the 
fame method the triangles ACE, and GC5; 
may be prov'd to be equal, | 5y the 4 } and the 
ſquare AG to be double the triangle GCB ; and 
the reftangle CH, double the triangle ACE, 
[by the 41. ] therefore the ſquare AG 1s equal to 
the rectangle CH; and by conſequence the 
ſquares AF and AG are,ecqual to the ſquare 


BDECG. 
The US E, 


©Tis faid that Pythagoras, having found out 
* this Propolition, facrihc'd a Hecaromy, 1. &. 1 
© hundred Oxen, to the Muſes, to return them 


* thanks for their adliſtance; ſuppoling it, " 


ſeems 
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* cems, above the power of bare humane in- 

vention. Nor was his eſteem thereof ſo irra- 
tional, as to ſome perhaps it may appear ; this 
Propoſition being the foundation of a very con- 
« iderable part of the A4a1h: maticks. For in 
«the firlt place Trigoncmetry cannot poſlibly 
« ſublaſt wirhour it, ir being neceflary to com- 
bpoſe a table of all the lines that may be in- 
« (crib?d in a circle, as Chords, Sines, 'Tangents, 
t Secants; as may appear by one example. 
* Suppoſe the ſemidiameter AC to 
© be divided into 100000 parts, and | 


"Me 
E . ; 

4 Pq *that the arch EC contains 30 de-/ 
\| * grees. Since the Chord, or ling 

A " © that ſubtends Go degrees is equal 


© to the ſemidiameter AC; BD the 

ſine of 30 degrees, will be equal to halt AC, 
*:nd therefore contain 50000 parts, Now in 
* the rectangular triangle ADB, the ſquare of 
*AB is equal to the ſquares of AD, and BD. 
* Make therefore the, 1quare of AB, by multi- 
'plying 1 00000 by 100000, and from the pro- 
* dudt ſubltraft the ſquare of 50000 or BD; 
*the remainder will be the ſquare of AD, or 
*BF the fine of the complement : and extract- 
*ing the ſquare root of that number, you will 
* have the line FB. "This done, making as AD 
*toBD, ſo ACtoCE, you will have the tangent 
'CE; then adding together the ſquares of 
AC and CF, the product [by rhe 47.] will give 
the 
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© the ſquare of AE; extracting therefore from 

© that number the ſquare root, you will knoy 

© the length of the line AE, which is the 6 

© cant, 

* By this alſo we may aug: 

* ment figures, as much 1; 

* we pleaſe. For example; 

©to FLuble the ſquare ABC 

* D, continue the fide CD, 

G *©fo that AD and DE miy 

* be equal : the ſquare of 

© AE will be donble the ſquare of ABCD; fince 

© (by the 47.) it is equal to both the ſquares of 

* AD and DE. Making the right angle AEF, 

*and taking EF equal to AB, the ſquare of AF 

* will be triple the ſquare ABCD. - Again, 

* making the right angle AFG, and taking FG 

* equal ro AB, the ſquare of AG will be qur 

* druple, or four times the ſquare of ABCD. 

* And that which I fay of the ſquare, may be 
\ * underſtood of all ſimilar figures, 


MW 
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PROPOSITION, XLVUL 


A TwuzornM. 


If ina triangle the ſquare of one fide be equal to 
7 the ſquares of both the 4 ſides, taken toge - 
ther; the angle oppoſite to that firſt ſide will be 


@ right angle. 


R JT* the ſquare of the ſide NP be 

L equal to both the ſquares of 
the fides NL; and LP, taken to- 
gether; the angle NLP will be 2 
N P right angle. Draw LR n- 
dicular to NL, and equal ro LP; then draw 


the line NR. 
, Demonſtration. 

In the reQtangular triangle NUR, the ſquare 
of NR is equal to the ſquares NL, and RL, or 
LP, (by the 47.) Now the ſquare of NP is al- 
ſo equal to the farhe ſquares of NL, and LP; 
theretare' the ſquare of NR is equal ro the 
fquare of NP, and by canſequence the lines NR 
and NP are equal. And becauſe the triangles 
NLR, and NLP, have the ide NL common; 
the {ides LP and LR equal, and their baſes 
NP and NR alfo cqual; the angles NLP and 
NLR. will be equal, (by the' 8.) and the angle 
NLR being a right angle, the angle NLP mult 
be fo roo, G The 
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THE SECOND BOOK 
OF THE 


ELEMENTS 
E UC L I'D: 


- UCLID in this Book treats of the 
. powers of right Lines; that is to ſay, 


6 of their Squares ; comparing the di- 
© vers ReCtangles, which are made upon a Line 
* divided, as well with the Square, as the 
© Rectangle, of the whole line. *Tis a par 
* exceeding uſeful, ſerving for the foundation 
© of the principal Operations of Algebra. The 
'© three fzſt Propoſitions demonſtrate the third 
* Rule, or Operation of Arithmetick, Multi- 
© »licationw. The fourth teaches to extract the 
© fquare Rootof any number whatſoever. Thoſe 
© that follow to the Eighth ſerve upon many oc- 
© caltons in //gebrs. The reſt inſtruct us in O- 
© perations proper for 77igonometry. This Book 
* ſeems «at tirſt view very dithcult; becauſe 
* men are aptto imagine there is fomething my- 
© ſterious contain'd therein; neverthelels the 

* great- 
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© oreateſt part of its Demonſtrations are ground- 
$ed on this moſt evident Principle, That the 
© whole is equal to all its parts taken together. 
© But it ought not to diſcourage any, it they 
© ſhould not at the firſt attempt fully compre- 
*hend them. 


D— 


DEFINITIONS. 
t. Areftangular parallelgram is compris'd under 


two lines, that form a right angle. 


AF "# us Blerve that hencefor- 
LEE s ward by a reCtangle we 
* ſhall intend fuch a paralle- 
G * logram, whoſe angles are 
FE © © all right angles, diſtinguiſh» 

*ing it by giving its longi- 
tude and latitude, naming two of its ſides, 
* which - contain one of its angles, -as the lines 
*ABand BC, For the rectangle ABCD is 
* compris'd 'under the lines AB and BC; BC 
* denoting its longitude, and AB its latitude ; 
*and the other being equal to theſe it will not 
* be neceffary to name them. [I have allo for- 
*merly intimated that the line AB, remain- 
Fing perpendicular to BC, and being mov'd 
*from one-extremity thereof to the other, pro- 
* duces the rectangle A3CD; and that that 
RL G 2 © M9. 
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* motion has ſome reſemblance to Arithmetica] 
* multiplication : fo that, as the line AB moy- 
ing over the line BC, that is, taken fo man 
* ties, as there are points in BC, compoſes 
"the reangle ABCD: ſo the multiplication 
"alſo of AB by BC, will give the reQangle 
"SET - as. ſuppoſe I knew the number of 
* Mathematical pomnts, that are in AB, for 
© example. 40, and that there were Go in BC: 
© it is evident that the retangle ABCD wil 
* have {ſo many lines equal-ro AB, as there arc 
© points.'in BC; and that multiplying 45 by 
© 60, the product will be 2400, which is the 
* mimber of Mathematical points in the reftan 

* ple ABCD. 
* I may take what quantity I pleaſe for a Mz- 
© rhematical point; provided 1 do not afterwards 
« ſubdivide it; it muſt therefore be oblervd; 
: that when I meaſure a line, for « Mathemat:- 
; cal-point 1 take that meaſure which belt ſuit 
. with my occaſions; for example, whe I fay 
, a line of five foot in length, my /Mathems 
tical point is a line of a toot long; which | 
take without conſidering that it is composd 
of any parts. In meaſuring a ſuperhcies like- 
wife | do the ſame, taking ſome known ſuper- 
ficies, for example, a foot ſquare 5 which 1 do 
' Not afterwards ſubdivide. I make ufe of 2 
. ſquare rather than any other figure; becaule 
its length and bredth being equal there is no 


: need 


c 
s 
C 
c 
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8 need of naming more than one of its dimen(1- 
* ons to deſcribe it. Accordingly when I would 
*mark out the Area of the rectangle ABCD, 
I do not conſider the {ides as fample lines, but 
"2s les of a determinate bredth : for 
* example, when I ſay that the rectangle ABCD 
* has the fide AB of four foot long, lince a foot 
*is to me inſtead of a Mathematical point, I 
* conceive the {ide AB to have alſo a foot in 
© bredth, and to be as the reftangle ABEF, 
© Therefore: knowing how many times the 
* bredth BE is contain'd in the line BC, I 
* ſhall know how many times the lipe AB is 
* contain'd in the reftangle ABCD ; that is to 
* ay, multiplying AB which has four foor 
* ſquare,by 6,the product will be{24 foot ſquare. 
* In like manner knowing the magnitude of rhe 
*rectangle ABCD to be 24 foot {quare, and one 
* of its tides AB to be 4; dividing 24 by 4 
* the quotient will give me the other fide BC, 
* conſiſting of ſix foot ſquare. 
A E D 2: Having drawn the diatyeter of a 
Ps * rectangle, one of the lefler rectangles 
L/G thro which it pafles, rogether with 
| the two complements, is calf'd the 
B H C Gnomon. * As therectangle EG, 
* thro which the diameter BD paſles, 
"rogether wich the complements EF and GH, 
*is calPd the Gnomon; their figure together: 


[ . 
- repreſenting a Carpenters ſquare. 
G 3 _ PROP 
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PROPOSITION LI 


A TauzoOREmM. 


if two lines be propos d, whereof one is divided in- 
to divers parts, the ref angle contaiwld under 
thoſe two lines # equal to the reangles con- 
tain'd under the line which x not divided, and 


the parts of thc line divided. 


CG E T the lines propos'd be 
| L AB, and AC; Lolka AB 
| be divided into as many parts as 
ou pleaſe. The rectangle AD 
mY T: ——_ under the lines AB and 
AC, is equal to the reftangle AG contain'd 
under AC and AE; to the re&tangle EH con- 
tain'd under EG equal ro AC, and EF; and to 
the reftangle FD contain'd under FH equal 
to AC and FB. 
1 Demonſtration. 

The reftangle AD is equal to all its part 
taken together; which are the rectangles AG, 
EH, and FD; and no other. 'Theretore the 
rectangle AD is equal to the rectangles AG, 
EH and FD taken togerher. 

By Numbers. 

This propokition holds true likewiſe in num- 

bers. Suppoſe the line AC to be five foot 


long; AE two, EF four, FB three; and by 
confequence AB nine; the rectangle contain'd 


undcr 


— _ www - 7 
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under AC five; and AB nine, that is to fay, 
five times nine, which makes forty five, is e- 
qual to twice five or ten, four times hve or 
twenty,and three times five, or fifteen ; for ten, 
twenty, and fifreen, make forty five. 


The USE. 


© By this propoſition is demonſtra” 

© red the ordinary operation of mul” 
prom þ ? tiplication. For example, it you 
Þ) 2 © were to multiply the number A, 
— | * which is 53, by the number B, 
* that is 8. Divide the number A 
2.4] © into ſo many parts as there are char- 
F, 424\ * aQters : that is, two, 52,and 3; which 
* multiply by 8, faying, eight times three is 
* twenty. four; and ſo you make one rectangle. 
*Then multiplying the number 50 by 8, the 
* product will be 460. Bur *tis evident that 
* the product of cight times 53, being 424, 
*sequal to the product of 24, and the product 
* 420 taken together. | 
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PROPOSITION Il. 


A T uzornm. 


The ſquare of any line is equal to the refFangles 
contain'd under the whole lime, and all its parts, 


CGHD | Hb, ſine propos'd be AB, 
and its ſquare ABCD, I fay 
the ſquare ABCD is equal to the rect- 
I angle contain'd under the whole line 
AEFB AB, and AE; another under AB and 
EF; and a third under AB and FB. 
Demonſtration. 

The ſquare ABCD 1s to all its parts 
taken together, which are —_— => G 
EH, FD. The firſt AG is contain'd under 
AC equal to AB, and AE. The ſecond EH 
s contain'd under EG equal ro AC or AB. and 
FE. The third FD is contain'd under FH e- 
qual to AB, and FB: and 'tis the fame thing 
to be contain'd under a line equal to AB, and 
to be contain'd under AB it felf. Therefore 


the ſquare of AB is equal to the rectangles 
contain'd under AB, and AE, EF, FB, the 
parts of AB; 


By Numbers. 
Let the line AB repreſent the number nine: 
its 
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its ſquare will be 81: Let alſo the part AE be 
four ; EF three , and EC two : nine times four 
make thirty fix; nine times three twenty ſeven, 
and nine times two eighteen, and 'tis plain that 
36, 27, and 18 make B81. 
The USE. 

© This Propoſition ſerves likewiſe to prove 
© multiplication ; as alſo for Equations Mt 
* rebra. 


BO — 


PROPOSITION ll. 


A TwunzoRks ww. 


If # line be divided anto two parts, the reff wig le 
contain'd under the whole line, and one of its 
parts, _is equal to the ſquare of the ſame part, 


and the rett angle contam' d ender both the parts. 


D E _F F ET the tne AB be divided 
| into two parts at the point 
| | C; andle a rectangle be made 
"Wy - B of the whole AB, and one of 
its parts AC, that is to ſay, ler AD be equal to 
ACand then if the rectangle AF be c | 
& will be equal to the fquare of AC, and the 
rectangle contain'd under AC and CB. Draw 
the perpendicular GE. 


Ng- 
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Demonſtration. 

The rectangle AF contain'd under AB and 
AD equal to AC, is equal to all its part, 
which are the rectangles AE, and-CF. The 
firſt AE is the ſquare of AC, the lines AC 
and AD being equal; and the reftangle CF 
is contain'd under CB, and CE equal to AD 
or AC. Therefore the rectangle contain'd 
under AB and AC is equal to the ſquare of 
AC, and the rectangle contain'd under AC 
and CB. 

By Numbers. 

Let AB bet; and AC3; andCBs5: the 
rectangle contain'd under. AB and AC, will 
be three times eight, or 24: the ſquare of AC 
3, is nine; and the re&angle contain d under 
AC 3, and CB 5, is three times 5 or 15. But 
It 15 evident that 15 and 9 make 24. 


The USE. 


A, 43), "The uſe of thisPropoſttion is ſtill to 
C,40, 3 demonſtrate the ordinary pradtiſe 
* of multiplication. For example, it 
* you would multiply the number 43 
*by 3; having divided the number 
129- | ©43 into 40, and 3: three times 43 
* will amount to as many as three times three, or 
* nine, that is the ſquare of three ; and three 
© times 40, that is, 120; for three times forty 
« three is 129, Beginners ought not to be dil- 

cour- 


7 


I20. 9. 


— 


"”" M7 
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 courag'd, if they do not preſently apprehend 
and * theſe Propoſitions; which yet, in truth are 
arts, I * not difficult, bur as they are conceiv'd to con- 
The Ml © tain ſome ſtrange myſtery. 


ac __ od 
pe PROPOSITION 1Iy; 
_ A Trzors . 

- 0 


AC F a line be divided into two parts, the ſquare of 
the whole line, will be equal to the ſquares of 
both the parts ; and two ret angles contain'd 
wnder the [ame parts. 


E - FD ET the line AB be di- 
vided in Cand its ſquare. 
Rn G 1, ABDE deſcrib'd; let its di- 
agonal alſo EB be drawn and' 
Kk A CB a perpendicular cutting it CF : 
and by that point ler the line GL be drawn 
parallel tro AB. *Tis evident 'that the ſquare 
ABDE, is equal to the four retangles GF, 
CL, CG, on LF. The two firſt of which 
are the ſquares of AC and CB: and the two 
Complements are cantain'd under AC and 


Demonſtration. 


The (ides AE and AB are equal : therefore 
the angles AEB, and ABE are half right 
angles 


| ; 
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angles: and becauſe the lines GL and AB ar: 
arallels; the angles of the triangles of the 
fquare GF (by the 29. 1.) will be equal; 
as alſo their ſides (by the 6. 1.) Therefore GF i; 
the {quare of AC. In like manner CL. is the 
ſquare of CB: the reftangle GC is contain'd 
under AC, and AG equal to BL or BC; and 
the rectangle LF is contain'd under LD equi 
to AC, and F1) equal to BC. 
Corol. It you draw the diagonal of a ſquare 
the rectangles which it cuts are ſquares. 
The USE. 


| —— 


A, This Propoſition teaches the me- 
B, | thod of extracting the ſquare root of 
C, n2ſ 
a 4 4 te 


any number propos'd. Let the num- 

ber be A, or 144, repreſented by the 
© fpuare AD, and its root by the line AB. 
© L ſuppoſe it known from other principles that 
* i requires tWO characters. I imagine there- 
© fore that the line AB is divided in C, 6 
© that AC may repreſent the firlt charaQter, 
* and BC the ſecond: Then ſearching the 
© root of the firſt character of the numbe 144, 
© which is 100, I hind it to be 10: and making 
© irs ſquare 100 repreſented by the ſquare Gf, 
© I ſubſtraCt it trom 144; and there remains 44 
© for the rectangles GC, FL; and the ſquare 
* CL.: But becauſe the figure of a Gnomon 5 
© not proper for this operation, I tranſport the 
* reftangle FL unto KG, making one who 


$ rect 
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"rectangle KL, that is, 44. I know alſo al- 
' ready almoſt the whole fide KB: for AC be- 
' ing 10, KC muſt be 20, I muſt therefore di- 
vide 44 by 2 ; that is to fay, for my Di- 
*viſor doubling the root found; Tenquire then 
how many times 29 I can have in 44 ? and 
*find twice ; and therefore take 2 for the fide 
*BL; and becauſe 20 was not the intire {ide 
*KB, but only KC ; that two which came 
*in the quotient I add to - Diviſor, muking 
*it 223 Which number being found preciſely 
* ewict in 44,adding 2 to the root before found, 
*I conclude the whole {quart root of 144 to be 
*12. You fee then that the ſquae 144i e- 
* qual ro the ſquare of 10, which is 1<0,. the 
* quare of 2, that is.4 3 and twice 20, which 
* makes the two reCtaagles contain'd under two 
*and ren, 


P R O P- 
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PROPOSITION V. 


A Turzors Mm. 


} 


If # line be divided into two equal parts and two 
parts that are unequal; the rettangle contain4 
under the unequal parts,together with the ſquare 

the intermediate part ; is equal to the ſquare 
of half the line. 


E G F TF the line AB be divided 
K__x\\k |; into two equal parts in C; 
and two unequal parts in D; 
A 7 3 the reftangle AH contain'd 

under the unequal ſegments 
AD, and DB, with the ſquare CD, will 
be equal to the ſquare of CB, that is, the 
ſquare CF. Compleat the figure as you fee; 
the reCtangles LG and DI will be ſquares. 
(by the coroll. of the 4.) | will prove then that 
, the rectangle AH, contained under AD, and 
DH equal ro DB, with the ſquare LG, 1s e- 
qual to the ſquare CF, 

Demonſtration. 

The rectangle AL is equal to the rectangle 
DF, both being contain'd under half the line 
AB, and DB, or DH, which is equal to it. 
Add to both the rectangle CH, the rectangle 


AH will be equal to the Gnomon CBG. = 
tnere- 
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therefore again to both the ſquare LG ; andthe 

rectangle AH, with the ſquare LG will be e- 

qual to the ſquare CF. 

' By Numbers. 

Let AB be 10; AC will be 5, and CB like- 
wiſe; and let CD be 2, and DB 3. the re& 
angle contain'd under ALD 7 and DB 3, that is 
to ſay 21, with the ſquare of CD 2, that is 
4; will be equal to the ſquare CB 5, which is 
25. The USE. 

*'This Propoſition is very uſeful its the third 
* Book: -It is alſo us'd in Algebra, to demon- 
* ſtrate the manner of finding the root of an af- 
' fefted or impure ſquare. 

PROPOSITION VEL 
A I nnoRsm, 

If a line be divided into two equas parts, and to 
it another line added; the reangie contain'd 
under the line compounded of thoſe two,and that 
which is added, with the ſquare of half the di- 
vided line, is equal to the ſquare of the line 
compounded of that half, and the line that is 
added. 

G E FF'totheline AB, divided 

into two equal parts in C, 

be added the line BD; the 
rectangle AN, contain'd un- 

B Þ der the line AD, and DN e- 

qual to BD, with the ſquare 


of 
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of CB, is equal to the ſquare of CD. Make 
the ſquare of CD, and laving drawn the diag. 
nal FD, draw alſo BG parallel to EC, cutting 
FD at the point H, through which paſles the 
line HN parallel to AD. KG will be the ſquare 
of CB; and BN, that of BD. | 
Demonſtration. 

The reftanglesg AK, and CH, being upon 
equal bafes AC and CB, are equal(by the 36.1.) 
The complements CH and HE are equal, (b 
the 43. 1.) therefore the reftangles AK and 
HE are equal. Add to both the re&tangle CN, 
and the fquare KG: the reQtangles AK and CN 
that is, the retangle AN, with the ſquare KG, 
will be equal to rhe rectangles CN and HE, 
and the ſquare KG, that ts, the ſquare CE, 


By Numbers, 


Let AB conſiſt of 8 parts, : AC of 4,; and 
CB of 4; BD of 3. fo that the whole AD be 
11. 'T'is evident the rectangle AN is three 
times 11, that is 33; Which with the ſquare 
of KG, equal CB 4, that ts 16; make 49, and 
therefore is equal to the ſquare of CD 7. which 
is 49; for 7 times 7 make 4g. 

The US E. 


* Maurylocus, by the help of this Propoſition 
* meaſur'd rhe whole Earth at one lingle Obſer- 
Valion. 


Vai 


N 
) 
y 
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The Second Book. 109 
vation, To effet which, he adviſes, that 


* from the top of a mountain of 

*nown height A, you obſerve the 

* angle BAC, made by the line 

* AB, touching the ſuperficies of 

© the earth at B, and the line AC 

* paſſing through the center : and 

© that in the triangle ADF, know- 

© ing the angle A, and the right 
* angle ADF, you find by Trigonomerry the (1des 
*AF and FD: and becauſe tis eaſfie to demon- 
* ſtrate that FB and FD are equal, you will then 
* know the line AB, and alſo its ſquare. Now 
* we have demonſtrated in the preceding Pro- 
* poſition, that the line ED being divided into 
* equal parts in C, and the line AD added to 
*it; the rectangle contain'd under EA, and 
* AD, with the ſquare of CD, or CB, is equal 
"to the ſquare of CA; and the angle ABC, 
* being a right angle, (as is proy'd in the third 
* book) the ſquare of CA is equal to the ſquares 
* of AB and BC; therefore the retangle un- 
*der AE and AD, with the ſquare of BC, is 
*equal to the ſquares of AB and BC. Take 
* therefore from them both the ſquare of BC, 
* and the reftangle under AE, and AD, will be 
* equal to the ſquare of AB. Divide therefore 
* theknown ſquareof AB, by the height of the 
* mountain AD, and the »Quotient will be the 
"line AE; from which ſubtracting the hight 

H ws 
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* of the mountain, the remainder will be tht 
* diameter of the earth DE. 

* We have made uſe likewiſe of the ſame pro- 
© poſition in our Alpebra,to demonſtrate the thir- 
* teenth propoſition of the third Book, to find 
* the root of a ſquare equal ro a more certain 
* number ot. roots, "The two that follow do 
* allo ſerve for the proof of the 'like operati- 
" Ons. ) 


PROPOSITION. VII. 
| A Tuxzonzu. 
if a line be divided, the ſquare of the whol: 


line,with that of one of its parts, is equal totwo 
rectangles contain'd under the 5vhole line, and 
zhat firſt- part together with the ſquare of the 
other part. 


42 E'T' the .line AB be divided 
| any where in C; the ſquare 
— ; AD of the line AB, with the 
ſquare AL, will be equal to two 
-D B right angles contain'd under AB 
L and AC, with the ſquare of CB. 
Make._the ſquare of AB, and hav- 

ing drawn the diagonal EB, and the lines CF 
and HGl, prolong EA fo far, as that AK may 
beequalto AC: ſo AL will be the ſquare of AC, 
ind HK will beequal to AB; For HA is equal 


to 


by 


H 
A 
K 
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to GC, and GC is equal to CB, becauſe CI is. 
the ſquare of CB, (by the Coroll. of the 4 ) 
Demon(tration. 

Tis evident, that the ſquares of AD and AL 
are equal to the rectangles HL and HD,and the 
ſquate Cl. Now therectangle HL is contain'd 
under HK equal ro AB, and KL equal to AC. 
In like manner the rectangle HD is contain'd 
under HI equal ro AB, and HE equal to AC. 
Therefore the ſquares of AB and AC are equal 
to two reCtangles contain'd under AB and AC, 
and the ſquare of CB. 

In Numbers. 

Suppoſe the line AB to conſiſt of 9 parts, 
AC Ya and BC of 5. The ſquare of AB 9g 
is 81, and that of AC 4 is 16; which $1 and 
16 added together make 97, Now one reCtan- 
gle under AB and AC, or 4 times 9g, make 36; 
which taken twice is 72 : and the ſquare of CB 


5is 25; Which 72 and 25 added together make 
allo 97. 
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PROPOSITION VII. 


A Tauzors. 


If you divide 8 line, and add another to it equality 
one of its parts, the ſquare of the whole compo 
ded lime will be equa nw ref angles contain 
wider the firſt line, and that part that is added 

. Pogether with the ſquare of the other part. 


ACBD ET the line AB be divided 
GNE_IK |, any where in the point C, 
o |.. and BD equal to CB added 
MT RI to it: the ſquare of AD will be 

END E Cequal to four reftangles contain'd 

under AB, and BC or BD, and 
the ſquare of AC. Make the ſquare of AD, 
and having drawn the diagonal AE, draw like 
wiſe the perpendiculars BP, and CN, cutting 
the diagonal in. I, and O: and alſo the lins 
MOH, and GIR, parallel to AB. The reQar 
lesGC, LK, PH, MB, and NR, will be ſquares 
G the Coroll. of the 4.) 
Demonſtration. 

The ſquare ADEF is equal to all its pact; 
and the reCtangles LB, OD, PM, are contain'd 
under lines equal to AB, and BC, and if you ads 
the retangle MI to the reftangle PH, they to- 


gether will give you another rectangle fannie? 
under 


Pa 
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under a line equal to AB, and another equal to 
CB or BD. Beſides which there remains no- 
thing but the ſquare GC, which is the ſquare of 
AC. Therefore the ſquare AD is equal to four 
reftangles contain'd under AB and BD, and the 


ſquare of AC, 
In Numbers. y 

Let the line AB conſiſt of 7 parts, AC of 3, 
andCBof4 ; as alſo BD: the ſquare of AD 1 1 
will be 121, And one reQangle under, AB 7 
and BD 4, makes 28 ; which taken four times 
$112; and thoſe together with the ſquare of 3, 
which is 9, make alſo 121. 


es 


PROPOSITION IX 


APrzozsinMm. 


If a line be divided into two equal parts, and two 
_ the ſquares of the untqual parts will be 
double the ſquare of half the lme,and the ſquare 
of the imtermedzate part. 


et the line be divi- 

Ly ded into two equal 
parts at the point C, and 
two unequal at the point 
| . D: the ſquaresof the une- 
$ & Y >» qualparts AD, andDB 
H 3 will 
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will be double the ſquares of AC, which is half 
AB, and CD the intermediate part. Draw CE 
perpendicular to AB,. and equal to AC; dray 
alſo rhe lines AE, and BE, and theperpendicu- 
lar DF, as likewiſe FG parallel to CD. Then 
joyn the line AF. 
Demonſtraticn. 
The lines AC and CE are equal, and thean- 
gle Cis aright angle: therefore (by the 5.1.)the 
angles CAE, and CEA, are equal; and conſe 
quently half right angles. In like manner, the 
angles CEB, CBF, GFE, and DFB, are half 
right angles; and the line GF and HE, DF and 
DB, equal, (by the 6.1.) and the whole angle 
AEF is a right angle. Now the ſquare of AE(by 
the 47. 1.) is equal to the ſquares of AC and 
CE, which are equal: therefore it is double the 
ſquare of AC. For the ſame reaſon, the ſquare 
ot EF is-double the ſquare of GF or CD. Now 
the ſquare of AF is equal to the ſquares of AE, 
and EF, becauſe the angle AEF 1s a right an- 
gle: therefore the ſquare of AF is double the 
ſquares of AC, and CD. The fame ſquare of 
AF is likewiſe equal to the ſquares of AV, and 
DF or UB, the angle D being a right angle, 
"Therefore the ſquares of AD, and DB, are dou- 
ble the ſquares of AC, and CD. 


In Numbers. 
Let AB be 10, AC 5, CD 3, and DB 
'F 


bros. 
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2: the ſquares of AD 8, and DB 2, that is to 
fay, 64 and 4, which make 68, are double the 
(quares of AC T1 that is, 25, and of CD 33 
which 89: for 25 and 9 make 34, which is 
half of 68. 
The USE. 

© I have not met with this Propoſition, ex- 
«cept in Algebra; no more than that which 
E Clown 


CO —— 


PROPOSITION X, 


A TuztoREmMm, 


If 8 line be added to another that is divided into 
two equal parts; the ſquare of the line com- 
ounded of thoſe two, with the ſquare of that 
which ss added, makes double the Jquare of half 
the line, and the ſquare of that which is com- 
pounded of half, and the line that is added. 


E E T the line AB be 


| ]F divided in the 
Ps middle at the point C, 
/___|\C__\B [7 and the line BD added 

2. A to it; the ſquares of 
G AD, and BD, will be 

{; double the ſquares of 


AC, and CD. Draw the perpendiculars CE 


and DF equal zo AC: and then draw the lines 
H 4 AE, 
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AE, EF; and producing FD toG, fo that DG 
may becequal to BD, joyn the lines AG, and 
EBG. * | 

Demonſtration. 

The lines AC, CB, and CE being equal, and 
the angles at the poinr C being right angles: 
the angles CAE, AET, CEB3, and CBE, wil 
be half right angles. In like manner theangleD 
being a right angle, 2nd the lines BD and DG 
equal, the angles BG, and DGB, will be half 
right angles; and fo will likewiſe GEF, the 
angle F being a right angle; therefore the lines 
FG and FE are equal, (by the 6. 1.) and EF 
is equal to CD, (by the 33. 1 ) Now the ſquare 
of is double the ſquare of AC, and the 
ſquare of EG alſo double the ſquare of EF, or 
CD, (by the 47. 1.)But the ſquare of AG is & 
=_ to the ſquares of AE and EG, (by the ſame:) 
therefore the ſquare of AG is double the ſquare; 
of AC, and CD. The fame ſquare of AG is 
likewiſe (by the ſame) equal to the ſquares of 
AD, and DGequal toDB: therefore the ſquares 
of AD and DB are double the ſquares of AC and 
CD. : 

By Numbers. 


Let AB contain 6 parts, AC 3, and CB 
» BD 4; the ſquare of AD 10 is 100; 
a ſquare of BD 4 is 16, which make toge- 


ther 186. The ſquare alſo of AC 3 is 9: the 
| ſquare 
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uare of CD 7 is 49. Now 49 and 9 tnake 
£7 the half of 116. 


-— 


— —  — — 


- 


PROPOSITION XL 
A PrRoBinMm. 


To divide a line in ſuch a manner,that the refFan- 
le under the whole line, and one of its parts, 
ſhall be equalto the ſquare of the other part. 


C Uppoſe the line AB to be di- 

> Ted in ſuch a manner, that 

E 'S the reCtangle under the whole 

p line AB, and BH, may be equal 

* to the ſquare of AH. Make the 

£ ſquare of AB,(by the 46. 1.)and 

G dividing ADin the middle in E, 

draw EB,and take EF equal ro EB. "Then make 

the ſquare of AF, that isto fay, let AF and AH 

be equal. 1 ſay, the ſquare of AH will be equal 

to the reftangle HC, contain'd under HB, and 
BC equal to AB. 

Demenſtration. 

The line AD is divided equally in the point 
E, and the line FA added to it, theretore (57 
the 6.) the rectangle DG contain'd under DF, 
and FG equal to AF, with the ſquare of AF, i: 
equal to the ſquare of EF,equal to FB: -_ wo 

qu; 1 e ſquares of AE anc 
ſquare EB is equal to the fquares © ow 


— yy we =__ a RA9R9*#F 
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AB, (by the 47.1.) therefore the ſquares of ABand 
AE are equalto the reftangle DG,and the ſquare 
of AE: and ſubtraQting from both the ſquare of 
AE; the ſquare of AB, that is, AC, will be e- 

ual to the reCtangle DG : taking away there- 
Gre the rectangle DH, which is common to 
both, the rectangle HC will be equal to the 
ſquare of AH, that is, AG. 


The USE. 


© This Propoſition teaches how to cut a lint 
© according to the extreme and middle propor- 
© tion, as Will be ſhewn in the 6:bþ Book, 'Tis 
© alſo frequently made uſe of in the 14th Book 
* of Enclid's Elements, to find the fides of regu 
© lar Solids. Ir is uſeful alſo in the 1 1. of the 
* 4.to inſcribe a Pentagone in a circle, as alſo a 
* Pentedecagone (or a figure with 15. angles.) 
* You will ſee alſo other uſes thereof in divi- 
* ding lines on this manner, in the 30th Pro- 
* polition of the 6, 
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PROPOSITION XI. 


A Tmuzoknm. 


In an Obtuſe triangle, the ſquare of the ſide 
posd to the x A angle, is equal to the 
ſquares of both the other ſides, and two reft- 
angles contain'd under the line upon which a 
perpendicular will fall, and the lme which lies 
betwixt the triangle and the perpendicular. 


A Sag the angle ACB, of the 
dY triangle ABC, be an obtuſe, 
0: 4 B 


and let AD be drawn perpendi- 
cular to BC ; the ſquare of the 
fide AB is equal to the ſquares of the fides AC 
and CB, and two rectangles contain'd under the 
fide BC, and DC. 

Demonſtration. 

The ſquare of AB is equal to the ſquares of 
AD, and DB, (by the 47. 1.) Bur the {quare of 
DB is equal to the ſquares DC, and CB, and 
two reCtangles contain'd under DC and CB, 
(by the 4.) Therefore the ſquare of AB is equal 
to the ſquares AD, DC, and CB, and two re- 
Ctangles contain'd under DC and CB. In ſtead 
of the two firſt ſquares AD, and DC, put the 
{quare of AC,which is equal to them, (6 'y the 47: 
('! The ſquare AB will be equalto the ſquares 
Al 
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AC and CB, and two reftangles contain'd un- 
der DC and CB. 


The USE. 


* This Propoſition is uſeful in 7rignometry 
* to meaſure the area of a triangle, whoſe ſides 
*are known. For Example, ſuppoſe the (ide 
© AB toconliſt of rwenty foot, AC of 13, BC 
* of x1 : the ſquare of AB will be 4-0, that of 
*AC 169, = that of BC 121. The fumm 
* of the two laſt is 290, which ſubtratted from 
* 420, there will remain 110 for the two re&- 
* angles under BC and CD. The half of which, 
* 55, Will make one half of thoſe rectangles; 
* dividing which number by BC, 11, we ſhall 
* have 5 for the line CD ; whoſe ſquare 25 be 
* ing ſubtrafted from the ſquare of AC, 169, 
© leaves the ſquare of AD, 144, whoſe root 12 
* will be the ſide AD, which being multiplied 
)>* by 5}, the half of BC, will give the aree f 
* the triangle ABC, that is, 66 foot ſquare. 


wi te PA C7. 
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PROPOSITION MIL 
A Turokrmnmn. 


In any triangle whatſoever, rhe ſquate of the ſide 
oppos d fo the acute angle, with t refangles 
contain'd under the ow which the perpen- 
dicular falls, and the line which « betwixt the 
perpendicular and that angle; x« qual to the 
ſquares of both the other ſiges, 

A ppole the triangle to be 

ABC, andthe acute afigle 

C, and AD the perpendicu- 

FD — lr falling upon BC: the 

ſquare of the {ide AB, oppos'd 

to the acute angle C, with two reftangles con- 

taind under BC and CD, will be equal to the 
ſquares of AC, and BY. 

Demonſtratin. 

The line BC being divided in D, (by the 7 ) 
the ſquares of BC and DC are equal ro two re- 
angles under BC and CD, and the {quare of 
BD. Add to beth the ſquare of AD: the 
ſquares of BC, DC, and AU, will be equal to 
rwo rectangles under BC, and CD, and the 
ſquares of ED,. and A D. Inſtead of the ſquares 
ot CD, and AD, put the ſquare of AC, which 
equal to them, (by ihe 47.1} and inſtegd ot 

the 
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the ſquares of BD, and AD, ſubſtitute the 
ſquare of AB, which is equal to them, (by the 
ſams;) the ſquares of BC, and AC, will be e- 
qual to the ſquare of. AB, and two rectangles 
contain'd under BC, and CD 

ud $ The USE. 
* Theſe Propolitions are very uſeful in Trige- 
* nometry : | have made uſe of them in theeighth 
« propoſition of my third book, to prove, that 
©1n a triangle the Sine total has the ſame pro- 
* portion tothe ſine of an angle, as the reQtangle 
© contain'd under the ſides, which form that 
© 2nple, to double the triangle. I have ugd 
©them likewiſe in the ſeventh, and divers other 


c propoſitions. 


= 


EE ——_— 


PROPOSITION. XIV. 
A PxoBLEM, 


To deſeribe a ſquare equal to a reFilineal figure 


g1V 2. 


H O deſcribe a ſquare & 
qual to the reCtilineal 

\a\ ' A, make (by the 45.1.)a ret 

| angle BCDE equal to the 


Y 5 
< & * rectilineal A. IF the fides 


D E CD, and CB were equal, we 
ſhov!s 
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ſhould have what wedilir'd : but being unequal, 
continue the line BC, fo that CF may be equal 
twCD ; and dividing the line BF, in the.mid- 
Ale ar the point G, deſcribe the ſemicircle FH 
B; this done, prolong DC to H. The. ſquare 
of CH is equal to the reCtilineat A. Draw the 
line GH. 
Demonſtration. 


The line BF is divided into two equal parts 
in G, and-two unequal in C: therefore (by the 
5.) the redtangle contain'd under BC, CF, or 
CD, that isto ſay, the reCtangle BD, with the 
ſquare of CG, is equal to the ſquare of GB, or 
GH, which is equal to it. Now (by the 47. 1.) 
the ſquare of GH is equal to the ſquares of CG, 
and CH: therefore the reftangle BD, and the. 
ſquare of CG, are equal to the ſquares of CG, 
and CH; and therefore taking away the ſquare 
of CG, which is common to both, there will 
remain the ſquare of CH equal to the reQtangle 
BD, or, which is the ſame, the reCtilineal A. 

Fhe USE. 


* This Propoſition reaches'us in the firſt place 
' to reduce any reCtilineal figures into ſquares ; 
* which being the chief meaſure of all tuperfi- 
* cies, becauſe its dimenſions are both equal, 
' we can by this means take the magnitude of 
"all forrs of re&tilineal figures. Again it helps 
"us to find a middle proportional berwixt two 

line 


f 
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© lines givef, as we ſhall ſee in the thirteenth 
«Propottich of the Sixth Book. 
« * Ariſtotle brings this Propoſition as an in- 
«ſtance of a Formal Definition : for,#n his ſecond 
« book, de Anima, ſe. 12. diſtinguiſhing be- 
, Ewixt a Formal and a Caulal Dehnitionhe ex- 
plains them thus. If, when tis demanded 
* What it is toſquare a ReQangle ? anſwer be 
© return'd, that it is to deſcribe a ſquare equal 
© to a reCtilineal; this anſwer contains the tor- 
© mal definition. Burt if it be ſaid, that it is to 
© find a middle proportional betwixt two lines; 
* this gives the Cauſal definition. For to find 
* a middle proportional is the cauſe of making a 
© fquare equal to the reCtilineal propos'd. 

* This Propoſition may alſo be farther uſeful 
*othe fq uaring of crooked figures; and alſo, 
© as far as is poſſible, even the Circle it ſelf; for 
* all: forts of crooked figures may, at leaſt as far 
* as 8 diſcernible by ſenſe, be reduc'd to refti- 
© lineals. As for example, it we inſcribe ina 
* circle a Polygone conlilting of a thouſand 
© {ides, there will be no ſenſible difference be 
* twixt it and the circle : therefore reducing this 
* Polygone to a {quare, we do, as far as our ſen 
* es are capable ot judging, ſquare the circle. 


1 


THE THIRD BOOK 
OF THE 


ELEMENTS 


EUCLID: 


| HIS Third Book explains the pro- | 


perties of a Circle, and compazes di- 
vers lines which may be drawn with- 
© in, or withour it's circumference. * It conſiders 
© likewiſe the circumſtances of circles, that cut 
*each other, or touch a right line; and the 
* differences of angles that are made either at 
© the centers or circumferences. In fine it lays 
* down the firſt principles for the eſtablithing the 
* praQtical part of Geometry; tor which the cir» 
*cle is moſt commodiouſly made uſe of in al- 
* moſt all Treatiſes of the Mathematicks. 
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DEFINITIONS. 


1. Thoſe Circles are equal, 
Whoſe diameters or Gmidiameten 
are equal, 


2. A line is faid to touch a cir- 
p le, when, meeting with its cir- 
" eaten it does not cut it. As 


the line AB. 


3. Circles touch,when 
meeting, they do not 
cut each other. As the 
W Wan B, and C. 


4 w —_ are equally re 
mote from the = er; when the per 
(> pendiculars, drawn from the center 
to the lines, are equal. * As for 
* example, if EF, aud EG, perpen- 
+ diculars to the lines AB, and CD, 
* be equal, AB and CD will be ually remote 
* from the center; becauſe the diſtance ought 
* always to be meaſurd by perpendicular lines 


5. A 
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5. A ſegment of a circle is a 

hgure terminated on one ſide by 

)z 2 Tight line, and on the other by 

the. cirg;'mference of a circle 
As LON, LMN. 


6. The angle of the ſegment is the angle 
which the circumterence makes/ with the right 
line. : © As the angles LNO, NLM. 


/ NJ 7. An angle is in that ſegment in 

/J which are i-» lines that form it. 

Þ.., * As the «nguc #3 ark, in the leg- 
* ment FGH. * a 


8. An angle is upon that arch, to which jr 


is oppos'd, or which is as its baſe. © As the 
* angle FGH, is upon the arch FIH. 


9. The Seftor is a figure con- 
tain'd under rwo femidiameters, 
and the arch which ſerves them 

4 F for a baſe. * As the bgure FIGH. 


PROP, 


bs 


BY 2h im ” . 
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PROPOSITION L 


A Prkoz LEM. 
To find the center of a Circle. 


J 
O find the center of thecir- 
cle AEBD, draw the line 
AB, and divide it in the middle 
at the point C; through which 
draw the perpendicular ED, 
which alſo divide into two equal parts at the 
point F, and that point F will be the center of 
the circle. If it be not, ſuppoſe the point Gto 
be the center; and draw the lines GA, GB, 
and GC, 
Demonſtration. \ 

If the point G be the center, the triangles 
GAC, and GBC, will have the ſides GA, and 
GB equal,(by the definition of a circle:) and AC 
and CB will be equal, the line AB being divi- 
ded in the middle at the point C, and CG being 
common, the angles GCB, and GCA will be e- 
qual, (byarbe 8.1.) and CG a perpendicular, not 
CD,which is contrary to the ſuppoſition. There- 
fore the center muſt of neceſſity be in the line 
CD. I add, that ic muſt be at the point F, 
where it is divided into two equal parts; other- 
wile 
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wiſe the lings drawn from the center to the cir- 
cumference would not be equal. 

Coroll. The center of a circle is in that line, 
which falling perpendicularly upon another, di- 
vides it into two equal parts. 

The USE. 

This Propoſition is neceflary to demonſtrate 

* thoſe that flow. 


- 


PROPOSITION IL 


A TuroksM. 


Aright line drawn from one _ x4 the circums- 
ference to another, falls wholly within the circle 


E T aline bedrawn from 

the point B tothe point C. 

I fay, it will be wholly contain'd 

/ within the circle. To prove that 
it cannot fall without the circle, 
as BVC; having found the cen- 
ter of the circle A, draw the lines AB, AC, and 


AV. 
Demonſtration. 
The ſides AB, and AC,of the triangles ABC- 
are equal : ' therefore (by the 5. 1.) the angle, 
ABC and ACB are equal, and fince the angle 


\VC is an external angle in reſpedt of the tri- 
F 1 angle 
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angle AV By it 4s _— than the angle ABC, 
Gy the 16. 1.) then-alſo it will be greater 
>< the angle ACB. Therefore (by the 19.1.) 
in the triangle ACV, the fide AC, oppos'd to 
the greater angle AVC, will be greater than 
AV : and by conſequence AV ought not to 
reach to the circumterence of the circle,; if the 
line BVC was a right line. 


The USE. 


*'Tis by this Propoſition that they demon- 

: ' rate, that a circle can touch a right line but 
* in one place: For it the line touchd two 
© points of the circurterence, it would be 
© drawn trom one of its points to another : and 
* by conſequence, according to this Propolition, 
* would enter the circle ; though by its defini 
* rion, the line that touches ought not to cut 
* the circtmference. Theodoſius makes uſe of 
* the ſame Demonſtration to prove, that a 
* Globe can touch a plane only in one point; 


* for otherwiſe rhe : plane would enter within the 
£ 
(3\obe. 


EE Sr  EPRE.... Aa. Oo. 2 _ Ar... 
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PROPOSITION IE 


A TuroRst wm. 


If the Diameter divide a line,which does not paſs 
through the center, into two equal parts, it will 
cut it at right angles, and if it cut it at right 
angles, it will divide it into two equal parts. 


/ A F the diameter AC, cut the 
; line BD, which does not 
F paſs through the center F, in- 


to rwo equal parts at the point 
PS<UE/DPE, it will curit at right an- 
SE gles. Draw the lines FB, and 
FD. Demonſtration. | 
In the triangles FEB, and FED, the fide EF 
is common ; the ſides BE and ED are equal, 
becauſe the line BD is equally divided in E, 
and their baſes FB and FD are equal : therefore 
(by the 8. 1.) the angles BEF and DEF are c- 
qual, and by conſequence right angles. 1 add. 
that if the angles BEF and DEF be rightangles | 
the line BD will be divided into two equa 
parts at E, that is to fay, the lines BE and ED 
will be equal. 
Demonſtration. 
” The triangles BEF and DEF, are rectangu- 
lar : theretore (by the 47. 1.) the ſquare of the 
I 4 tide 
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fide DF will be equal to the ſquares of the ſides 
ED, and EF. Now the ſquates of BF and FD 
are equal, becauſe the lines are equal, therefore 
the 1quares of BE and EF are equal to the 
y ſquares of DE and EF; and taking away the 
* quare of EF, the ſquares of BE, and ED wil 
be equal, and by conſquence the lines. 


F" "WIE 


PROPOSITION.IV. 


A Trronrewm. 


Two lines drawn within a circle cannot cut each 
other into two equal parts, wnleſs they both 
paſs through the center. x 


F the lines AC and BD cut 

each other 'at the point I, 

which is not the center of the 

circle, they will not —_ 

ec D divide each other. Firſt, 1 

one of thoſe lines,as AC, paſs 

through the center, 'tis evi- 

dent it cannot equally. be divided but at the 

eenter. But if neither paſs through the cen- 

ter, as BD and EG, draw the line AIC through 
the center. Demonſtration. 

If the line AC divide the line BD into two 

equal paris in I, the angles AID and AIJB will 
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be right angles, (by the 3.) In like manner if 
the line EG was equally divided in I, the angle 
AIE would be a right angle; and conſequent- 
ly the angle AIB and AIE would be equal, 
which is impoſſible, one being part of the other. 
In a word the line AIC, which paſles through 
the center, would be perpendicular to the lines 
BD and EG, if they were both equally divided 
at the point I. 
The USE. 
Theſe two Propoſitions are us'd in Trigono- 
* metry, to demonſtrate, that the half of a chord 
* of an arch is perpendicular to the ſemidiame- 
* ter; and conſequently, that it is the fine of 
* balt the arch. By theſe alſo they demonſtrate 
*that the ſides of a triangle have the ſame pro- 
* portion, as the fines of the oppolite angles. We 
ealſo make ufe of it to find the Eccentricity of 
i the Circle, which the Sun deſcribes in his an- 
« nual motion. 


" PROPOSITION. V. 
A TxzoOREMm. 


Circles that eut each other, have not the ſam* 
center. 


HE circles ABC,and ADC, 


N? which cut each other in A 
and C, have not the ſame cen- 
Ly ter. If they had the ſame center, 


Sup» 
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fappoſe E, the lines EA and ED would be e- 
qual, (by the definition of a circle;) as allo the 
lines EA, and EB: therefore the lines ED and 
EB would be equal, which is impoſlible, one 
being part of the other. 


PROPOSITION VL 
A T rxzorn wm. 


Two circles that touch each other on the innex fide 
have net the ſame center. 


HE circles BD and BC, 


C which touch each other on 

the inner fide at the point B, 

have not the ſame center. For 

ſhould the point A be ſuppos 

to be the center of both the circles; the lides 

AB and AC, AB and AD, would be equal, 

the definition of a circle,) and conſequently the 

lines AD and AC would be equal, which is im- 
poſſible, one being part of the other. 


PROP, 
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PROPOSITION VIL 


A Tuzorrp yu. 


if many lines be drawn from any one point within 
the circle, which not its center, to the circum- 
ference: 1, that which paſſes through the cen- 
ter is the greateſt: 2. the remamder of it, 
continu'd to the oppoſite part of the circumfe- 
rence;. # the leaſt: 3. that which « neareſt 
to the greateſt, exceeds thoſe that are more re- 


mute: 4» There can be no more than two of 
them equal to each other, 


in many Lines to be 


drawn from the point A, 

G being not the center of the cir- 

cle, to the circumference ; and 

the line AC to paſs through 

the center B: I will demon- 

rate, that it is greater than any of the other; for 

example, thar it is greater than AF, Draw FB. 
Demonſtration. 

The (des: AB and BF of the triangle ABF, 
are greater than AF alone, (by the 20. 1) Bur 
BF and BC are equal, (by the definition of a cir- 
le:) therefore AB and BC, that is to ſay, A 
C, is greater than AF. 

[add in the ſecond place, that AD 1s the 


leaſt; 
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laft; for example, that it is leſs than AE, 


Draw BE. Demmoſtration. 

The fides EA and AB are greater than BE 
alone, but BE is equal to BD, therefore EA 
and AB are greater than BD: taking therefore 
from both that which is common AB, AE will 
remain greater than AD. 

Further, AF, which is nearer AC than AF, 
is alſo greater than it. 

Demonſtration. 

Thetriangles FBA, and EBA, have the fide 
BF and BE equal, and BA is common to both: 
but the angle ABF is greater than the angle 
ABE: therefore (by the 24. Ir.) AF is greater 
than AE, 

Laſtly, I ſay, that no more than two lines, 
that are equal to each other, can be drawn from 
the point A to the cicumference. Take the 
angles ABE and ABG equal; and draw the 
lines AE and AG. 

\ Demonſtration. 

The triangles ABG, and ABE, having the 
fides BE and BG equal; the fide AB common 
to both, and the angles ABE and ABG equal; 
therefore their baſes AE, and AG will be equal, 
(by the 4. x.) Butall the lines that can be drawn 
either on one fide or the other, will be either 
nearer AC, than'AE, and AG ; or more remote 
from it; and agcordingly will be either great- 
er or leſs than AG. Therefore there can no 

| more 
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more than two lines equal betwixt themſelves 
be drawn from the point A to the circumfe- 


rence. 
The USE. 


© Theodoſins advantagioully uſes this Propoſi- 
* tion to prove, that if from any point of the ſu- 
* perficies of a ſphere, which is not the pole of 
©2ny certain circle, divers arches of greater cir- 
© cles be drawn to the circumference of that cir- 
* cle, that which paſſes through its pole will be 
* the greateſt. For example: If from the pole 
* of the world, which is diſtin& from the pole of 
* the Horizon, ( for the Zenith is its pole,) divers 
? arches of greater circles be drawn to the cir- 
*cumference; the arch of the Meridian, which 


* paſſes through the Zenith, will be the greateſt 
* arch. This Propoſition is alſo brought ro 
« . . 

prove, that the Sun, when in his Apogeum, 
* 3. moſt remore from the Earth, 
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PROPOSITION VI 


A TauzOREM. 


If from a point taken without the circle, may 
lines be drawn to its cireumference, 1. of al 
thoſe that extend to the concave circumferenc, 
that which paſſes throwgh the'center is the preat- 
eſt : 2. thoſe that lye neareſt to it, are greater 
than thoſe that are more remote: 3. among tho 
that fall upon the comvex circumference, tha 
which being continu'd paſſes through the center, 
zs the kaſt: 4. the nearer to that are leſs than 
thoſe farther off : 5. there can be but two equal 
lines drawn from the ſame point either to the 


concave vr convex circumference. 


A. Qs many. - lines were 

drawn from the point At 

F F the circumference of the circle 

GCDE. 

Firſt, the line AC, which paF 

B Of ſs through the center B, is the 

Ph greateſt ot all thoſe rhat reach to 

the concave circumference ; for 

example, it is greater than AD. Draw the line 
BD. Demonſtration. 

In the triangle ABD, the fides AB and BD 

are greater than AD alone ; bur the lides - 
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and BC are equal to AB and BD: therefore 
AB and BC, or AC, is greater than AD. 

2, AD is greater than AE. 

Demonſtration. 

The triangle ABD and AbE, have the (ide 
AB common to both, and the fides BD and BE 
equal, and the angle ABD is greater than the 
angle ABE : therefore (by the 2.4. V- ) the baſe 
AD is greater than the baſe AE. 

3- AF, which being continu'd paſſes through 
the center, is the leaſt of all thoſe that are 
drawn to the convex circumference LFIK; for 
example, ir is lefs than AI, Draw IB. 

Demonſtration. 

In the triangle AIB the fides AI and IB are 
greater than AB alone, (by che40. 1.) therefore 
taking from both the equal lines BI and BY, AF 
will remain leſs than AT. 

4 AlisTefs than AR. Draw the line BK- 

Demonſtration. 

In the triangles AIB, and AKB, the fides AR 
and KB are greater than the {lides Al, and IB, 
(by the 2.1. 1.) therefore taking from both th# 
equal- fides BK, and BI, Al will remain leſs 
than AR. 

5. There can be but two- lines equal berwixt 
themfelvesYrawn. Take the angles ABL, and 
ABK ; as alfo ABE, and ABG equal. 

Demonſtration. 


The triangles ABL, and ABK, will have _ 
aſes 
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baſes AL and AK equal, (by rhe 4- 1.) and by 
the ſame alſo AE and AG will. be equal; but 
Bo other line can be drawn, that will not be c- 
ther nearer to, or more remote from AF, or 
AC; and conſequently, that will not be either 
greater or leſs than AK and AL, AE and AG. 


PROPOSITION I& 
A Txurzokmnm Mm. 


That point from whence three equal lines can bi 
drawn to the circumference of a circle, is its 
center. 


= the point were not the center of a circle, 
- could be but two. equal lin& drawn 
from'Itto the circumference, (by the 7, and 8.) 


PROPOSITION X. 
A T x zoRnB mM. 


* Two circles cut each other only in two points, 


E a TFF two circles AEBD, and 
ABFD, ſhould cut each & 

ther in three points A, B, and 

D; find (by the 1.) the center 

D C of the circle AEBD; and 
draw the lines CA, CB, and 

(CD. \ De- 


\ 
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Demonſtration. 

The lines CA, CB, and CD, drawn from 
the center C to the circumference of the circle 
AEBD, are equal: but the ſame lines are alſo 
drawn to the circumference of the circle ABFD. 
therefore (by the 9.) the point C will be.the 
center of the circle A3Fi), So that two circles, 
which cut each other, will have the lame cen- 
ter; which is contrary to the fifth Propolition 


PROPOSITION. XI, 


A TxuzoRktEm. 


If nwo circles touch each other on the inſide, a line 
drawn through both the centers, will alſo paſs 
through the point where they touch. 


E : F the two circles EAB and 

, \N EFG touch each other on 

{( B the inſitle, at the point E; a 
N line drawn through both their 


centers will paſs through the 

point E, For if the point D 

was the cetiter of the lefler circle, and C thac 

of the greater, ſo that the line CD -paſling 

through both ſhould not paſs through the point 
E: draw the lines CE and DE. 
Demonſtration. 

The lines DE, and DG, drawn from the . 

K 


cenrer 
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eenter of the leſſer circle D to its circumfe- 
rence, would be equal: and adding the line 
CD, the lines ED, and DC, would be equal to 
CG. Now ED and DC are greater than EC 
alone, (by the 2.0. 1.) and fo CG will be ger 
ter than CE: yer C being the center ot the 
greater circle, CE and CB areequal : therefore 
CG will be greater than, CB, which is impoth- 
ble. 


PROPOSITION XI. 


A TuzoRE Mm, 


If two circles teuch each other on the outſide, a 
line drawn through both their centers, wil 
paſs through the point where they touch. 


in the line AB, which does not pak 
through the point C where the 
circles touch, be faid to be drawn 
from the center A to the center B; 
draw the lines AC and BC. 
Demonſtration. 
In the triangle ACB, the fide 
AC and BC would not be greater 
than the fide AB alone, (which i 
contrary to the 20. 1.) becauſe AD and AC, 
as alſo BE and BU, are equal, 


PROP, 


"2.7 al fs 
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PROPOSITION MAI 


2 A THEOREFM, 
\s , 
Two Circles can tonch each other only in one 
point. 


Irſt, if two circles touch each 

other on the inſide, they will 

touch but in one point only, the 

int C; which is markt out by 

the line BAC paſling through beth 

their centers, A, and B. For if 

they ſhould touch likewiſe in the point D, draw 

the lines AD, BD. 

Demonſtration. 

The lines AC and AD, drawn from the cen- 
ter of the lefler circle to its circumference, are 
equal : and adding AB, the lines BA, AC, and 
BAand AD, would be equal, Now BC and 
BD, drawn from the cencer of the greater cir- 
cle to its circumference, will be equal : 
theretore the ſides BA and AD will be e- 
qual to the {ide BD alone, which is contrary 
to the 20. 1. 
| Secondly, if two circles 

touch each ather on the out» 
lide; drawing the line AB 
from one center to the other, 


R 2 ic 
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it will paſs through the point C, where the cir- 
cles touch, (by the 12.) Bur if you ſay that they 
touch alſo at the point D: having drawn the 
lines AD and Bi) ;-the line BC and BD, AC 
and AD, being equal, the two ſides of a trian- 
gle taken together, would be equal to the third, 
which is contrary to the 20. 1. | 
The USE. 

* Theſe four Propoſitions are very clear, and 
© evident; and alſo neceflary in Aſtronomy, 
* when we make uſe of Epicycles, to explain the 
© motions of the Planets. 


PROPOSITION XIV. 


A I HzoRmn m. 


Equal lints drawn within a circle,are equally te+ 
mote from the center, and thoſe that are + 
qually remote from the center, are equal. 


A.-—C Q rpoling the lines AB and CD 
| to be equal: I prove, that the 

&) perpendiculars EF and EG, drawn 
trom the center, are alſo equal. 

B D Draw the lines EAand EC. 
Demon(tration. 

The perpendiculars EF and EG divide the 
lines AB and CD in the middles at the _ 
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F and G, [by the 3;] therefore AE and CG are 
equal. e angles F and G are right angles : 
therefore [by the 47. 1 | the ſquare of EA is e- 
qual to the ſquares of EF and FA; as allo the 
_ of EC is equal to the ſquares of EG and 
7G: but the ſquares of EA and EC are equal, 
becauſe the lines EA and EC are equal : there- 
fore the ſquares of EF and FA are equal to 
the (quares of EG and GC : and taking away 
the equal ſquares Ar-and CG, there will re- 
main the ſquares of EF and EG equal ; and con» 
ſequently the lines EF and EG, which are the 
diltances of the lines AB and CD from the cen- 
ter, are equal. 

Put ſuppoling the diſtances or perpendiculars 
EF and LG to be equal; | will prove atter the 
ſame manner that the ſquares of EF and FA are 
equal ro the ſquares of LG and GC; and tak- 
ing away the equal ſquares of EF and EG,there 
will remain the ſquares of AF and CG equal, 
And therefore the lines AF and CG, and their 
double AB and CD, are equal, . 
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PROPOSITION XV. 


A Tunorn mm. 


The Diameter is the greateſt of all lines inſcribed 
in a Circle; and of the reſt that is the great- 
eſt which is neareſt the Center, 


HE diameter ABis the 

greateſt of all lines 

that can be drawn in the 

circle GIDC. As for ex- 

ample, it is greater than 

CD; for draw the lines 
EC and ED. 

Demonſtration. 

In the triangle CED, the ſides EC and ED 
are greater than CD alone, {by thc 2.5. 1. but 
AE and EB, or AB, is equal to EC and ED; 
therefore the diameter AB is greater than CD. 

Secondly, let the line GI be more remote 
from the center than the line CD; that is to 
ſay, let the perpendicular EH be greater than 
the perpendicular EF, I fay that CD is greater 
than GI. Draw the lines EC, and EG, 

Demonſtration. 

The ſquares of CF and FE | by the 47. 1.] are 
equal to the ſquare of EC: bur the ſquare ot EC 
is equal to the ſquare of EG, and the g-_ - 


The Third Book. 147 


EG equal to the ſquares of GH and HE : _there- 
fore the ſquares of CF and FE are equal to the 
ſquares 0 GH and HE; and taking from one 
{ide the ſquare of HE, and from the other the 
ſquare of EF, which is leſs than the ſquare of 
HE, the ſquare of CF will remain greater than 
the ſquare of GH. Therefore the line CF will 
be greatzr than the line GH; and the whole 
line CD, the double of CF, will be greater 


he than Gl, the double of GH. 
_ The USE. 
he © Theodoſius Makes uſe of theſe two Propoſi- 
= © tiofis to demonſtrate, that in a ſphere the leſ- 
_n © ſer jcircles are more remote from the center. 
m * | ave alſo made uſe of them in 4ſtrolabes.To 
* this Propolitions may likewiſe be referr'd that 
* Mechanical propolition of Ariſtotle, by which 
D © he ſhews, that the Rowers at the middle of a 
t * Gally have greater force, than thoſe that are 
; * ar, either the fore, or hinder part thereof ; be- 
* cauſe the {ſides of the Gally being crooked, the 
te * Oars of the middle part are longer, z. e. reach 
a © farther, than the reſt. The Demonſtrations 
n * relating to the 1rz5, or Rain-bow, do alſo ſup- 
r * pole the truth of theſe propolitions. 


PROP 
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PROPOSITION XVI 


A TrurornM. 


A line drawn perpendicularly upon the extremity 
of the diameter, falls wholly on the out [de of the 
circle, and touches it. But any other line drawn 
betwixt that and the Feats cs of the circle, 
enters within the circle, and cuts it. 


E T the perpendicular AC 
be drawn upon the point A, 


which is the extremity of the dia- 
meter AB: I fay firſt, that all the 
other parts of the ſame line, for 
example the point C, fall on the 
outſide of the circle. Draw the line DC. 


Demonſtration. 


Since the angle DAC. of the triangle DAC 
1s a right angle, DCA will be an acute: and 
(by the 19. 1 ) the fide DC will be greater than 
the fide DA; therefore the line DC reaches be- 
yond the circumference of the circle. 

I add, that the line CA touches the circle, 
becauſe that meeting with it at the point A it 


does not cut it, but all its points are on the out- * 


fide of the circle. 
I ſay alſo that no other line can be drawa 
| from 
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from the paint A below CA, which does not 
cut the circle. If there could, ſuppoſe EA tg 
be ſuch an one; and from the point D draw*a 
perpendicular to it, DI. 

| Demonſtration. 

Since the angle DIA is a right angle, and the 
angle TAD an acute, AD will be greater than 
DI: therefore the line DI does not reach to 
the circumference, but the point 1 is within the 
circle. 

The USE. 

*Some Philoſophers uſe this Propoſition, but 
* alrogether in vain, to prove, that quantity is 
not divilible #2 1nfniturm, or that there really 
'zre in the world ſuch things as Zemonical, i.e. 


* abJolutely and in their own nature indiviſible 
* points. For the Propoſition does nor, as they 
* would have it, prove, that a circle touches a 
* right line in'a Zenonical, but in a Mathema- 


'rical point, which is nothing elſe but a quahiti- 
*ty conſidered without diſtinction of parts, that 
*is to ſay, withour conceiving them diſtinct and 
* ſeparate one from the other, whether in reality 
*1t bas fuch parts or not making no marter. 
* We can therefore take any quantity whatſoe- 
* ver for a Mathematical pont ; which bein 

* once eſtabliſh'd, our circle will confilt of ſuch 
* points, and will be mathematically pertect, 
* provided it touch not a right line, but ins 
* part equal to that quantiry which we have ta- 


ken 
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© ken for a point. But if we afterwards take 4 
© leſs part for our Mathematical point, the circle 
© which was exactly perfect according to the 
* rſt ſuppoſition, will be imperfect in the e- 
© cond, and degenerate into a Polygone. [ be- 
© lieve, tis as impoſſible to deſcribe a circle, 
© that according to any ſuppoſition whatſoever 
© ſhall be moſt exactly perte&, as it is to con- 
© ceive the leaſt poſſible quantity. 

* Secondly, thoſe conlequences, which ſome 
* men draw from this Propoltition relating to the 
* anzle of contact; which they take to be le 
© than any rectilineal angle, are grounded upon 
© this miltake, that they imagine an-angle to be 
© a true quantity; the contrary of which may 
© appear trom hence, That the lines, that can- 
© tain an angle, being produc'd to any longj- 
* tude, the angle becomes not at all the greater, 
* Further, it ought to be duly contider'd, what 
* we mean, When we fay, thatone angle is great- 
Cer than another; for this is all we under- 
* ſtand, that a circle being deſcribed from the 
© point of concourſe at any diſtance whatſoever 
© the lines of that we call rhe greater angle wil 
* contain betwixt them a greater arch ot that 
© circle, than thoſe of thay which we call th: 
© lets; which is the. 4dole meaning of the Excel 
* of one angle above another. From whence | 
© infer, thatthe angle of contact can no more be 
© compar'd with a reCtilineal angle, than a fur 


perf:cie 
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' qperficies with a line, being ar the ſame time 
'both equal, and greater and leſs than a recti- 
| lineal angle. As for ex- 

A B\ 16 \x ©ample; from the point 
XJ/ * A draw the line AD, 

N þ © making with AE a re- 

* Qtilineal angle; ſay 

4 * it is both greater and 

©lefs than, and equal to, 

* the angle of contact. 

(For if we ſuppofe divers circles deſcrib'd 
f rom the point A, as the center, whereby to 
© meaſure thoſe angles; it is evident that, ac- 
* cording to the arch drawn beyond the point D, 
* that 1s the arch EF, the angle of contaCt 
* is greater thanthe reCtilinea] angle. But on the 
*contrary according to the arch CB, the re- 
 Ailineal angle is the greater of the two. Aad 
*laſtly, according fo the arch DG, pulling 
* through the point in which AD cuts the cir- 
* cumference, they are both equal. From 
* whence it follows, that the angle of contact is 
*at the ſame time both leſs and greater than, 
*and equal to, the rectilineal angle: and cons 
* ſequencly, they ought not at all toſbe com- 
* par'd together. In a word, Angles ies quan- 
tities ; nor are they calld, leſs or greater one 
*than another, bur with reſpe&t tor the arches 
* which they contain : ſo that all rhe diſputes 
* about the angle of contz&, and all the Para- 
doxes 


- 
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© doxes, conclude nothing either for or againſt 
© the divilibility of quantity; an Angle being 
© no ſpecies, but only a property thereof. 


. PROPOSITION XVIL 


A PROBLEM. 


h 


From a point given to draw a line that may touc 
| a Circle. 


O draw a line from the 
point A touching the cir- 
cle BD, draw the line AC to its 
center, and atthe point B draw 
a perpendicular Bz, which may 
cut an arch of a circle, delſcrib'd 
from the center C through the 
point A, at the point E. Draw alſo the lines 
EC, and AD. I fay the line AD touches the 
circle in D, 


Demonſtration. 

The triangles EBC and ADC have the ſame 
angle C; and the {ides CD and CB, CE and 
CA equal, (by the defimit. of a Circle :) and 
therefore they are <qual in all reſpe&ts, (by tht 
4 1.) and the angles CBE and CDA are equal 
but the angle CZE is a right angle, theretore 
the angle CDA will be ſo too, and (by the 16.) 
the line AD will rouch the circle. 
| PRO- 
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PROPOSITION XVII. 


A THazore mm. 
A line drawn from the center of @ cirche tothe pw 
where a right line touches it, is perpendicular ts 
that lne. 


D F the line CD be drawn 
>B from the center C to the 

'\ point of contact D, CD will 
be perpendicular to AB. For if 
it be not, draw the line CB 
perpendicular to AB 
|  Demonſtratun. | | 

Since the line CB is ſuppos'd to be perpen- 

dicular, the angle B will be a right angle, and 
conſequently CDB an acute, (by the 32. 1.) 
Therefore the line CB, oppos'd to the lefler 
angle, will be leſs than CD, which is impoſlible ; 
_ CF, which is bur part of CB, is equal 
to CD. 


PROP- 
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PROPOSITION XIX. 


A Trzroks mw. 


If a line, perpendicular to the tangent, be drawn 
from the point of contatt, it will paſs through 


the center of the circle.) 


Ars the line AB [| ſee Fig. preced.] touch the 
circle at the point D, and the line DC be 


perpendicular to AB. I fay, that DC paſs 
through the center. For if it did not, drawing 
a line from the center to the point D, it would 


be perpendicular to AB, (by the urs, and 


ſo there would be two perpendiculars drawn 
to the ſame point D of hh ſame line, which 


cannot be. 
The USE. 
*'The uſe of lines Tangents is very common 
* in Trigonometry ; upon which account it is that 
* | have made a table, whereby to meaſure all ſorts 
*of triangles, as well ſpherical as reCtilineal. In 
* my Opricks likewiſe are divers propolitions 
© founded upon Tangents; as when is determin' 
© what part of a Globe isenlighten'd. The pbz- 
© es or Apparitions of the Moon are eſtabliſh'd 
* alſo upon the ſame doctrine; and that famous 
* Problem of Hipparchuss, by which he found 
* the diſtance of rhe Sun, by the difterence ot 


the 
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(the true and apparent Quadratures. In Dial” 
'ling the Irahan and Babylonian hours are fre” 
quently deſcribd by lines Tangents. Laſtly 
' ve take the dimenſions of the Earth by a line 
(that rouches its ſuperficies 3 and in the art of 
(Navigation, take a Tangent line for our Hort- 
*20n, 


PROPOSITION. XX, 
A TI uzoRemMm. 


The angle at the center is double the angle at the 
tircumference, which has the ſame arch for its 


baſe. 
i the angle ABC, which is at 


the center,, and the angle A 

DC, at the circumference, have 

the ſame arch .AC for their baſe, 

A. the hirit will be double the ſe- 

cond. "This Propoſition has three 

different caſes: the firſt of which is, when the 
line ABD paſles through the center B, the line 


AB in one triangle concurring with the line BD 
of the other. 


Demonſtraticy. 

The angle ABC is the external angle in re- 
[pet of the triangle BDC: therefore (by the 
32. 1.) it is equal to both the angles D and C, 

which 
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which being equal, (by the 5. 1.) becauſe their 
fides BC and 3D are equal, the angle ABC is 
the double of either. | 

The ſecond caſe is, when one angle incloſe 

the other, but none of the lines 
that form them concur in one; as 
you ſee in the next ffgure. The 
angle BID is at the center, and 
the angle BAD at the circum 
ference: Draw the line AIC 
through the center. 
Demonſtration. 

The angle BIC is double the angle BAC, 
and CID is double the angle CAD, (by the 
preceding caſe :) therefore the anlge BID is dow 
ble the angle BAD, 

The third caſe is, when it happens, that nei- 
ther one angle incloſes the other, nor does any 
of the lines that form them, concur in one. 
Which caſe is wholly omitted by my Author, but 
for the Readers ſatisfattion xs here Jupplied 

Let the angle atthe cen- 

ter be BED, and the angle 

© at the circumference BCD, 

having the fame arch for 

RB their baſe BD. I fay, the 
D .angle BED is double the 

angle BCD. Draw the line 


EC, and conmnue it to the point A, 


A 


Demoy 
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pl Demonſtration. 

The angle AED is double the angle ACD, 
(by the 1. caſe ;,) and (by the ſame) the angle 
AEB is double the angle ACB : therefore the 
remainder of the one BED is double the remain- 
der of the other BCD. 

The USE. 

*That Problem, which is ordinarily pro- 
© 508'd, ſhewing how to deſcribe an Horizontal 
© Dial by one ſole opening of the Compals, is 
(built in part on this Propoſition. Arid-again, 
© when we would determine the Apog £um of the 
© Sun, or the excentricity of his Circle, by three 
© obſervations, we ſuppoſe the angle at the cen- 
&ter to be double that at the circumference. 
© Prolomey makes frequeat uſe of this Propolition 
© to determine both the excentrick circle of the 
© Sun, and the Epicycle of the Moon. The firſt 
* Propoſition of the third book of Trigonometry 
©; grounded alſo upon this hers. 
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PROPOSITION XXL 


A Tunorpnp wm. 


The angles, that are in the ſame _ of a tir- 
cle, or that have the ſame arch for their baſe, 
are equal. 


F the angles BAC and BDC 
A—> I are in 4 ſame ſegment of 
a circle, which is greater than 
a ſemicircle, they will be e- 
C _ Draw the lines BI and 
Cl. 
Demenſtraticn. 

The angles A and D are each of them the 
hi1f of the angle BIC, (by the preceding,) there- 
fore they are equal. They have likewiſe the 
fame arch BC tor their bale, 


A._P Secondly, let the angles A and D 
be in the ſame ſegment BAD, which 
A C) is leſs than a ſemicircle; they will ne- 
vertheleſs be equal. 
Demonſtration. 

All the angles of the triangle ABE are equal 
to all the angles of the triangle DEC, (by 1. Co 
roll. of the 32. 1.) but the angles AEB and DEC 
zre equal, (by the 15. 1.) Alſo the angles ECD 


and 


lo 
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and ABE areequal, (by the preceding caſe,) being 


in the ſame ſegment ABCD, greater than 2 
ſemicircle; therefore the angles BAE and ED 
C are equal ; which, the angles at E being e- 
qual, and conſequently (by the Coroll. of the 15. 
1.) the lines AE and EC, making bur one righs 
line, as likewiſe DE and EB another, are the 
angles A and D, in the ſame ſegment ABCD, 
and having the arch BC for their baſe. 
The US E. 

©'This Propoſition is produc'd in Opricks to 
* prove, that the line BC will appear of the 
* fame greatneſs, when tis view'd trom A, and 
*D, becauſe it is ſeen in both caſes under equal 
* angles. 

* The ſame Propoſtion is us'd to deſcribe large 
* circles without having their centers: for ex- 
* ample, if we would make large Copper baſons of 
* a ſpherical figure, ſuch as we might work upon 
*in poliſhing Spectcales, and glafles to ſee at 2 
* great diſtance. For having made in Iron an an- 
* gle BAC equal to that, which is contained in 
* the ſegment ABC, and art the points B aud C 
ſtrongly faſtn'd two finall iron pins; it the 
£ triangle BAC be mov lo, that the kde AB 
« may always touch the pin B, and the hide AC 
«the pin C, the point A will deſcrive an arch 
c of the circle ABCD. This manner of deſcrib- 

ing a circle may alſo be us'd in making great 

Aſtrolabes. 
p L 2 PROP. 
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PROPOSITION. XXIL 


A Taurokst nm. 


Quaarilateral figures, inſcrib'd in & circle, have 
their oppoſite angles equal totwo right angles. 


A. ET a quadrilateral fi- 

7 FD '$ gure, raked of four 

? __— —,Þ lides, be inſcribd in a cir- 

b cle, in ſuch fort that all its 

angles may terminate at the 

: circumference of the circle 

ABCD: I fay the oppolie 

angles BAD and BCD are equal to two tight 
angles. Draw the diagonals AC, and BD. 

Demonſtraticn. 

All the angles of the triangle BAD are equal 

to two right angles. In ſtead then of the angle A 

BD put theangle ACD, which is equal ro (by 

rhe 2.1.) being in the fame ſegment ABCD: and 

inſtead of the angle ADB, put the angle ACE, 

which is in the ſame ſegment of a cirele BCD 

A. Therefore the angles BAD, and the an- 

gl:s ACD and ACB, that is to fay, the whole 

angle BCD, are equal to two right angles. 
The USE. 

* Prolomey Makes uſe of this Propoſition to 

* frame the table of Chords, or lines ſubtend- 

ing 
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*ing arches. I have alſo us'd the ſame in my 
* third book of Trigonometry, to prove, that the 
* {ides of an obtuſangle triangle would have the 
* ame proportion among themſelves as the fines 


* of the oppolite angles. 


— 


PROPOSITION XXII. 


A Tuzornm. 


Two ſimilar ſegments of a circle, deſerib'd upon 
the ſame line, are equal. 


C call thoſe ſimilar ſegments 

D of a circle, which contain 

equal angles; and I fay, that 

A B it ſuch be deſcrib'd upon the 

fame line AB, they will fall 

one upon the other, and not exceed each other 

in any part. For if either did exceed each other, 

as do the ſegments ADB, and ACB, they would 

not be ſimilar : to demonſtrate which, draw the 
lines ADC, BD and BC. 

Demonſtration. 

The angle ADB is an external angle in re- 
ſpect of the triangle VBC: therefore (by the 
16, 2.) it is greater than the angle ACB,.and 
by conſequence the ſegments 'AUB and ACB 
contain unequal angles, which | ſay is to be dit- 


{milar. 
L 3 PROP. 
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PROPOSITION XXIV; 
A T uzormn wn. 


Two ſimilar ſegments of a circle deſcriÞd upou 


equal lines, are equa!, 


E F* the ſegments of the circles 
AEB, and CFD, be {milar, 
A. BI and the lines AB'and BD equal, 


E the ſegments alſo will be equal. 
Demonſtration. 

ic D) Suppoſe the line CD to be 

plac'd upon the line AB, being 

ſuppos'd to be equal, they will not exceed each 

other; and then the ſegments AEB and CFD 

will be deſcrib'd upon the fame line, and there- 
fore will be equal, (by the preceding.) 


The USE. 


* Crooked figures are frequently reduc'd to 
* reCtilineals by this Propolition. As for ex 
A <*ample: if two fimilar ſegments 


D © of a circle AEC, and ADB, be 
* deſcrib'd upen AB and AC, the 
| © equal {ides of the triangle ABC: 


& © tis evident, that, tranſpoſing the 

* ſegment AEC unto ADB, the 

* triangle ABC is equal ro the hgure ADBCEA. 
In” PROP, 
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PROPOSITION XXV. 


A Pzxozrtnmn. 


Tocompleat a circle, of which we have but a part. 


Hs the 'arch ABC 

given, to compleat 

the circle we muſt find its 

center; to Which end draw 

the lines AB and BC, which 

having divided. in the middle 

at the points E and D, draw*their two perpen- 

diculars EI and DI; which will meet at the 
point I, the center of the circle. 
| Demonſtration. 

The center is iq the line Dl, (5y the coroll. of 
the 1.) it is alſo in El, (by the ſame;) therefore 
it muſt be at the point 1. 

The USE. 


© This propoſition occurs very frequently : 

f but ſometimes it is expreſs'd in other terms; 
© as to inſcribe a triangle in a circle; or to de- 
47 B 3. * ſcribe a circle through three 
"P * points given, provided they 
© be not plac'd in aright line 

* Let the points propos'd be 

'©A, B, and C; und placing 

© the foot of the compals at 

© the point C, deſcribe two 

L 4 | arche- 
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* arches F and E, at any diſtance whatſoever, 
* Then remove the foot of the compaſs to the 
© point B, and at the ſame diſtance deſcribe two 
'* other arches cutting the former in Eand F ; 
© alſo from the point B, as the center, deſcribe 
© at any diſtance the arches G and H, and at 
* che ſame diſtance from the center A two other 
* arches cutting them in G and H. Which done 
* draw the lines through F and E, G and H, 
* which ſhall cut each other at the point D, the 
* center of the circle. The Demonſtration is 
© obvious enough: for if you had drawn the 
* lines AB, and BC, you had, by this opera- 
* tion , divided them - equally and perpendicu- 
* larly. This Propolition is exceeding neceſla- 
* ry to deſcribe Aſtrolabes, and compleat cir- 
F cles, of which we have but three points. That 
* Propoſition in A/{ronomy, which teaches how 
* to find the Apogewm, and excentricity of the 
© circle of the dun, virtually contains this. And 
*Ialſo have made frequent uſe of it in wy 
# Treatiſe concerning the Cutting of Stones, 
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PROPOSITION XXVL 


A Tmrzokem. 


Equal angles, whether at the centers, or the cir- 
cumferences of equal circles, have equal arches 
for their baſes. 


F the angles D and 1, at the 


centers of equal circles ABC, 
and EFG, be equal; the arches 
BC and FG will be equal, For 


B © if the arch, BC was greater or 
leſs than the arch FG, fince the 
E angles are meaſur'd by arches, 


the angle D would be greater or 
leſs _ the _ L a pa 
Bur it the equal angles be ſup- 
F s pos'd to be K. the xs. ane} 
of equal circles, as A and E; the 
angles which they encloſe at the centers, as D 
and I, being their doubles, will be likewiſe c- 
qual, and conſequently require equal arches for 
their baſes, BC and FG; which arches are like- 
wile the meaſures of the angles Agand E. 


PROP, 
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PROPOSITION XXVI: 


ATuwronr wm 


Angles, whether at the centers or circumference, 
of equal circles, hating equal arches foryhes 
aſes, are alſo equal. 


FF the angles D and I (fig. preced.) at the 
centers of equal circles Ft equal arches 
BC and FG for their baſes, they will be equal 
becauſe their meaſures BC and FG are equal. 
And ifthe angles A and E, gt the circumterences 
of equal circles have _ arches BC and FG 
for their baſes, ſince the angles they encloſe at 
the centers will be equal, they alſo that are the 


halves of thoſe angles (by the 20.) will be equal. 


— 


C— —__ 


PROPOSITION XXVII. 


A TauzoRntM. 


Equal lines, within _=_ circles, anſwer to equal 
arches. 


F the _ 
lines 
and EF be -* 
A) 2, plied to AG, 
circles, 
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:nd DEF, they will be the chords . of equal ar- 
ches, BC, and EF. Draw. the lines AB, AC, 
ED, EF. Demonſtration. 

In the triangles ABC and DEF, the fides AB 
and AC, DE and DF are equal, being the ſemi- 
diameters of equal circles: and their baſes BC 
and EF are ſuppos'd equal,therefore (by rhe 8.1.) 
the angles A and D will be equal; and (by the 
26.) the arches BC and EF will be alſo equal. 


D — 


PROPOSITION XXIX. 
A TyuzorRnM 


The lines that ſubtend equal arches of equal circles 
are equal, 


þ the lines BC and EF* ( ſee fp. preced. Prop.) 
L ſubtend (or are the chords of ) equal arches 
BC and EF in equal circles, they will be cqual. * 

Demonſtration. 


The arches BC and EF are equal, and parts 
of equal circles; therefore (by the 2.7.) the an- 
ples A and D will be equal. Therefore in the 
triangles ABC, DEF, the fides AB, AC, DE and 
DF being equal, as alſo the angles A and D; 
the baſes BC, EF will be equal, (by rhe 4. 1.) 
| The USE. 

* Theodoſmes by the 2.8 and 29 demonſtrates, 

; of that 


>. 
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* that the arches of the circles of the Talian and 
* Babylonian hours, contain'd between two pa- 
© rallels, are equal. We have alſo demonſtrat. 
* ed after the lame manner, that the arches of 
« the circles of the Aſtronomical hours, contain'd 
© between two lines parallel to the Equator, are 
© l;kewiſe equal. eſe Propoſitions are almoſt 
« of continual uſe in ſpherical Trigonometry, and 
© a}ſo in Dialling. 


PROPOSITION XXX. 


A ProBLE nn. 
To divide an arch of a circle into two equal parts, 


ON 45 the arch AEB was to 

be divided into two equal 

nz Parts, Place the foot of the com- 

-"\ paſs at the pointsA,, and deſcribe 

two arches F and G; then remov- 

ing it to the point B at the ſame 

diltancedeſcribe other two arches, 

cutting the former in F and G; the line GF 

will cut the arch AB equally at the point E. 
Draw the line AB. 

Demonſtration. 
By this operation you have divided the line AB 


into two equa} parts; for ſuppoſe there were 
drawn 
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drawn thelines AF, BF ; AG, and EG ;,\which 
[ have not done, leaſt the figure ſhould appear” 
confus'd,) the triangles FGA and FGB would 
have all their ſides equal, therefore (by rhe 8.1.) 
the angles AFD, & BFD would be equal. Again 
the triangles DFA and DFB have the fide DF, 
common, the ſides AF and BF equal, and the 
angles DFA and DFB equal: therefore (by rhe 
4.1.) the baſes AD and BD are equal, and alſo 
the angles ADF and BOF. We have therefore 
divided the line AB equally and perpendicular- 
ly at the point D. Therefore (by the 1.) the 
center of the circle is in the line FG: Suppoſe 
it then to be the point C, and draw the lines 
CA and CB; all & {ſides of the triangles ACD 
and BCD are equal: therefore | by the 8, 1.] 


the angles ACD and BCD are equal, and | by the 
26.] the arches AE and EB. 


The USE. 


" Having frequent occaſion to divide an arch 

" into two equal parts, the exerciſe of this Pro- 
lxion is very common. ?Tis thus that we 
. divide the Mariners compaſs into 92 wirkds : 
; tor having drawn two diameters cutting each 
. other at right angles, we divide the circle in- 
. to four, and fubdividing each quarter in the 
middle, we have eight parts; and again ſub- 
: Gviding-thoſe twice, we make 32. We have 
allo 
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© alſo ogcaſipn for the fame operation in the di-, 
: vidinS a ſemicircle into 180 degrees; and be- 
© cauſe to compleat that divition we are oblig'4 

© to divide an arch into three equal parts,all Gee 

* metricians have ſought after a method of do- 

* ing that Geometrically, but have not yet been 

* ſo happy as to hind one. 


_— 


PROPOSITION XXXL 


A TI nnoRkmnm, 


The anole in a ſemicircle #s a ”" angle, that 


which is in a ſegment greater than a ſemicircle 
* an acute, and that which is in a leſſer ſeg- 
ment 1s an o'tule. 
———H& of angle BAC be in afemi- 
”\ circle, | will prove that it is 
. a right angle. Draw the line 
DA Demonſtration. 
The angle ADB being an ex- 
ternal angle in regard of the tri- 
angle DAC,jis equal to both the internals DAC, 
and DCA(6y the 32.1.)and thoſe being equal(by 
the 5.1.) becauſe the ſides DA and DC are equal 
It will be double the angle DAC. In like man- 
ner the angle ADC is double the angle DAB: 
therefore the two angles ADB, and ALL, 


Which are equal to two right angles, are _ 
| the 


- 


id 
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the whole angle BAC, and conſequently the 
wgle BAC is a right angle. 

Secondly, the angle AEC, which is in the 
kgment AEC lefs than a ſemicircle, is an ob- 
tuſe angle. For in the quadrilateral figure AB 
CE, the two oppolite angles E and B are equal 
to two right angles, (by the 2:2.) but the angle 
Bis an acute; therefore the angle E will be an 
obrule. 

Thirdly, the angle B, which is in the ſeg- 
ment ABC greater than a ſemicircle, an acute ; 
becauſe in the triangle ABC, the angle BAC is 
a right angle, 


The USE. 
* Meebanicks make uſe of this Propofiton 


* to try if their Squares be juſt ; 
* for having deſcrib'd a ſemi- 
* circle BAD, they lay down 
© the point A of their ſquare B 
* AD upon the circumterence, 
* and one of its ſides AB upon 
* the point of the diameter B: 
*and then the other branch AD ought to paſs 
* preciſely tro the point D, which is the other 
* extreme of the diameter, 
* Prolomey ules this Propoſition to compoſe his 
* table of Chords or Subtendants, of which he 
' has occaſion in his Trigonometry. 


* There is alſo a method of railing a perpen- 
diculzr 
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F dicular at the end of a line, grounded upon 
* this Propoſition. For example to raiſe a perpen- 
* dicular at the point A of the line AB. I place 
* the foot of the compaſs upon the point C ta- 
* ken any where, and deſcribe a circle through 
* the point A, cutting the line AB ar the point 
*B. Then I draw the line BCD ; and fo'tis 
© evident, that the line AD is ina ſemicircle. 


_—_X 


OA A ER] . 


PROPOSITION XXKXIL 
A TuroRs M. 


A line cutting a circle at the point of conta&,makes, 
with the tangent, angles, equal to thoſe in the 


' alternate ſegments. 4 


2 ET the line BD cut the 


circle at the point B, 
which is that where the line A 
B touches it. I fay the angle 
K CBD, made by the line BD and 

the tangent ABC, is equal to 

the angle F in the alternate ſeg- 
ment BfD; and that the angle ABD is equal 
to the angle E in the ſegment BED, 

Firſt, if the line paſs through the center, as 
the line BE, it will make with the tangent two 
right angles, (by the 18.) and the angles of the 
ſemicircles would be alſo right angles, (by the 
ye" 


F 
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jreceding,) therefore in this caſe the propoſi- 

tion would be true. Bur if the line do not paſs 

through the center, as BD; draw the line BE 

through the center, and joyn the line DE. 
Demonſtration. 

The line BE makes, with the tangent, two 
right angles; and all the angles of the triangle 
BDE are equal to two right angles, (by the 32. 
1.) therefore taking away the right angles CBE, 
and D which is in the ſemicircle, and likewiſe 
the angle EBD which is common to both, there 
will remain the angle ABD equal to the angle 
E, 

Again, the angle CBD is equal to the angle 
F; becauſe in the quadrilateral figure BFDE, 
which is inſcrib'd in a circle, the oppoſite an- 


ples E and F are equal to two right angles, | by 
the 2.2.) but the angles ABD and CBD are al- 
ſo equal to two right angles, { by the 1 3: 1. ] and 
the angles ABD and E are equal, as I havenow 
demonſtrated : therefore the angles CBD and 


F are equal. 


The USE. 
* This Propoſition is neceffary to prove that 
* which, follows, 
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PROPOSITION XXXIIL 


A PROBLEM. 


Upon a line given to deſcribe a ſegment of a circle 
capable of an angle groen. 


ET it be propos'd to de- 

L ſcribe a Gans of a cir- 

cle upon the line AB capable of 

A the angle C, Make the angle 

_— BAD equal to the angle C, and 

LY draw AE perpendicular to AD; 

make alſo the angle ABF equal 

to the angle BAE : and in fine, trom the point 

F, where BF and AE concur; at the diſtance 

BF or FA, deſcribe a circle. The ſegment 

BEA is capable of an angle equal to the angle C; 
Demonſtration. 

The angles BAF and ABF being equal, the 
lines FA and FB are equal, | by the 6. 1, and 
the circle, which is deſcrib'd trom the center F, 
by A, paſſes by B: Now the angle DAE being 
a right angle, the line DA touches the circle 
in A, [by the 16.] therefore the angle contain'd 
in the ſegment BEA, as the angle E, is equal 
to the angle DAB, that is the angle C, | by the 
preceding But if the angle given be an obtule, 
we mult take an acute, its complement to 10 
degrees. PROP. 


The Third Book. 175 
PROPOSITION XXXIV. 


A PrxoBx#tmMm. 


A circle being given, to cut a ſegment in it capable 


of Aa certam angle. 


TOW O cut a ſegment of the 
JD T circle BCE capable of 
C  theangle A, draw [by the 17.] 
WF, "<< the tangent BD, and make the 
AN angle DBC equal to the angle 
A. Tis evident [by the 92.] 
that the ſegment BEC is capable of an angle 
equal ro DBC, and conſequently tg the angle 
A, 


The USE. 

*I havegmade uſe of this Propoſition to find 
t Geometrically the excentricity of the Annual 
* circle of the Sun, and his Apogeum, having 
* three obſervations given. Tis uſed likewiſe 
*in Opticks, to find a point where two unequal 
* lines propos'd may appear equal, or under 
* equal angles, by making upon each line ſeg- 
t : . . 
ments which will contain equal angles. 


M 4 PROP- 
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PROPOSITION KXXXV. 


A Trtortgmm. 


If rwo lines cut etch other within a circle, the re- 
dangle contain'd under the parts of one af equal 
zo the reft angle contain'd under the parts of the 
other. ; 


Irſt, if the two lines cut each other in the 
center, they will be both equal, and both 
equally divided ; fo that in that caſe it is evi- 
dent, the rectangle contain'd under the parts of 
one, will be*equal to the rectangle contain'd 
' under the parts of the other. 
Secondly, if one of the lines 
aſs through the center F, as 
AC, and divide the line BD, 
into two equal parts at the 
point E: I fay the rectangle 
contain'd under AE and tC 
is equal ro the reCtangle con- 
tain'd under BE and ED, that is to ſay, to the 
ſquare of BE. The line AC is perpendicular to 
BD, [by the 2. 
Demonſtraticn. 
Since the line AC is divided equally in F, and 
unequally in E, the, reftangle contain'd under 
AE, and EC, with the ſquare of FE, is equal 


- 
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to the ſquare of FC or FB | by jbe 5. 2 ] Now 
the angle E being a right angle, the ſquare of 


FB is equal to the ſquares of BE and FE; there- 


fore the reftangle under AE, EC, with the 
ſquare of FE, 1s equal to the ſquares of BE and 
EF: and taking away the ſquare of EF, there 
remains the reftangle under AE, EC, equal to 
the ſquare of BE. [LS 
 — Thirdly, let the line paſs 
through the center F, and di- 

vide-the line CD os _— 

rts at the point E: draw F 

wo "oY ade to CD, and [by 

TE, the 3.] the lines CG and GD 
H = 

B will be equal. 
Demonſtration. 

Since the line AB is divided equally in F 
and unequally in E, the reftangle contain'd 
under AE, EB, with the ſquare of EF, is equal 
to the ſquare of FB, or FC, | by the 5. 2.) tn- 
ſtead of the ſquare of EF put the ſquares of FG 
and GE, which are equal to it, | by he 47. 1.) 

In like manner the line CD being divided 
equally in G, and unequally in E; the reCtan- 
gle under CE, ED, with the ſquare of 'GE, is.e- 
qual tothe ſquare of GC, Add the ſquare of GF; 
the rectangle. under CE, ED, with the ſquares 
of GE and GF, will be equal to the ſquares of 
CG and GF, that is to ſay, [by rhe 47. 1. to 
the ſquare of FC, Theretore the reftangle un- 


der 
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der AE, EB, with the ſquares of EG and GF, 
is equal to the rectangle under CE, ED, with 
the ſame ſquares: and conſequently taking away 
the ſame 1quares from both, the reftangle AE, 
EB, will be equal to the rectangle. CE, ED. 

Fourthly, it the lines CD and HI, cut each 
other in E, neither © the two paſſing through 
the center: I ſay, the reftangle CE, ED is e- 
qual to the rectangle HE, EI. For drawing the 
line AFB, it is plain the rectangles CE, TD, 
and HE, EI, are both equal to therectangle AE, 
EB, [ by the preceding caſe ;] therefore they are 
equal betwixt themſelves. 

The USE. 

We are taught by this Propoſition a method 
© of finding a fourth proportional to three lines 
© given, or a third proportional to two. 
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PROPOSITION XXXVL 
A T uzorE Mw. 


If frormh a point taken withont the circle a line be 
drawmwto touch, and another to cut the circle; 
the /quare of the Tangent will be equal to the 
rettangle contain'd under the whole ſecant, and 
the external line. 


A, Ce the line AB to 

RB be drawn from the point 
A, taken without the circle, 
to touch the cecle in B; and 
the line AC, or AH cutting 
it. The ſquare of AB will 
be equal to the rectangle con- 
tain'd under AC, and AO 
as alſo the reftangle contain'd under AH, and 


' AF. If the ſecant paſs through the center, as 


AC, draw the line EB. 
Demonſtration. 

Since the line OC is divided in the middle 
at the point E, and the line AO added to it; 
the reftangle contain'd under AO and AC,with 
the ſquare of OE or EB, will be equal to the 
(quare of AE, [by the 6.2.) Now the line AB 
1s ſuppos'd to touch the circle at the point B ; 
theretore [ by zhe 18.] the angle B is a right an- 

HS + gle, 
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gle, and (by the 47. 1.) the ſquare of AE is e- 
qual to the ſquares of EB and AB; therefore 
the reftangle under AC and AO, with the 
ſquare of EB, is equal to the ſquares of EB and 
AB: and taking away the ſquare of EB from 
both, the reCtangle under AC, AO will be e- 
qual to the ſquare of AB. 

Secondly, ſuppoſe the ſecant AH not to pals 
through the center ; and draw the line EG per- 
pendicular ro FH, which will divide in the mid- 
dle the line FH at the point G; draw alſo the 
me EF. - 

= * Demon(tration. 

The line FH- being divided equally at the 
point G, and the line AF being added to it; 
the rectangle contain'd under AH, AF, with 
the ſquare of EG, will be equal to the ſquare of 
AG. Add to both the ſquare of EG : the reCtan- 
gle under AH, AF, with the ſquares of FG and 
GE, that is (by the 47.1.) the ſquare of FE, or 
EB, will be cqual to the ſquares of AG and 
G#, that is, (6y the 47. 1.) the ſquare of AE. 
F arther, the ſquare of AE (by the ſame) is equal 
ro the ſquares of EB and AB: therefore the're- 
Engle contain d under AH, AF,with the ſquare 
of BE, is equal to the ſquares BE and AB: and 
raking away the ſquare of BE from both,the re- 
Aangie contain'd under AH, AF will be-equal 
to ae ſquare of AB, 

Caroll. 1. 1t you draw divers ſecants from the 

.” 2 EO _- _»-  kame 
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fame point, as AC and AH, the rectangles un- 
lr AC and AO, AH and AF, will be equal 
betwixt themſelves, ſince they are both equal to 
the ſquare of AB. 

Coroll. 2, If you draw two tangents from the 
ſame point, as AB, Al, they will be equal: be- 
cauſe the ſquares will be equal to the fame rect- 
angle. under AC, and AO, and conſequently 
berwixt themſelves; as allo the lines. 


_ — 


PROPOSITION XXXVIL 
A TrrzoRs Mm. 


F the retangle contain'd under the ſecant and the 
external line be «qual to the ſquare of a line 
that falls upon the circle, that line will touch the 
" al 


& 


Oppoſe the ſecant to be AC or AH, and the 

' retangle AC,AO; or AH,AF, (ſee fig. pre- 

ed.) to be equal ro the ſquare of the line 4B; 

the line AB will touch the circle. Draw the 

tangent Al, (by the 17.) and the line IE. 
Demonſtration. 

Since the line AI touches the circle, the rect- 
angle AC, AO; or AH, AF,will be equal to the 
ſquare of AL Bur the ſquare of AB is ſuppos'd 
to be equal to either of thoſe reftangles; theres 
fore the ſquares of AI and AB are equal, and 
conſequently the lines Al and AB. erefore 
5 ; | the 
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the triangles ABE and AIE, having all fides 
equal, will be equiangular, (by the 8. 1.) and 
becauſe the angle AIE is a right angle (by the 
18.) the line AI being a tangent, the angle 
ABE will be a right angle, and the line AB a 
rangent, (by the 16.) | 
The USE. 

© Maurylocus makes uſe of this Propofition 
© to find the diameter of the Earth. For obſery- 
Fing from the top of a mountain OA, the ſu- 
© perficies of the Earth by the line BA, he takes 
© notice of the angle OAB, made by the line A 
* B,and a perpendicular AC: and by Trigonome 
* zry calculates the length of the line AB. Then 
* multiplying AB by AB to have its ſquare, 


© he divides the product by AO the height of 
* the mountain, which gives the quotient AC, 
© the diameter of the earth, with the height of 
© the mountain; from which having ſubdudted 
* AO, there will remain OC the diameter of 
© the earth. This Propoſition ſerves alſo to prove 


* the fifth of the third book of Trigonometry. 


THE FOURTH BOOK 
OF THE 


ELEMENTS 
EUCLID. 


{THis fourth Book is exceeding uſeful in 
Y | Trigonometry. For by inſcribing Poly- 
© oons in a Circle, we learn the methods of 
* compoſing :the Table of Subrendants, Tan- 
* gents, and Secants; a practice molt neceſlary 
«or taking all forts of Dimenſions. 

* Again, by inſcribing Polygons in a circle, 
© we find the divers Aſpects of the Stars, which 
*alſo take their names Gem thoſe Polygons. 

© Thirdly, the ſame Operations give us the 
* Quadrature of the Circle, as exact as is needful. 
*And by them we alſo demonſtrate, that Cir- 
* cles are in the duplicate proportion of that of 
* their Diameters. 

* Fourthly, Military Architecture does fre- 
quently 
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* quently require to inferibe Polygons in a Cir- 
* cle, to compoſe the deſigns and platforms of 
regular Fortifications. 


| OO — 


DEFINITIONS. 


I. A Rectilineal 6gure is in- 

{crib'd in acircle, or a 

_—_ E} circle 1s deſcrib'd about it, when 

D E/ all its angles are in the circum- 
E/ ference of the fame circle. 

* As the triangle ABC is in- 
© ſcrib'd in a circle, and the circle is deſcrib'd 
© about the triangle ; becauſe its angles A, B, 
* and C, do all terminate at the circumference. 
* The triangle DEF is not inſcrib'd in the cir- 
* cle, becauſe the angle D does not terminate at 
© thecircumference of the circle. | 

2. A reCtilineal figure is deſcrib'd about a 
circle, and the circle inſcrib'd within that h- 
gure, when all the ſides of the 

WH_K &< hpure touch the circumference 
of the circle. © As the trian- 

*gle GHI is deſcrib'd about 

* thecircle KLM becauſe its 

* ſides touch the circumference 

© of the circle in K, L, and M. 

2. A line is apply'd to, or inſcrib'd in a T 
cle, 
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cle, when its two extreams touch the circum- 
ference of the circle. ** As the line NO. But 
& the line RP is not inſcrib'd in the circle. 


PROPOSITION TI: 


A PrRxoBL EM. 


To inſcribe in a circle a line, that does not exceed 
its Diameter. 


D ET a line be propos'd to 
Þ L be inſcrib'd in the circle 
AEBD, not exceeding its di- 
\ 


= ameter. Take the length of 
E the Line propos d upon the 

diameter ; for example, let it 
be BT. Place the foot of the compaſs upon the 
point B, and deſcribe a cjrcle at the diſtance of 
BC, which may cut the circle AEBD in D and 
E. Then draw theline BD or BE. *Tis evi- 
dent they are equal to BC, (by the definition of 


a cirche,) 


The US E. ' 


© This Propolitionis neceſſary for the perfor- 
* mance of what is requir'd inthe following. 


PROP. 
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PROPOSITION IL 
A PROBLEM, 


To inſcribe in a circle a triangle equiangular to an- 
other triangle. 


ET thecircle beEGH, 


F D 

A CEN in which a triangle is 
to be inſcrib'd, equiangular 
| 4#, tothe triangle ABC. Draw 
the tangent FED, (by the 
t7. 3.) and at the point of contact E make the 
angle DEH equal to the angle B, and he angle 
FEG equal to the angle C, | by the 2.3- 1.) and 
draw the line GH; the triangle EGH will be 

equiangular to the triangle ABC. 

Demonſtration. | 
The angle DEH is equal to the angle EGH 
of the alternate ſegmenr, [by the 32. 3. But 
the angle DEH is equal to the angle B, and con- 
ſequently, the angles B and G are equal. By the 
ſame reaſon the angles C and H are alſo equal, 
and ['by Corll. 2. of the 32. 1. the angles Aand 
GEH will be equal. Therefore the triangles E 
GH and ABC are <quiangular, 


\ 


x. 


PROP, 
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PROPOSITION HU 


A PROBLEM. 


To deſcribe a triangle about a circle equiangular 
to another trianghke.s 


L F you would 

K G deſcribe a tri- 

EN E Z angle equiangu- 

CT - BD lar to the trian- 

N H M gle ABC about 

the circle GRH 

Continue one of the ſides of the triangle given 

BC to Dand F, and make the angle'GIH equal 

to the angle ABD, and HIK equal to the angle 

ACF : then draw the tangents LGM, LEN, 

and NHM, through the points G, K, and H. 

Theſe tangents will concur ; becauſe the angles 

IKL and IGL being right angles, it you ſhould 

draw a line KG, the angles KGL and GRL 

would be lefs than two right angles: therefore 

the lines GL and KL mult concur, | by the 1+. 

Axiom.) 

Demonſtration. 

All the angles of the quadrilateral GIHM 
are equal to four right angles, becauſe it may 
be divided into two triangles. 'The angles IG M 
and JHM, which are made by the tangents, 

al© 
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are right angles; therefore the angles M and 1 
* are,equal to rwo right angles, as are alls the any 
gles ABCand ABD. Bur the angle GIH is e- 
qual to the angle ABD, therefore the angle M 


will be equal to the angle ABC, By the fame 


reaſon! the angles N and ACB are equal, and 


therefore the triangles LMN and ABC are equi- * 


angular. 


= w - oo —— > —— 
_— - — - _ 
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PROPOSITION IV. 
A ProBLE nm, 
To inſcribe a Circle in a Triangle. 


A F you would inſcribe a cir- 


FA) cle in the triangle ABC, 
20 divide the angles ABC and 
AP) ACB into two equal parts, | by 


B F” C the 9g. 1.] drawing the lines 

BD and CD, which will concur 

at the point D. This done, from the point D 

draw the perpendiculars DE, DF, and DG, 

which will be equal ; ſo that a circle deſcribd 

from the center 1), at the diſtance DE, will 

paſs through F and G. 

Demonſtration. 

The triangles DEB and DFB have the angles 

DEB and DFB equal, being both right angles : 

the angles DBE and DBF are alſo equa), the 


angle 


w- 
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ahgle 4 ABC having been divided into two equal 
- and the fide DB is common : res wn 
(by the 26. 1.) the triangles will be equal in all 
and the fides DE and DF will be equal. 


After the ſame manner might I demonſtrate 
the ſides DF and DG to be equal. *Tis poſſible 


* therefore to deſcribe a circle, which ſhall paſs 


through the points E, F, and G; and becauſe 
the angles'E, F, and G are right angles, the ſides 
AB, AC, and BC will touch the circle, which 
by conſequence is inſcrib'd in the triangle. 


A————— 


PROPOSITION V. 


A PROBLEM. 
To deſcribe a Circle about a Triangle. 


F you would deſcribe a circle 


A. 
A) about = —_— di- 
IV neat - AB and BC into 
rts, at the points D 
EF and E ike ris aca 
lars DF and EF, which will concurat the point 
F. Which done, if you deſcribe a circle from 
the center F, at the diſtance FB, it will paſs 
through A and C; thatis to lay, the lines FA, 
FB, and FC, are equal. 
Demonſtration. 


ſtr 
The triangles ADF and BDF have the fide 
N DF 
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DF common, and the ſides AD: and DB equal, 

the ſide AB having been divided equally in D; 

and the angles at D are equal, being right an- 

gles. Therefore (by the 4. 1.) the bates AF 

and BF are equal; as alſo the baſes. BF and CF, 
The USE. 

* I have frequent occafion to inſcribe a trian- 
Cole in a circle; as, for inſtance, in the firlt 
* propoſition of my 3. book of Trigonometry. 
© This performance allo is neceſlary for the mea- 
<\uring the area of a triangle; and upon many 
cother occaſions. 


PROPOSITION VL 


A PrRoBL EM. 


To inſcribe a ſquare in a circle. 


A of is inſcribe a fquarein the cir- 
cle ACBD, draw the dia- 
meter AB, and perpendicular to 
it the line DC paſhng through 
D the center E ; then draw the lines 
AC, CB, BD, DA, and you will 

have inſcrib'd in the circle the (quare ACBD. 

» Demonſtration. 

The triangles AEC and CEB havetheir ſides 
equal, and the angles AEC and CEB equal, 


bein 
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being both right angles: therefore their baſes 
AC and CB are equal, (by rhe 4. 1.) Further, 
becauſe the ſides Alt. and EC are equal; the an- 
gles EAC and ECA will be equal: and the an- 
gle E being a right angle, they will be half- 
right angles, (by the 32. 1.) therefore the angles 
ECB is half a right angle, and conſequently 
the angle ACB will be a right angle. And the 
ame reaſon holds for all the reſt : therefore the 
figure ACBD is a ſquare. 


— 


s w+ 


2 "IJ 


es a 1 


—  —— 


PROPOSITION VIL 


A ProBiEM, |, 
To deſcribe a ſquare about a circle. 


FA | Aving drawn the two diame- 
c D ters AB, and CD, which cut 
E / each other perpendicularly at the 
center E, draw the tangents FG, 
GH, HI, and 1F, by the points A, 
D, B, C, and you will have deſcrib'd the ſquare 
FGHI, about the circle ADBD. 
Demonſtration. 

The angles E and A are right angles, there- 
fore (by the 27. 1.) the line, FG and CD are 
parallels. After the ſame manner I may prove 
that CD and HI,. Fland AB, AB and DH, are 
parallels, Therefore the figuee FCDG is a 
N 2 paralle- 
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'and (by the 24. t.) the lines FG 
and CD are equal, as alſo the lines CD and IH, 
FI and AB, AB and GH; and conſequently the 
fades of the figure FG and HI are equal. Fur- 
cher, ſince the lines FG and CD are Parallels, 
and the angle CDG is a right angle, the angle 
G will alſobe a right angle, [by the 29. 1.) af- 
ter the fame manner I may demonſtrate the an- 
gles F, H, and I, to be right angles. 1 herefore 
the figure FGHI is a ſquare, whoſe {ides touch 
the cucle. | 


PROPOSITION VIIL 


A PROBLEM. 


To inſcribe a Circle in a Square. 


F* you would inſcribe a Circle in the Square 
; FGHI, [| {ce the fig. preced.]) divide the fides 
FG, GH, HI, IF, in the middles at the points 
A, D, B, C, and draw the lines AB and CD, 
which may cut each other at the point E. 1 
demonſtrate that the lines EA, ED, EB, and 
EC are equal, and the angles A, D, B, C, right 
angles: and that therefore you may delcribe a 
circle from the center Ez, which will paſs 
through A, D, B, and C, and touch the ſides of 
the ſquare FGHI, 

Demon- 


Q © Oo 


_— 
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Demonſtration. 

Since the lines AB and GH do conjoyn the 
lines AG and BH, which are parallel and equal, 
they alſo wi!l be parallel afand: therefore 
the figure AGDE is a parallelogram ; and the 
lines AE and GD, AG and ED areequal: and 
AG and GD being equal, AE and ED will be 

ual alſo. Tis atter the fame manner that the 
lines AE, EC, EB, are prov'd equal. * Further, 
AG and CD being rarallel, and the angle 'G a 
right angle, the angle D will be ſo likewiſe. 
Therefore the .circle ADBC may be deſcrib'd 
from the center E, which wulpaſs through the 
points A, D, B, C, and touch the {ides ot the 
(quare. 


——_ 


PROPOSITION IX. 


A PrRoOBL=s mn. 


To deſeribe a Circle about a Square. 


1 by deſcribe a circle about the ſquare ACB 
D, [ſee fig. in Prop. 6.] draw the diago- 
nals AB, and CD, which will cut each other 
at the point E ; the point E will be the center 
of the circle, which will paſs through the points 
A,C,B, D. It ought therefore to be demon- 
ſtrated, that the lines AE, EB, CE, and ED are 
equal, # I Demon- 
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Demonſtration. 


The fides AC and CB are equal, and the an- 
gle C is a right angle; therefore the abgles 
BAC and ABC are equal, (by the 5. 1.) and 
half right angles, (by the 22. a} 

After the fame manner I demonſtrate, that 
the angles ACD, ADC, BDC, and BCD, are 
half right angles. T herefore the triangle AEC 
having the _ EAC and ECA half right an- 
gles, and conſequently equal, will have alſo (by 
the 6.1.) its ſides AE and EC equal. T he fame 
may be prov'd of the lines EC and EB, EB and 
ED, that they likewiſe are equal, 


Te USE. 


* We ſhew in the 12 Book, that Polygons 
© inſcrib'd in #& circle, degenerate into Circles : 
© and as theſe Polygons are always in the dupli- 
* cate proportion of that of their diameters, fo 
© likewiſe are circles. In prattical Geometry 
* we have frequent occaſion to inſcribe a ſquare 
© and other Polygons in a circle, or to delcribe 
* them about it, ro reduce a circle to a ſquare. 


PROP. 
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PROPOSITION. X. 


A ProBLE mM. 


To deſcribe an lloſceles (or equicrural triangle) 
having its angles at the baſe, each of them dou- 
ble to the third angle. 


A O deſcribe an Tſoſceles AB), 

having each of its angles 

ABD and ADB, double the an- 

% gle A, divide the line AB (by the 

SD I 1. 2.) fo rhat the ſquare of AC 

may be equal tothe rectangle un- 

der AB and BC; and from the center A at the 

diſtance AB deſcribe the circle BD, in which 

aſcribe BD equal to AC; and drawing the 

line DC deſcribe a circle about the triungle 
F iis (by the 5) 


Demenſtration. 


Since the ſquare of AC or BD is equal to the 
-retangle contain'd under AB and BC, the line 
BD will touch the circle ACD ar the point D, 
(by the 37. 3.) therefore the angle BC will 
be equal to the angle A, being in the alrernate 
ſegment CAD, (by thz 32. 3.) Now the angle 
BUD, being an external angle in reip«ct of the 


triangle ACD, is equal to the angles A and 
N 4 CDA 
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CDA; therefore the angle BCD is equal to 
the angle BDA. Further, the angle ADB is & 
qual to the angle ABD, (by the 5. 1.) therefore 
DCB and DBC are equal, and (by the 6, 1.) 
the ſides BD and DC will be equal : and fince 
BD is equal to AC, the fides AC and CD will 
be equal ; and fo likewiſe the angles A and 
CDA. Therefore theangle ADB is double the 
angle A, 


__— 


PROPOSITION XL 


A PROBLEM. 


To inſeribe a regular Pentagon in a circle, 


D O inſcribe a Re- 

gular Pentagon in 

H G a circle, deſcribe (by the 

10.) an Jofceles ABC, 

having each of its an- 

BZ CE £ gles ABC, ACB, at the 

baſe, double the angle 

A. Infcribe in the circle the triangle DEF 

equiangular to ABC : then divide the angles 

DEF and DFE into two equal parts, drawing 

the lines EG and FH. Laſtly, joyn the lines 

DH, DG,GF, EH, and you will have deſcrib'd 

2 regular Pentagon; that is to ſay, a Pentagon 
having equal (des, and equal angles. 

Demon- 
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Demonſtration, 

The angles DEG, GEF, DFH, and HFE, 
being the halves of the angles DEF and QFE, 
eachof which is double to the angle EDF, are e- 
qual to the angle EDF: and conſequently the 
hve arches, which are their baſes, are equal, (by 
the 26. 3.Jand the lines DH, HE, EF,FG, and 
GD, are equal, (by #he 29. 3.) Secondly, the 
angles DGF, GFE, and fo ot the reſt, having 
each three of thoſe equal arches for its baſe, will 
be alſo equal, (by the 27. 3.) Therefore the ſides 
and angles of the Pentagon DHEFG are equal. 


—— 


PROPOSITION XIL 
A PROBLEM. 
To deſcribe a Pentagon about a Circle 


Ncribe a regular Penta- 

gon ABCDE in the 

B circle, (by the 11,)and hav- 

ing drawn tangents through 

the points A, B, C, D, E, 

(by the 17.3.) you will have 

deſcrib'd a regular Penta- 

gon about the circle. Draw the lines FA, 
FG, FE, FH, FD. 

Demonſtration. 
The tangents GE and GA are equal, (by co- 


ro 


— 


ER 
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roll. 2. of the 36. 2.) as alſo EH and HD: the 
lines FA and FE arealfo equal (by the definir. of 
& crcle;) therefore (by the 8. 1.) the triangles 
FGA and FGE are equal in all reſpeCts ; and 
the angles AFG and EFG are equal, as allo the 
angles EFH and DFH. And becauſe (by the 
27. 3.) the angles EFA and EtD are equal, 
their halves EFH and £FG will be equal; and 
(by the 26. 1.) the triangles EFH and EFG wil 
berequal in all reſpe&ts, and the {ides EG and 
EH will be alſo equal. After the ſame manner 
I can demonſtrate all the {ides to be divided in- 
to two equal parts, and conſequently, fince the 
lines GE and GA axe equal, GH and Gl will 
be alſo equal. Further, the angles G and H 
being double the angles FGE, and FHE, are 
alſo equal. Therefore we have deſcrib'd a re- 
gular Pentagon about the circle. 


_— 


PROPOSITION XU 
A PROBLEM, 


Fo inſcribe a circle in a regular Pentagon. 


O inſcribe a circle in 

the regular Pentagon 
ABCDE, divide the angles 
W A and B into two equal 
H parts by the lines AF and 
BF, which concur at the 
poin; 
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point F. "Then drawing the line FG perpen- 


dicular to AB, deſcribe a circle from the cen- 

ter F at the diſtance FG. I fay it will rouch all 

the other ſides ; that is to ſay, having drawn 

FH perpendicular to BC, I H and FG will be 
ual. Demonſtration. 


into two equal their halves GAF and 
GBF will be equal: And fince the angles at G 
are right angles, the triangles AFG and BFG 
will be equal in all reſpects, (by the 26. 1.) 
therefore the lines AG and GB are equal. 
Further, I may prove the lines BG and BH, 
25 alſo the lices FG and FH, to be equal; and 
the ſides AB and BC of a regular pentagon be- 
ing equal, the lines BH anq HC will be equal, 
and conſequently, the angles at the point H 
being alſo right angles, and equal, the triangles 
BFH and HFC will be equal in all reſpects, and 
| theangles FBH and FCH will be equal. And 
lince the angles B and C are equal, the angles 
FBH will be half the angle C. So paſſing from 
one to the other I will demonſtrate, that all the 
perdendiculars FG and FH, and the reſt, are 
equal, 


Tm the equal angles A and B were divided. 


200 The Elements of Euclid, 


PROPOSITION- XIV. 


A PROBLEM. 


To deſeribe a circle about a regular Pentagon. 


; O deſcribe a circle about the 
regular Pentagon ABCDE, 
divide equally rwo of its {ides 
AB and BC at G and H, and 
draw the perpendiculars Gt 
C—— and HF. The circle drawn from 
the center F, at,the diſtance 

FA, will paſs through B, C, D, E. 

Demonſtr ation. M 
Suppoſe the circle deſcrib'd, ir is evident (by 
the. 1. 2.) that having divided the line AB in 
the middle in G, and drawn the perpendicular 
GF, the center of the circle muſt be in that per- 
pendifular: It is alſo in HF; therefore it is at 
the point F, 


The US E. 
© 'Theſe Propoſitions are ſolely uſeful for the 


© compoling the table of Sines, and drawing the 
* platforms of Gittadels, for their ordinary fi- 
* gures are Pentagons. Obſerve alſo that theſe 
© methods of deſcribing Pentagons about a cir- 
* cle, may be apply'd likewiſe to other Poly- 


gone. 
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* gons. But in my book of Military Archite- 
* ure, I have ſhewn another way of inſcribing 
' a regular Pentagon in a circle. 


—_ 


PROPOSITION XV. 


A PROBLEM. 


To inſcribe a regular Hexagon in a Circle. 


A O inſcribe a regular Hex- 
| DE 5b agen in the rele ABC 
DEF,draw the diameter AD, 
and hxing- the foot of the 
BE compaſs at the point D de- 
ſcribe a circle at the diſtance 
of DG: then draw the dia- 
meters EGB, and CGF ; and the lines AB, AF, 
FE, and the reſt. Demonſtration. 

Tis evident, that the triangles CDG, and 
DGE, are equilateral ; therefore the angles 
CGD, DGE, and thoſe oppos'd to them at the 
top BGA, and AGF, are each of them the 
third part of two right angles; that is to fay, 
contain 69 degrees. Now all the angles that 
can b2'm:de «bout the' fame point are equal to 
four right ang!-s, that is to fay, 360 degrees. 
Therefore takin,z away four times 60, that is 
240, from 369, there will remain 120 for 
BGC and FGE; which therefore each contain 
69 
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6D degrees, Therefore all the angles at the 
center being equal, all the arches and all the 
fides will be. equal; and every angle as A, B, 
C, &«c. will be compounded of two angles of 
60 degrees each, that is, 120 degrees, and 
therefore will be equal. 

Coroll. The {ide of a Hexagon is equal to the 
ſemidiameter. 

The USE. 

© Becauſe the ſide of a Hexagon is the baſe of 
© an arch of 60 degrees, and is equal to the e- 
© midiameter, its half will be the {ine of 30; by 
* which ſine we begin the table of Sines, Euclid 
© treats of Hexagons in the laſt Book of his El- 
© ments. 


PROPOSITION XVI. 


A ProBLEM. 


To inſcribe @ regular Pentedecagon in a circle, 


A. Nſcribe in the circle an 
equilateral triangle ABC 

H (by the 2) and a regular 
pentagon (by the 11.)ſo that 

the angles may meer at the 

GG point A. The lines BF, BI, 

P and IE, will be the ſides of 

a Pentedecagon : and if you inſcribe in the other 
arches 


s _ - - a @ _ 
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arches lines equal to BF and BI, you will com- 
pleat the Polygon. 
Demonſtration. 

Since the line AB is the fide of an equilateral 
triangle, the arch AEB will be the third part 
of the whole circle, that is, five fifteenths. But 
the arch AE being the fifth part, will contain 
three fifteenths; therefore the arch EB contains 
wo: and if you divide it in the middle at the 
point I, each part will be a fifteenth, 

The USE. _ 

© This Propoſition ſerves only to opt the 
© way to other Polygons, We have in the Com- 
' paſs of Proportion ſome molt ealie mertwds of 
*1nſcribing all ordinary Polygons, but they are 
* crounded on this here. For it would be im- 
* poflible to mark Polygons upon that inſtru- 
* ment, if their ſides were not firſt found by 
* this, or other like Propotitions, 
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THE FIFTH BOOK 
OF THE 


ELEMENT 
EUCLID. 


« FF" His fifth Book is abſolutely neceſſary to 
© KL demonſtrate the propoſitions of the {uxth, 
© The doftrine it contains is of univerſal uſe: 
© and its manner of argumentation by Propor- 
© tion the moſt ſubtil, ſolid, and brief. Inſo- 
© much that all thoſe Treaties, that are ground- 
*ed on Proportions, are \oblig'd to make uſz 
© thereof, as a kind of Aathematical Logick, 
* Geometry, Arithmetick, Muſick, ' Aſtronomy, 
© Staticks, and in a word all parts of Mathema- 
© ticks, are conſtrain'd to borrow ſome of their 
* demonſtrations from the Propoſitions of this 


* Book, 'The greateſt part of Meaſurings in 
ths” 
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$ Prat ical Geometry is done by Proportion. All 
© the rules of Arithmetick are demonſtrable by 
* the Theorems that occur here ; ſo that there 
© is no peceſſity of having recourſe to the ſe- 
fventh, eighth, or ninth Books for that purpoſe. 
The Mu/ick of the Antients is ſcarce any 
thing elſe but the doctrine of Proportions ap- 
*ply'd to Sounds, The ſame may be faid of 
* Staticks, which conſiders the proportion of 
* Weights. In fine tis moſt certain, thar if the 
knowledge of Proportions, which this Book 
© :ffords, was taken away from the Mathema- 
' ticks, what remain'd would be very inconfider- 
* able, 


DEFINITIONS. 


- Small quantity com- 
pard with a greater, 
Gt is call'd a Part. © As for 
2 * example, it the line CD 
* of two foot long be com- 
*pard with AB of 6, it will be call'd its pary. 
* Which name allo it obrains, though indeed ic 
*be not contain'd in AB, provided AE, a line 
*equal to Ci), be therein found. 
'* The whole is anſwerable ro the part, and . 
"therefore. will be the greater quantiry com- 
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* par'd with the leſs; whether it do really con- 
© tain the leſs, or not. 

* A Part taken in general is ordinarily divided 
* into (that which is call'd)) an Aliquet part, and 
© an-dliquant part. 

1. An-Aliquot part (which alone Euclid de- 
fines in this Book) is a magnitude of a magni- 
rude, a_ leſs of a greater, when it exactly mea- 
fures the greater. © That is to fay, 'tis a lefler 
* quantity compar'd with a greater, which pre- 
* ciely- meaſures the greater. As a line two foot 
* long taken three times, is equal to a line of fix 
* teet in lengrn., 

2. A Multiple is a magnitude of a magni 
rude, a greater of a leſs, when it is exaCtly mea- 
ſur'd by the leſs. © That is to fay, a Multi- 
* tiple is a greater quantity compar'd with a 
© lefs, which it contains exa&tly ſo many times. 
© For example, a line ſix foot long is triple a 
* line two toot long. 

An Aliquant part, is a leſſer quantity com- 
par d with a greater, which it does not exactly 
meaſure, As a line of four feet in length is an 
aliquant (part of a line ren foot long. *© In a 
*word, An Aliquot part ſo many times repeat- 
* ed will equal the whole : but an Aliquant part, 
* though it contains ſuch a quantity of the 
* whole, yet repeated as you pleaſe will never 
* *Xactly equal, but either come ſhort of, or ex: 
cced, the whole. 


Egui- 
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Equimultiples are magni- 
'2, 4; 6, 2. tudes which equally contain 
A, B; C, D} theiraliquot py: ts. * That is 
EY to ſy, 10 many ritties. As 
* for example, if A contains 
*B as many times as C contains D,Aand C will 
© be equimultiples of B and D. 
. * Proportion is a reſpe&t of one magnitude 
to another of the ſame kind. 

* Grec. ay Gr. Gall Railon, 

4- Quanties are faid to have a certain pro- 
portion to each other, when being muriply'd 
they can exceed each other. © For which rea- 
© fon they ought to be of the ſame kind. For 
* indeed a line has no proportion to a ſuperh- 
* cies; becauſea line taken Mathematically is 
© confider'd without any brexdth at all ; and 
* ©therefore multiply'd as much as you pleaſe 
* will never give any breadth, which yet a ſus 
* perhicies contains. 

© For as much as Proportion is a reſpect or 
© relation founded upon quantity, it ought 
have two terms, That which ſome Philoſo- 
* phers would call the Fundamentum, or Foun- 
$ dation, Aathernaticians name the ntecedent, 
and the Term is call'd by them the Conſequent. 
* As if we were to compare the quantity A with 
* the quantity B, that reſpe& or proportion 
* would have for the Antecedent the quantity 
*A, and for the conſequent the quaugity B. 

Q 2 * On 
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© On thecontrary, if B be compar'd with A,that 
* proportion of B to A would have B for the an- 
© tecedent, and A for the conſequent. 

* Proportion, or the reſpe& of one quantity te 
© another, is divided into Rational Proportion, 
© and Irrational. 

* Rational Proportion is the reſpect of one 
* quantity to another, which is commenſurable 
©to it, that is, when both the quantities have the 
© ame common meaſure,by which both may be 
© exattly meaſur'd. As the proportion of a line 
* four foot long to another that is fix, is rational, 
* becauſe a line two foot long may exaCtly mea- 
* ſure both. A when this happens, theſe quan-+ 
© tities have the ſame proportion as one number 
© toanother. For example, fince the line two 
© foot long, Which is their common meaſure, is 
© found twice in the four-foot line, and thrice * 
© in that which is fix foot long; the firſt has the 
* ſame proportion to the ſecond, as 2 to 3. 

© Irrational Proportion is betwixt two quan- 
Y = of the ſame kind, which are incommen- 
* ſurable, z. e. have no common meaſure. As the 
* proportion of the {ide of a ſquare to its diago- 
© nal, For there is no meaſure ſo ſmall, as will 
© preciſely meaſure both. 

*Four quantities will be proportionals, when 
© the proportion of the firſt to the ſecond, is the 
*fame with, or like to, that of the third to the 
© fourth ; ſo that, to ſpeak properly, Proporti- 

: of * onality 
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* onality is a fimilitude of proportions. But it is 
* no ealie matter to dn in what conſiſts 
* this ſimilitude of proportions ; that is to fay, 
* how two reſpeQts of relations may be alike. 
* For Euclid has not given us a juſt definition 
* thereof, or ſuch an one as might explain the 
© nÞure of the thing, but contented himſelf to 
© ſet down ſome marks or {igns, by which ir 
© may be known, * whether or no quantities have 
©the ſame proportion: And 'tis the obſcurity of 
© this definition, which has render'd the whole 
© Book ſo difficult to be underſtood ; which de- 
* fect therefore I ſhall endeavour to ſupply. 

5- Euclid rakes four magnitudes to have the 
* fame proportion, when taking the Equimulti- 
© ples of the firſt and the third, and likewiſe the 
© Equimulriples of the ſecond and the fourth, 
according to any multiplication whatſoever : 
© if the multiple of the farſt exceed that of the 
* ſecond, the multiple of the third will alſo ex- 
* ceed rhat of the fourth; and if it be equal to, 
© or leſs than the ſecond, the third will be equal 
©to or leſs than the fourth. In ſuch a caſe the 
* firſt has the ſame proportion to the ſecund, as 
F the third to the fourth, 


O 3 
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*+* As for example, if four 
* magnitudes were propos'd, 
*A,B, C, D; having taken 
*the Equimultiples of A 
*and C, as their quintuples 
*EandG; andFandH the 
© doubles of B and D; In 
* like manner taking K and 
"EA * M the quadruples of A and 
*©C,andL and N the doubles of Band D ; A- 
© gain taking O and Q the triples of A and C, 
*and P and R the quadruples of Band D; Be 
* cauſe E being greater than F, G is greater 
* than H; and K being equal to L, M is equal 
*toN; andlaſtly, O being leſs than P, Q is 
© lefs than R: therefore A will have the ſame 
* propartion to B, as Cto D. But methinks Eu- 
© cl;id ought to have demonſtrared this Propoli- 
* tion, it being too perplex'd and obſcure to pabs 
& for a Principle. 

*To us 5 aright what Proportionality 15, 
© or how four magnitudes may be in the ſame 
© proportion ; though it may be ſufhcient to ſay 
, in general, that the firſt ought to be a like 
© part, or a like whole in reſpect of the ſecond; 
*as the third is, compar'd with the fourth : yet 
* becauſe this definition agrees not to the pro- 
* portion of Equality, I ſhall give a more gene- 
* neral one; and romake it the more intelligible, 
*explain farlt what is a ſimilar or like Aliquot 
© part, * Similar 


dh... 


- 
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* Similar Aliquot parts, then are ſuch as are 
* contain'd in their wholes as many times one 
* as the other : as 3 in reſpeCt of 9, and 2 in re- 
* ſpect of 6, are {imilar aliquot parts;becauſe they 
*are each contain'd three times in their reſpe- 
* ctive wholes. 

* The firſt quantity will have the ſame propor- 
*tion to the ſecond, as the third to the fourth, 
* if the firſt contains ſo many times ſuch aliquor 
* parts of the ſecond, as the third contains the 
* like aliquot parts of the fourth. As 
*it A contains the hundredth, thou- 
*ſandth, or hundred-rhouſandch 
* part of B, as oft as C contains the hundredth, 
* thouſandth, or hundred -thouſandth part of D; 
* (and the like may be ſaid of all other aliquor 
* parts imaginable :) there will be the ſame pro- 
* portion of A to B, as of C to D. 

©'To render this Definition till more clear, | 
* will prove farſt that, it A has the fame propor- 
*tionto B as C to D, A will contain the ali- 
* quot parts of B, as oft as C does the like of D; 
* and ſecondly, it A contain the aliquot parts ut 


A,B,C,D, 


"*Basoft as C does the like of 1), then there 


* will be the ſame proportion of A to B, as »: 
*C to D. 

*'The friſt point ſeems ſuthciently evident 
* from the very notion of the rerms : for it A 
* contains the tenth part of B once more than an 
* hundred times, and C contains the tenth part 
O4 6 
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* of D an hundred times only; the quantity A 
* will be a greater Whole compar'd to B, than 
* Gcompar'd to D; therefore it cannot be com- 

r'd after the ſame manner, the reſpet or re- 
* lation being not the ſame. 

* The ſecond point ſeems more difficult, viz. 
* if a quantity, ſuppoſe AB, contain the aliquot 
© parts of another, CD, as oft as a third, E, con- 
© tains the like of a fourth, F : there will be 
* the ſame proportion of AB to CD, as of E to 


*F. Bur if it beother 

G * wile, let us ſuppoſe 

N— ,——Þ | AB to have a greater 
H I K proportion to CP, 

© [--=-[---[--D * than E hasto F; that 
I ns commence *:5to ſay, that AB is 
E m_— | too great to have the 


* ſame proportion to 
CD, that E has to F: Therefore a quantity leis 
© than AB, as AG, will have the fame propor- 
© tion to CD, as Eto F. Divide therefore CD in 
© the middle in H, and HD in the middle in I, 
*and ID in the middle in K; continuing the 
© like diviſion till you arrive at an aliquot part 
© of CD lefs than GB, which I will ſuppole to 
© be KD. ; 
Demonſtration. 
© Since there is the tame proportion of AG 
*to CD, as of Eto F; AG will contain KD, 
© an aliquot part of CD, as off as E contains - 
tke 
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like aliquot part of F. Now AB will contain 
*KD once more than E contains the like aliquot 
* part of F5 which is contrary to the ſuppoliti- 
"ON. 

6. The firſt Quantity is ſaid to have a great- 
er proportion to the ſecond, than the third to 
the fourth, when the firſt contains a certain ali- 
quot part of the ſecond oftner than the third 
contains the like aliquot part of the fourth: As 
* 101 has a greater proportion to 10 than 200 
© to 20, becauſe 101 contains the tenth part of 
, 10,that is, 1,once above a hundred times; and 
* 200 contains the tenth part of 20, 1.e. 2, 4 
* hundred times only. 

7. Magnitudes or Quantities having the ſame 
proportion, are call'd proportionals. 

8: * Proportionality, or Analogy, is a {imi- 
liude of Proportions or ReſpeQts. 

* "AratAoyidee Eucl, 

9. In each proportionality are required at 
the leaſt three terms: © For that there may be 
'a ſimilitude of proportions, there mult be two 
*of them: and every proportion having two 
* tems, an Antecedent and a Conſequent, there 
* ſeems to be a neceſſity of four terms; as when 
*we fay, that A has the ſame proportion to B 
"as Cro D; but becauſe the conſequent of the 
*arſt proportion may be the antecedent of the 
* ſecond, three terms may ſuffice; as when A is 
*faid to have the ſame proportion to B as B 
2 to C, IC. Mag- 
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10, Magnitudes are faid to be continually 
proportionals, when the intermediat2 terms are 
taken twice, 5. e. both as antecedents and con- 
ſequents. © As if there be the ſame proportion 
*of AtoB, as of Bto C, and of C to DU. 

It. In that caſe A will have the duplicate 
proportion to C, and the triplicate to D,ot what 
it has to B. 

© But here it is to be obſerv'd, that there is 2 
* great deal of difterence between double pro- 
© portion, and duplicate. We fay that the pro- 
© portion of four to two is double, becauſe four 
© 1s the double of two; the number rwo giving 
© the name to the proportion, or rather to the 
© antecedent rhereot. Accordingly double, tri- 
* ple, quadruple. quintuple, &c. are denomins- 
© tions drawn irom the numbers two, three, four, 

© five, Oc. compard with unity; which 1 in- 
ſtance in, becauſe we more eahily conceive the 
* proportion, the leſs are its terms. But, as | 
© {aid, theſe denominations do rather attect the 
© antecedents, than the proportions themſelves; 
* for we call that double or triple proportion, 
* whoſe antec-dent is double or triple irs con- 
* ſequent. But by duplicate proportion we un- 
© derſtand ſuch an one, as is compounded of two 
© ſimilar proportions. As, it there be the ſame 
© proportion of two to four, as of tour to eight: 
/X the Proportion of two to eight being com- 
* pounded or the proportion of two to four, and 

Lltal 
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that of four to eight, which are fimilar an 
equal, will be the duplicate of each of them. 
$ three to twenty ſeven is the duplicate pro- 
portion of that of three to nine. The propor- 
tion of two to four is call'd the ſub-double, be- 
cauſe rwo is the halt of four; but that of two 
to eight is the duplicate of the ſub-double : 
which is as much as to ſay, that two is the half 
of half of eight, as three is the third part of 
' the third part of twenty ſeven; where you 
* may obſerve, thit rhe Denominators | and? 
* are taken twice. 

{In like manner the proportion at eight to 
f two is a duplicate propartian of that ot eight 
to four, becauſe eight is the double of four, 
* but it is the double of the double of two. If 
{there be four terms in continual proportion, 
* the proportion of the firſt to the laſt is a rripli- 
* cate of that of the firſk ro the ſecond; as in 
* theſe four numbers, T'wo, Four, Eight, Six- 
* teen; the proportion of two to ſixteen is atri- 
*plicate of that of two to four, becauſe two is 


© the half of the half of th& half of ſixteen. So al- 


Il *fo the proportion of {1xteen to two is 2 tripli- 
n- I * cate of that of fixteen to eight, becauſe fixteen 
'O If ©is the double of the double of the double of 


£ 
two. 
12. Antecedents to antecedents, and conſe- 
* quents to confequents, are call'd Homologous 
» o - . . 
* magnitudes. As if there be the ſame proportion 
of 


_e —_ 0 - 
- *_ __ 7 
ns th +. ton ITE Yn * 
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*of AtoB, as of CtoD; Aand C, BandD 


© are homologous. 
*'The following Definicions explain the diver 
* manners of arguing from proportionals: for the 
* demonſtration of which this Book was princi- 
© pally compos d. 
13. Alternate proportion is when we com- 
pare the antecedent ut the one with the antece- 
dent of the other, and the conſequent of the 
one with the conſequent of the other. ** As for 
* example, if Nous there is the ſame propor- 
©rion of A toB, as of C to D, I infer, that there 
© is the ſame proportion of A to C as of BtoD, 
© This manner ts holds only when 
* all the four terms are of che ſame ſpecies or 
* kind; 4.e. either all lines, or all ſuperficies's, 
© or all ſolids. Tis demonſtrated Prop. 16. 


1 4. *inverted proportion is the comparing of UY— 
propo mp 


© the conlequents with the antecedents. 

Ardzzaiy Eucl, Converſe Gall, 

* As, if becauſe there is the ſame-proportion 
*of AtoB, as of C to D, I conclude that there 
* is the ſame proportisn of B to A, as of D to 
* C. Coroll. of Propoſ. 16. 

15. Compoſition of proportion. is the com- 
paring of rhe antecedent and the conſequent 
raken together, with the conſequent alone. As 
*if, becauſe there is the ſame proportion of A 
*ro B, as of C to D, I conclude that there is 
© the ſame proponioner A and B to B, as of C 
*and D to D. Prop. 18) 16. Di 


/ 
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16, Diviſion of Proportion isthe comparing 
D of the Exceſs of the antecedent above the con- 

"Ml ſequent to the fame conſequent. & As, if there 
1 © be the ſame proportion of AB to B, as of CD 
he 'to D; from thence I infer, that there is the 
1- I © the fame proportion of A to B, as of C to D. 

Propoſition 17. ; 

M- 17. Converſion of Proportion 1s the compar- 
© ing of the anteced-ot with the Difference of 
» the Terms: ** As, if there be the ſame pro- 
ll L portion of AB to B, as of CD to D. I thence 
Tr F* conclude, that there is the ſame proportion of 
"© AB to A, as of CD to C. Ceroll. of Prop. 18, 
D. 18. Proportion of Equality is the comparing 
of the extream magnitudes, and omitting thoſe 
in the middle. ©* As if, there be- 
A.B.C.D.| * ing the ſame proportion of A to 
F.G.H.} *to B, as of EtoF; andof B to 
©C, asof FroG; andofC to D, 
cs0ofG toH; I infer, that there is the ſame 
* proportion of A to D, as of E to H, 

19. Proportionaliry or Equality orderly 
plac'd, is that in which the terms are compar'd 
ogether 4n the ſame order, © As in the tore» 
going example. Prop. 2.2. 

2c, Proportionality of Equality diſorderly 
a; (4c'd, is that in which the terms are compar'd_ 
a Þ* 2 different order. *, As if, there being the 
lame proportion of A to B, as of G to H ; and 
C of Bro C, asof FroG; andot Cto D, 


J: , 


(| 


Fn 
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*E to F; I conclude that there is the fame pro- 
© portion of A to D, as of E to H. Prop. 2.3. 

© See in ſhort all the different manners of ar- 
© -umentation by Proportion, 


* As AtoB, ſoCto D; therefore 
© By Alternate proportion: as A to C, 6B 
*to D: | 
©Inverted: AsB toA, o Dro C 
* Compolition. As AB to B, fo CD to D. 
© Divifion. If as AB to B, fo CD to D:; then 
Az AtoB, foC roD. 
© Converſion. As AB to A, fo CD toC, 
Orderly Equality. If as A to B, fo C to D; and 
as BtoE, ſoDroF: then 
as AtoE, oC toF, 
Riſorderly Equality. If as A to B, fo D te F, and 
asBto E, fo C to D: then 
as AtoE, ſfoCtoF. 


© Euclid's fifth Book contains but 25 propoſi- 
© tions, to which nine more have {ince been ad- 
* ded, and are commonly receiv'd. And theft 
© fix in Euclid, ſerving only for the ,proof of 
© thoſe that follow by the methad of Equimul- 
© tiples, fince I intend not to make uſe of that me- 
* thod, I ſhall wholly omit; begining with the 
© Seventh, without changing either the order or 
© number of the propolitions. 


" 


Demand: 


qual, 
tion ti 
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| Demands, or Suppoſitions. 


/ 

Three quantities A, B, C, being propos'd, it 
prequir'd ro be _ that there is a fourth 
poſſible, ro which the quantity C has the fame 
proportion as A to B, 


een ——_—_ ——_ —_— — ee e_—_— 
—{ 


PROPOSITION 


—_ 


VIL 


A T 4 xoRnD M 


Equal quantities have the ſame proportion to ano- 
ther quantity, and another quantity has the ſame 
proportion to quantities that are equal. . 


A,8. F the quantities A and B be equal, 
: they will have the ſame propor- 
B, 8. tion to the third C. 


Demonſtration. 


. If one of the two, ſuppoſe A, had a greater 
t N proportion to C than B; A would contain any 
{ I aliquot part of C, oftner than B could contain 


the ſame; and conſequently A would be greater 
=—_— which is contrary to what was fup- 
pos d. 
Again, 1 ſay, if the quantities A and B be & 
qual, the quantity C will have the fanie propor» 
tion to A as to B, 


220 Fhe Elements of Euclid, 
' Demonſtration. 
If the TI had a greater proportion 


to A, than to By it would contain a certain ali- 


quot part of A, oftner than the like part of B; 
which part therefore of A muſt be leſs than the 
- like aliquot part of B. and conſequently the 
quantity A would be leſs than B, which is con- 
trary to the ſuppoſition. 


PROPOSITION VII 
A Tuzokasmm. 


The preater of two quantities has a greater pro» 
portion to the ſame, than the leſs þ.r the fm 
quantity has a leſſer proportion to the greater, 
than to the leſs. 


A_— Uppoſe the 
C > - g ha. we AB 
G? and C be com- 

E ommmmns om, | pmol oe f par'd with the 
ſame EF,and that 

AB exceeds C. I ſay, that AB will have a great- 
er proportion to EF, than C will have to the 
ſame. Cut AD equal to C, and divide EF in 
the middle, and again one half in the middle, 
and fo on, till you come to an aliquot part of 
EF leſs than DB, as GF. . 
Demon- 
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Demonſtratyon, 

AD and C being equal, AD has the ſame 
proportion to EF, asC to EF, (by the 7 ) and 
therefore AD will contain GF an aliquot part 
of EF, as oft as C will contain the fame, (by de- 
fin. 5.) But. AB contains the ſame aliquot part 
once fnore than AD, DB being greater than 
GF; therefore (by defin. 6s proportion of 
AB to EF is greater than. that\of C to the ſame 
EF, | | 

Secondly, I fay, that EF has a lefs proportion 
to AB, than to C. Take a certain aliquot part, 
as the fourth, of C, as oft as you can in EF, 
which ſuppoſe to be hve times; either there 
will remain ſomething of the quantity EF, or - 
nothing; if nothing remain, it 1s nies that 
five times the fourth part of AB making a great- 
er line thap ſo many times the fourth part of C, 
the fourth* part -of. AB could not be tive times 
contain'd in EF, Eur it the fourth part of C 
taken five times reach no farther than G, the 
fourth part of AB raken fo many times will pro- 
ceed either as far as F, or to 1, ſomerhing ſhore 
of F. Ifir reach as far as F, -EF will have ” 
lame proportion to AB us EG to C. But (by : 
preceding part) EF has a greater proportion to 
C, than EG to the fame &; theretore EF has 

ter proportion to UC, than to Ai3, Bur if the 
ourth part of AB reach nv fartner th.n 1, El 
vill have the ſame proportion to AB as EG to 

P CG 
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C. But EI has a greater proportion to C, than 
E G to C; therefore EF, greater than El, has 
a greater proportion to C, than the ſame EF to 
AB, 


"Y 


PROPOSITION 


IX, 


A Trrzonsw. 


Quantities that have the ſame propertion to another 
quantity, or to whom another quantity has the 
ſame proportion, are equal. 


F the quantities A and B have 


A, B, C, the ſame proportion to a third 
I2.12 6 "Hef C, I fay, A andB are 
ual. 


Demonſtration. 

If one of the two, wv. g. A, were greater than 
B, it would have a greater proportion to the 
quantity C, (by the 8.) which is contrary to 
the ſuppoſition. 

Secondly, it the quantity C has the fame 
proportion to the quantities A and Bz I fay A 
"and B are equal. For it A were greater than B, 
C would have a greater proportion to the quan- 
tity B, than to A, (by the 8.) which is alſo con- 
trary to the ſuppolition, 


PR0O- 
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PROPOSITION K%: 


A Tauzors nm. 


The quantity that has the greater proportion to ats 
other, is the greater quantity ; and that the Jeſ- 
ſer, to which that other quantity has the greater 


proportion. 


T* the quintity A has a greater pro- 
portion to the quantity C,than B to 
the ſame C, I ſay, A is greater than 


[4B, C 


B. For if A and B were equal, they would have 
both the ſame proportion to C; and if A were 


leſs than B, B would have a greater proportion 
to C, than A to the ſame C; both which are 
contrary to the ſuppoſition, 

Secondly, if C has a greater proportion to B 
than to A, I fay that A will be greater than B. 
For if A and B were equal, C would have the 
ſame proportion to both, [by the7.) And if A 
were leſs than B, C would have a leſs propor- 
tion to B than to A, (by rhe 8,) both which are 
contrary to what was ſuppes'd. 
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PROPOSITION XL 


A TurztoreaM. 


Proportions that are equal one to another, are alſo 


equal am ong/t themſelves. 


F A hasthe fame pro- 
ki bz GC D;EF. I portion to B, as C to 
4, 2; 8,4; 6,3. D; andC the fame pro- 
portion to D, as Eto F; 
I ſay, A will have the ſame proportion to B, as 
E to F. 


Demonſtration. 


Since A has the ſame proportion to B, as C 
toD; A will contain any certain aliquot part 
of B, as oft as C contains the like aliquot part 
of D, (by defin. 5 ) Andin like manner,as oftas 
C contains that aliquot part of D, fo oft will E 
contain the like aliquot part of F. So that as 
oft as A contains any certain aliquot part of B, 
ſo many times alſo will E contain the like ali- 
quot part of F, Therefore A has the fame pro- 
portion to B, as E to F. 


PROP. 
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PROPOSITION. XI. 


A Tuzornmn. 


If many quantities be proportional, one. Antecedent 

will have the ſame proportion to his conſequent, 

as all the Antecedents taken together to all the 
Conſequents. F.- 


F A has the ſame proportion to B, 
as CtoD; I fay that A and C 

' taken together will have the ſame pro- 

portion to B and D, as A to BE. 

I Demonſtration. 

Since A has the ſame proportion toB, as Cro 
D; the quantity. A will- contain any certain 
aliquot part of B, as oft as C contains the like 
aliquor part of D, (by defin. 5) ſuppoſe the 
fourth part. Now the fourth part of B and the 
fourth part of D, make the fourth part of. BD; 
and accordingly AC will contain the fourth 
part of BD, as oft as A contains the fourth part 
of B; and the like may be ſaid of any othier ali- 
quot parts. "Therefore A has the tame propor- 
tion to B, as AC to be BD. 


[A, B, 
[3,124] 
: 8. 


,D 


of 
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» 
PROPOSITION MNIIL 


A Tauzors n. 


If of two equal ions one is preater than a 
£ third, 3 will be ſo ihewike 


FF A has the fame = 
jA,B:C,D:EF portion to B, as C to 
D; buta greater proportion 
to B, than E to F: I ſay, that C alſo will have 
a greater proportion to D, than Eto F. 


Demonſtration. 


Since A. has a greater proportion to B than 
EtoF, Lees obs ciuaon of 
B, oftner than E contains the like aliquot part 
of F, (by def. 6.), but C contains a like ali 
quot part of D, as.oft as A contains that of B; 
becauſe A has the ſame proportion to B, as C to 
D: and therefore C contains a certain aliquot 
part of D, oftner than E contains the like ali 
quot part of F; and conſequently,C has, a great- 
er proportion te D, than E to F, (by def. 6.) 


PROP. 
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PROPOSITION XIV. 


A Tuzornu. 


the firſt quantity has the ſame proportion to the 

i ſecond, as the third to the fourth NS anlinh as 
the firſt 3s greater, or equal, or leſs, than the 
third, the ſecond will be greater, or equal, or 
leſs, than the fourth. 


—— | A has the ſame proportion 
|A, B:C,D.| to B, asCro D; 1 fay brit, 
TT if A be greater thanC, B will 
be alſo greater than D. 

| Demonſtration. 


Since A is greater than C,A will have a great- \ 
er proportion to B, than C to the ſame B, 
(by the 8.) But there is the ſame proportion of 
Ato B, as of Cto D: therefore C has a greater 

ion to D, than C to B, and conſequent- 
l (by the 10.) B is greater than D. 

Secondly, if A be equal to C, B will be alfo 

to D. Demonſtration. 

Since A and C are equal, there will be the 
ſame proportion of A oB, as of C to the ſame 
B, (by the 7.) Burt as A to B, fo C to D; there- 
fore C has the ſame proportion to B, as the ſame 
C to D, and conſequently B and D are equal, 
(by the 9.) P 4 Third- 
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Thirdly, if A be leſs than'C, B will alſo be 
leſs than D. Demonſtration. 


Since A is leſs than C, A will have a leſs pro- ( 
portion to B, than (Z to the ſame B, (by. the 8.) of | 
Bur as A is toB, fo C to D: therefore C will WK that 
have a leſs proportion to ID, than the lame C | pro 
to B, and conſequently (6 will be leſs than D, El 
(by the 10.) l to] 
PROPOSITION RXV. 
A TanzortMm. 
Equimultiples, and ſimiliar aliquot parts, are Wl. 

the ſame proporti:n. F ; 

| A,B; Co) JF the quantities C and D be 

2,236, 2 the Equimultiples of A and 
E,2;H 3,| B, their aliquot parts, A- will A, 
F,2;1, 3,| have the ſame proportion to B, '2 
| G,z:K,3,| 3 GC to D. Divide the quantity WW — 
——— C into parts equal to A, v.g.E, Win 
F, G, and the quantity D into parts equal to I will 
B. Becauſe C and D are the equimuluples of I For 
A and B, there will be as many parts of-one, as tior 

þ of other other. Let the parts, of D therefore be 
(i H, I, K. Demonſtration. - 
| h E has the ſame proportion to H, and Fto I, WWpor 
| 1D and G to KR, as A to B, becauſe they are all e- Kon 


$, qual, 
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qual. Therefore (by the 12.) as Ato B, fo E, 
F, G, to-H, I, K, z. e.fo Cro D, 

Coroll, The fame numbers of the aliquot parts 
of two quantities are in the ſame proportion 
that the” quantities are For (ince E hus the ſame 
proportion-to H, as C to D; and F to I, as G 
twD; E and F will have the ſame proportion 
toH and I, as C to D. 


PROPOSITION XVI. 
A TurrOREmM. 
Alternate Proportion. 


Yr four magnitudes of the ſame kind be proportio- 
nal, they will be alſo alternatrvely ſo. 


F A has the fame propor-, 
AB; C.D, tion to BasC to D, and all 
12.8; 9, 6 the four quantities are of the 
L—— fame kind, that is, either all 
Lines, or all Supercifies's, or all Solids; A 
vill have the fame proportion to C, as B to D, 
For if not, fuppoſe A to have a greater propor- 
tion'to C, than B to D. 

Demon{ration. 

Since tis ſuppos'd, that A has a greater pro- 
portion to C than B to D, the quantity A will 
contain a certain aliquor part of C, . g. a third 

part 


— —— 
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part, oftner than B contains a third part of D; I C: 


Let A therefore contain a third part of C four 
rimes, but B the third part of D only three 
times; having then divided A into four parts, 
each will contain one third part of C; but B 
beingllivided into four parts, they will not con- 
tain each of them a third part of D; therefore 
three fourths of A will contain three thirds of 
C, that is, tho whole quantity of C; but three 
fourths of B will not contain three thirds, or 
the whole quantity of D. But on the contrary, 
fince there is the ſame proportion of A to B, as 
of C to D, there will be alfa the ſame propor- 
tion of three fourths of A tothree fourths of 
B, as of C to D, (by che coroll. of the 15 ) and 
(by the x4.) if three fourths of A be equal to C, 
three fourths of B will be equal to D; therefore 
A cannot have a greater proportion to C, than 
B to D. 
ALEMMA. 


If the firſt have the ſame proportion to the [t- 
cond, as the third to the fourth; any aliquot pat! 
of the firſt will have the ſame pr-portion to the [t- 
cond, as the like al:quot part of the _ to - 

NE OOSIEY ourth, 
IG, 35 32, 6, If A has the ſame kn 
» B; C, D,] tion to B, as C to D; and 
F. E be an aliquot part of A, 

4 


, 8. |] and F a like aliquot part _ 


wÞ 
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Df C: 1fay, that E will have the ſame proportion 
wB, as F to D. 
Demonſtration. 

If E had a greater proportion to B than F to 
D, E would contain a certain aliquot part of B, 
ofrner than F contains the like aliquor part of 
D; and conſequently, E taken twice, thrice, or 
four tims, would contain an aliquot part of B, 
oftner than F taken twice, thrice or four times 
contain'd the like aliquot part of D. But E taken 
four times 1s equal to A; and likewiſe F taken 
four times is equal ro C; therefore A would 
contain an aliquot part of B oftner than C con- 
nin'd the like aliquot part of D, and by: conſe 
quence A would have a greater proportion to 
Brhan Cto D; which is contrary to the ſap- 
polition. 

A COROLLARY, 
* which Exclid places after his 4h Propoſition, 


Inverted Proportion 


the firſt has the ſame proportion to the ſecon 
Tk third to the Fanth Fs ſecond _ ra 


the ſame proportion to the firſt, as the fourth to 
the third. | 


þ, 
| j4,B:C, D F A hasthe ſame proportion 
vi [E, the ſame proportion to A as 


F 
l, _ D to C. 
— De. 
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Demonſtration. 

If Bhad a greater proportion to A than D to 
'C, B would contain an aliquot part of A, fup- 
= a fourth of E,oftner than D contain'd F the 
ourth part.of C, Let us ſuppoſe then that B 
contains eight times the quantity K; D muſt 
contain but ſeven times the quantiry F. Now 
ſince A has the ſame proportion to B as Cto 
D, E will have the fame proportion to B as F 
to D, (by the preceding Lemma, ) and (bythe 15 ) 
E taken eight times will have the ſame propor- 
tion to B, as F taken eight times to D; but E 
taken eight times is conitain'd in B, therefore 
F taken eight times muſt be contain'd in D, 
notwithſtanding what was ſhewa to the contra- 
Ty; therefore B cannot have a greater propor- 

tion to A, than D to C. 

The USE. 

©The Followers of . Awtrroes ſeem to have 
© made uſe of a manner of argumentation not 
© much unlike this, to prove that the world had 
* exiſted from Eternity ; urging, that there 1s the 
* fame proportion between an erernal aCt of the 
* will of God,and the eternal produdtion of the 
* world, as berween a temporal act, and a tem- 
© poral effe& ; therefore by a kind of Alterna- 
* tion, there is the fame proportion of a tempo- 
© ralact of the will, 3. e. an a& beginning in rime, 
* to an eternal effe&t; as of an eternal will t 2 


* remporal eftect Now tis evident, that — 
Wi 
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* will, or an act of the will that begins in time, 
{cannot produce an eternal effeft ; therefore 
* the eternal a&t of God could nor produce an 
* Effect in time. Bur this argument is faulry in 
© wo reſpects; firſt, in that ir ſuppoſes it poſli- 
* ble for an at of the divine will to begin in 
[time; and ſecondly, in that it is drawn from 
* Alternate proportion, though the terms be of 
*2 difterent kind or ſpeczes. 


PROPOSITION XVI, 
A THzoORE n. 
The Diviſion of Proportion. 


If compounded quantities be proportional, they will 
be ſo likewiſe being aruided. 


3B,B; CD,D, J* AB has the ſame propor- 


8, 2316, 6, tion to B as CD to D, 
A,B; C, Dj) A will have the ſame propor- 
5, 3; 10, 6, tion to B, as C to D. 

oy Demenſtration, 

Since AB is ſuppos'd to have the lame proporti- 
onto Bas CD to D, AB will contain a certain 
aliquot part of B, as oft as CD contains the like 
aliquot part of D. Now thar aliquot part muſt 
be tound as oft in B, as the like aiiquor part is 

found 
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found in D. Therefore taking away B from AB; 
and D from CD, A will contain as many aliquot 
parts of B, as C contains the like of D, and ton- 
ſequently A will have the ſame proportion to 
B, as Cto D, 


PROPOSITION XVII. 


A Trnornew. 


The Compoſition of Proportion. 


If quantities, being divided, be proportional, th 
7 will be ſo lik:- wiſe whey pan : 


A, BB; C, D, FF A has the ſame proporti- 
F- 23 10,6. onto Bas C to D, AB al- 
AB,B; CD,D,| fo will have the fame propor- 
$, 3; 16, 6,{ tion toBasCD twD. 

NI Demonſtration. 

Since A is ſuppos'd to have the ſame propor- 
tion to Bas C to D, A will contain any aliquot 
part of B, as oft as C contains the like aliquot 
part of D, Now the quantity B contains any of 
its own aliquot parts, as oft as D contains the 
like of his; therefore adding Bto A, and D to 
C, AB will contain any aliquot part of B as oft 
as CD contains the like aliquot part of D, and 
conſequently (by defin. 5.) AB will have the 
ſame proportion to B as CD to N, . 
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A COROLLARY. 


The Converſion of Proportion: 


If AB has the fame pregertiva toBas CD two 
D, then AB will have the ſame proportion to 
Aa CD to GC, For (by the preceding) A has 
the fame proportion to B, as C to D: and (by 
the Coroll, of the 16.) B will have-the fame pro- 
portion to A, as D to C; and therefore com- 
pounding them, AB will have the lame propor- 
tion to A, as CD to C. 
The USE. 

* We have frequent uſe of this manner of ar- 
* -umentation in almoſt all parts of the Mathe- 
® maticks. 


— — 


PROPOSITION XIX, 


A Tunortm, 


If the Wholes be in the ſame proportion,as the perts 
that are taken away from them, the Ren: ait- 
ders will be alſo in the ſame proportion. 


5D; B,u), JF the quantity AB has 
16, 8; 4, 2, the ſame proportion to 
A, C; AB,CD, CD, as the part B to the 
2, 6; 16, 8, | part D: I fay, A will 
yo have 
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have the fame proportion to C, as AB to CD 
Demonſtration. 

AB is ſuppos'd to have the fame proportion 
to CD, as B to D: therefore alternatively (ac- 
cording to the 16.) AB has the ſame proportion 
to B, as CD*to D; and by converſion of pro- 
portion, AB will have the ſame proporrion to 
A, asCDto C; and again alternatively, there 
will be the ſame proportion of AB to CD, as 
of A to C. ; 

The USE. 

© This Propoſition is commonly made uſe of 
*.in the rule of Fellowſhip. For inſtead of work- 
*ing by the rule of Three for every particular 
* Atociate or Partner, having done it for the 
*reſt, to the laſt they aſſign the Remainder of 
*the Gain; ſuppoſing that if there be the ſame 
* proportion of the whole ſum of all the Prin- 
* cipals to the whole Gain, as of the Principal 
* of one Aﬀociate to his part of the Gain : there 
* will be allo the ſame proportion of the Princi- 
* pal that rTeniains to the Remainder of the 
© Gain, 

The 20 and 21 Propoſitions are not necel- 
* fary. 


PROP. 


JP. 
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PROPOSITION XX. 


A Trzora. 
The proportion of Equality orderly plac'd. 


I divers terms be propor d, and an equal number 
of others compar'd with them, ſo that thoſe 
which anſwer to each other in the ſame order be 
proportional; the firſts and the liſts will be als 
proportional. 


12, 6,23 6, 3, 1, þ the quantities A,B,C 
A,B,C; D, E, ] and the quantities D,E 
| "— F, be proportional ; thar 

is, if there be the ſame 
proportion of A to B as of D to E, and of B to 
Casof Eto F; A will alſo have the fame pro- 
portion to C, as D to F. 

Demonſtration. 

If A has a greater proportion to C than D to 
F, A will contain an aliquot part, v. g. the half 
of C, oftner than D can contain the half of F. 
Let us ſuppoſe then the half of Co be'contain'd 
twelve times in A, and the half of F only eleven 
times in D. Now becauſe B has the fame pro- 
portion to C as EtoF, the quantity B will 
contain the half of C, as oft as E contains the 
talf of F ; Suppoſe then thoſe halves to be con- 

Q 


rain'd 
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tain'd fix times in each, B and E. A, which con- 
tains the half of C twelve times, will have a 
greater proportion to B, which contains the 
ſame half oft C fix times, than D, which con- 
tains the half F eleven times only, to E, 
which contains the ſame half of F fix times; and 
conſequently A will have a greater proportion 
to B, than Dto E, which is contrary to what 
was ſuppos'd. 


es, 


PROPOSITION XXII. 


A PrROBL EM. 


The proportion of Equality diſorderly 


placd. 


if two Orders of terms, be in the ſame proportion, 
diſorderly plac'd: the firſt and laſt of both Or- 


ders will be proportional. 


1A,B,C.D, E,F. G, FF the quantities A,B,C, 
2, 6,3. 8, 4, 2+. 1, and the others D, E, 
OOTY”) 3, TS __—__ 
in the ſame proportion, diſorderly plac'd, that 
is, it Athas the ſame proportion to 6 as E to F, 
andBto Cas D to E: A will have the ſame 
proportion to C, as Dro F. Suppoſe B to have 
the ſame proportion to C, as F to G, 


Demon*+ 
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Demonſtration. 

Since there is the ſame proportion of A to B as 
of Eco F, andofBroCasofFroG; A has 
the fame proportion to C, as EtoG, (by the 
22.) Further, ſince B has the ſame proportion 
toCas Dto E, and allo as F'toG; D will 
have the ſame proportion to E, as F to G, (by 
the 11.) and alternatively; (according to the 16.) 
D will have the ſame proportion to F, as E to 
G. Now we have betore prov'd, that as E to 
G, ſo A to C; therefore, as AtoC, fo D to F. 


mm 


PROPOSITION XXIV. 
A Turoksnm. 


If the wantity has the ſame proportion to the 
j peel . the Third to the frth F and alſo the 
fifth to the ſecond, as the ſixth to the fourth : 
the firſt with the fifth will have the ſame pro- 
portion to the ſecond, as the third with the fs h 
to the fourth. 


f = | F A has the fame proportion 
4, 6. toBas C to D, and EtoÞ 
5,2; 9, 3, 3 FtoD; AE will have the 
A,B; C, D, ſame proportion to B, as CF to 


Demonſtration. 
Since A has the fame proportion to B as C to 
CQ). 2 pD , 
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D, A will contain any aliquot part of B, as ofc 
as C contains the like aliquot part of D, (by de- 
fn. 5 ) In like manner, E will contain the fame 
aliquot part of B, as oft as F contains the like 
of D ; ſo that A and E will contain any aliquot 
part of B, as oft as C and F contain the like ali- 
quot part of D : therefore AE will have the 
lame proportion to B, as CF to D. 


a Y 


PROPOSITION XXVYV, 
A TruzoREemM. 


If four magnitudes be proportionat, the greateſt 
and the leaſt will exceed the othir two. 


F the four magnitudes AB, 
CD, E, F, be proportional, 
and AB the greateſt and Fthe 
leaſt; AB and F will exceed 
CD and E. Since A B has the 
ſame proportion to CD as E to F, and AB is 
ſuppos d greater than E ; CD will be alſo great- 
er than F, (by the 14.) Divide therefore AB 
ſo, that the magnitude 4 may be equal to ZE; 
and CD fo, that the magnitude C may be equal 
to F. Demonſtration. 

Since AB has the ſame proportion to CD as A 
'oC, Bwill alſo have the ſame proportion to 
D avs AB to CD, (by the 19.) and AB being 
ſup - 
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ſuppos'd greater than CD, B will be greater than 
D. Now if to Aand E, which are equal, be 
added F and C, which are alſo equal, A and 
F will be equal to C and E, and adding to the 
two firſt B, which is the greater, and to the two 
laſt D, which is the leſs, AB and F will be 
greater than CD and E. 


The USE. 


By this Propoſition is demonſtrated a pro- 
* priety of Geometrical proportionality, whereby 
it is diſtinguiſh'd from that which is call'd Arith- 
* metical, For in this latter the two middle terms 
Fare equal to the two extreams; but in the for- 


©mer, (as has been prov'd,) the greateſt and 
© the leaſt exceed the two others, 


* Tho? the nine following Propoſitions are not 
* Euclids; yet, becauſe many make uſe of them, 
*and quote them as if they were his, I though 
*I ought not to omfit them. 


Q 3 
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PROPOSITION XXVI. 


A Tururokemn. 


If the firſt has a greater proportion to the ſecond 

4 than the third to the prey fourth will have 
a greater proportion to the third than the ſecond 
to the #&f. 


I* A has a greater proportion 
to B than C to D, D will have 
a greater propoi tion to C thanB 
to A. Suppoſe E to have the 
ſame proportion to B as C to D 


A will be greater than E, (by the 10.) 


Demonſtration, 


There is the fame proportion of E to B, as of 
Cto D : therefore (by the Coroll. of the 16.) D 
has the ſame proportion to C, as B to E, But B 
has a greater proportion to E than to A, (by the 
8.) therefore D has a greater proportion to C, 
than B to A, 
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PROPOSITION. XXVIL 


A Theorem. 


If the firſt has a greater propertion to the ſecond 

for the third S :he fourth, the firſt will alſo 
have a greater proportion to the third than the 
ſecond to the fourth. 


0: 4; 6, 3» þ A has a greater proportion 

0 :: than C ro DD, I tay, that 

A will have « greater proportion 

to C than toD. Let E have 

the ſame proportion to as C to 
D; in that caſe A mult be greater than E. 


; GD, 


Demonſtration. 


E has the ſame proportion to B, as C to D; 
therefore (by the 16.) E hasthe fame proportion 
to C, as Bto D. And becauſe A is greater than 
E, the proportion of A to Cwill be greater than 
that of# to C Therefore the proportion of A 
to C, is greater than thar of B to D, 


Q 4 PRO- 
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PROPOSITION KXKkVIIL 
A Tumurokswa. 


I the firſt bas a greater proportion to the ſecond 
than the third to the fourth, the firſt and the 
ſecond will have a greater proportion to the (e- 
cond, than the third and the fourth to the 
fourth. 


2 3 


, FF the Proportion of A to B be 

greater than that of Cto D, 
the Proportion of AB to B will 
allo be greater than that of CD 
to D. Suppoſe E to have the 
ſame proportion to B, as C to D. 


6, 3 
B; C, Dy 


_ 


4 
5 


Demonſtration. 


E has the ſame proportion to B, as C to D: 
therefare (by the 18.) EB has the ſame propor- 
tion to 3 ,asCD to D. And AB being greater 
than E3, AB will have a greater proportion to 
B, than EB ro the fame tf, and conſequently 
than TD to D. 

PRQ- 
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PROPOSITION XXIX, 


A TunrOksnmn, 


If the firſt with the ſecond has a greater proportion 

' the ſecond, than the third with the fore to 
the fourth; the firſt will have a greater propor- 
tion to the ſecond, than the third to the fourth. 


9,43 6, 3- FF the proportion of AB toB be 
: greater than the proportion of 
CD to D, the proportiqn of A to 
8. B will be alſo greater than that of 
| \. C to D. Suppoſe EB to have the 
fame proportion to B, as CD to D : EB will be 
leſs than AB, and E leſs than A: 
Demonſtration. 

Since EB has the fame proportion to B, as CD 
to D; dividing them, E will have the fame pro- 
portiori to B, as C to D, (by the 17.) And A 
being greater than E, the proportion of A to B 
vill be greater than that of E to the ſame B, and 
conſequently than that of C to D, | 


B; C,D, 
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PROPOSITION XXX, 
A Turors wm. 


If the tion of the with the ſecond to th 

J he nd be we x La of the ras With tis 
fourth to the fourth; the proportion of the fir 

” with the ſecond to the firſt, will be leſs than tha 
of the third with the fourth to the third, 


GY 


J F the proportion of AB to} 
o P Fa " [| be ————__ that of D 
| * toD, the proportion of AB to 
A will be leſs than that of CD to C, 
Demonſtration. 

The proportion of AB to B is ſuppos'd to be 
greater than that of CD to D : theretore (by the 
29.) the proportion of A to B will be greater 
than that of Cro D; and (by the 26.) the pro- 
portion of D to C will be greater than that of B 
to A: therefore being compounded (by the 28.) 
the proportion of CD to C, will be greater than 
that of AB to A. | 
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PROPOSITION XXXL 


A T un zxqQrRtwm 


If matty quantities are 1n a preater proportion a- 
f - x ves.that an A plate. of other 
quantities, plac'd after the ſame manner ; the 
ſt of the firſt order will be in a greater propor- 
tion to the laſt of that order, than the firſt of the 
ſecond ordey to the laſe of that. 


A; B, C,D,E,F.  # A has a greater pro- 

116, 10,3,19, 6, 2, portion to B, than D 

_- to E; and a greater pro- 

portion to C, than E to F; A will have a 

greater proportion to C, than D to F. 
Demonſtration. 

Since A has a greater proportion to B than D 
toE, A will alſo have a greater proportion to 
DthanB to E; and becauſe B has a greater 
proportion to C than E to F, B will alſo have a 
greater proportion to E than C to F. Therefore 
A will have a greater proportion to D than C 
to F: and Alternatively (by the 27.) A will 
have a greater proportion to C, than D to F. 


PRO. 
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PROPOSITION KXXXIL 


A Tuwurortw, 


If many quantities are in greater proportion among 
themſeues, than an equal number of other quan 
tities, plac'd after a different manner; the feſ 
of the firſ# order will have a greater proportim 
to the Iaſt of that Order, than the firſt of the 
ſecond Order tothe laſt of that. 


113, 6, 2, F A has a greater pro- 
A, C,E, portion to C than [| to 
B, F|H,I,K,| K,and C a greater pro- 
I2, 314 2, 1] portion toEthanHetol; 
_ A will have a greater pro- 
portion toE, than H to K. Suppoſe B to have 
the ſame proporteon to C asI to K, and C the 
ſame proportion to F as H to ; then A will be 


greater than B, and F than E. 
Demonſtration. 


Since 'tis propos'd that B has the ſame pro- 
portion toCasl toK, and CtoFasHto]; 
B will have the fame proportion to F, as H to 
K, (by the 23.) But A has a greater proportion 
to F, than B to the ſame F, (by the 8.) and the 
proportion of A to E is greater than that of A 
to F, becauſe F is greater than E: therefore the 


proportion of A to E, is greater than that of H 
to BR, PRO- 
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PROPOSITION KXXXII, 


A Taurornwk. 


if the Whole has a greater proportion to the Whole 
than the part taken away to the part taken a- 
way, the Remainder will have a greater pro- 
portion to the Remainder than the Ihole to the 
Whole. 


13,4; 6, 2 | [þ AB has a greater propor- 


A,B; C,D. tion to CD than B to D, A 
will have a greater proportion to 
than AB to CD. 
Demonſtration. 


We ſuppoſe that the proportion of AB to CD 
greater than that of B to D ; theretore (by the 
7.) the proportion of AB to B is greater than 
at of CD to D: and (by the 30.) the propor- 
on of AB to A, is leſs than that of CDtwo C; 
erefore alternatively, the proportion of AB to 
1) is lels than that of A to C: 


PRO- 


SA a 44% 
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PROPOSITION XXXIV. 


A Turors mn. 


If two orders of magnitudes be propos'd, and the 
proportion of the firſt of the bb, to the firſt of the 
ſecond, be greater than that of the ſecond to the 
ſecond; and that preater than that of the third 
to the third, &c. the whole firſt order will have 
a greater proportion to the whole ſecond, than 
the whole firſt order except its firſt magnitude 
zo the whole ſecond order except its firſt mapni- 
tude. But a leſs proportion than that of the firſt 
magnitude of the firſt order, to the fiſt mapni- 
tude of the ſecond ,, and laſtly, a greater propor- 
tion, than that of the laſt magnitude of the firſt 
order, to the laſt of the ſecond. 


11246, 4; | 43 3 35 | v the proportion of A 
A,B +| EF.G, to E be greater than 
— ———— = taccfÞrF, ade 

proportion of B to F greater than that of C to 

G : I fay, that A,B,C, will have a greater pro- 

portion to E, F, G, than the proportion of BG 

to FG. 


Demonſtration, 


Tis ſuppos'd the proportion of A to E is 
zreater than that of B to F; and theretore al- 
ternatively 
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ternatively, the proportion of A to B is greater 
than that of E to F'; and by compounding them, 
he proportion of AB to B greater than that of 
EftoF; and again alternatively, the proporti- 
on of AB to EF greater than that of Bro F. And 
becauſe the proportion of the whole AB to EF is 
greater than that of the part B tothe part F, the 
proportion of rhe Remainder A to the Remain- 
der E will be greater than that of the whole AB 
to the whole EF: In like manner, I may prove 
the proportion of B to F greater than that of BC 
to FG, and conſequenty that of A to E much 
greater than that of BC to FG, Therefore al- 
ternatively, the proportion of A to BC is great- 
er than that of E to FG ; and compounding them, 
the proportion of A, B, C, ro BC, greater than 
that of E, F, G, to FG : therefore the proporti- 
on of A,B,C, to E,F G, will be greater than 
that of BC to FG. 

Secondly, the proportion of A to E, is great- 
er than that of A.B,C, to E, F, G. 

Demonſtration. 

I have demonſtrated, that the proportion of 
the whole A,B,C, to the whole t, F,G, is great- 
er than that ot the part BC to the part tG : 
therefore tlie proportion vt the Remainder A to 
tne Remainder will Le greater than that of the 
Whole A B,C,to the whole E,t,G, (by the 33.) 

Thirdly, the propo2tion of A,B,C, to Et .G, 
1s greater than that oi Cts \., 


Demons” 
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Demonſtration. 

'The proportion of A to E is greater than 
that of B to F ; and therefore alternatively, that 
of A to B is greater than that of E to F ; and 
compounding them, the proportion of AB to B 
will be greater than that of EF to F ; and again 
alrernatively, that of AB to EF greater than that 
of B to F. But the proportion of B to F is great- 
er than that of C to G, therefore the proportion 
of AB to EF is greater than that of C to G; and 
that of AB to C greater than that of EF to G; 
and therefore by compounding them, the pro- 
portion of A, B, C, to C, will be greater than 
than that of E, F,G, to G ; and that of A,B, C, 
to E, F,G, greater than that of C to G. 


=_—% 
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THE SIXTH BOOK 
OF THE 


ELEMENTS 
EUCLID. 


His Book begins to apply the Doctrine of 
Proportions, explain i in general in the 

* preceding, to particular matters ; and taking 
* its riſe from the molt {imple figures, 4.e. Tri- 
*angles, it gives Rules to determine not only 
* the proportion of their ſides, bur alſo that of 
*their capacity, Ares or ſuperficies. In the 
* next place we learn from ic how to find out 


. *proportional lines, and to augment or diminiſh 


*any figure,according to any proportion aſlign'd. 
, Here AG is ed to Lan uſeful Rule 
* of Three; and the Forty-ſeventh of the Firſt 
* extended ro any figure whatſoever. Laſtly, ic 
*lays down the moſt facile and molt certain 
* Principles to condu&t us in taking any manner 
* of Dimenſions. R DE- 
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DEFINITIONS. 


A I. ECtilineal figures are {- 
/ milar, when their an- 


les are equal, and the fides, 

ot + that Rem thoſe angles, propo - 

i, Þ tional. © As the triangles ABC, 

E, EF © DEF, will be ſimilar, if the 

* angles A and D, Band E, C 

* and F, be equal ; and AB has the fame propor- 

© tion to AC as DE to DF, and AB to BC as 

*DErto EF. 

A 2. Figures are reciprocal , 

p wheti they may be ſo compar'd, 

| thar the antecedent of one pro- 

portion and the conſequent of 

E another ate both found in the 

| ſame Figure. © That is, when 

* the Analogy begins and ends in the fame h- 

* pure. As if AB has the fame proportion to 
*CD, as DE to BF. 

3. A line is divided according to the ex- 

treme and middle proportion, when the whole 

line has the fame proportion 

- to the greater parr, as the 

A C B greaterpartto the lefs. *As it 

* AB has the ſame proportion 


ro 
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*t AC, as AC to CB: the line AB is divided 

' according to the extreme and mitdle propot- 
t10n, 


E A 4 The height of any figure 


4 3s a perpendicular drawn from 

its ſummity to its baſe. * As 
- D. IP in the triangles ABC, EFG; 
Sy H F GB D C «the perpendiculars EH atid 
- * AD, whether they fall with- 
bh * in or without the triangles, are their heights. 
: * Hence it follows, that all triavgles and paral- 
n * lelograms, that have equal heights, may be 
. * plac'd within the fame parallels. For having 


* ſet their baſes upon the line HC, if cheperpeti- 
* diculars DA and HE be equal, the lines EA 
* and HC will be patallels. 

5. AP ion is faid to be compounded 
of niany others, when the 
* quantities of thoſe proporti» -* Denotnaters, 
ons being multiply'd , make 
another, * To underſtand rhe true intent of 
* this definition, it _ be obſerv'd, that every 
* Proportion, at leaſt, every * ra- * 
. honics, takes '4 De- 5 Spy 
* nomination from a certain num- 
* ber, denoting that reſpe&t or relation that the 
* antecedent of the proportion bears to the con- 
* ſequent. As if rwo magnitudes were propd?9, 
* one of twelve foot in length, and the'*gaber, of 
* fix, we ſhould call that proportion2@# 12 tv 

R 2 2383-5; 6 
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© 6 the double proportion. In like manner if 
* 4 and 12 were propos'd, we ſhould give that 
* thename of ſubtriple proportion, 4 being its 
* Denominator ; importing as much as that the 
roportion of 4, to 12, is the ſame as that of 
3 to unity, or as one to three. This Denom- 
© nator is call'd the quantity of the Proportion. 
* Suppoſe therefore three terms were given, 12, 
* 6, and 2 ; the firſt proportion of 12.to 6 being 
, double,its Denominator is two ; the ſecond of 
. 6 to 2 being triple, its Denominator is three ; 
the proportion therefore of 12, to 2 is ſaid to 
* be compounded of that of 12 to 6, and of 6 
* to 2, the double and the triple proportion. 
© To find therefore the Denominator of the pro- 
* portion of 12 to 2, multiply three by two, and 
* the product {nx will ſhew the proportion of 
© 12 to 2 to be ſextuple, #. e. as one to fix. This 
©is that which Mathematicians commonly un- 
* derſtand by compounded Proportion, though 
* methinks it might more properly have been 
* call'd Proportion mulriply'd. 


P, 
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PROPOSITION LI 


A Tur ORs. 


Parallelograms, and Triangles, of the ſame hight, 
are in the ſame proportion as their baſes. 


A D ON the triangles 
AGC, and DEM, 

to have the ſame hight, 

and to be plac'd between 

G KI BCEFHUEM the ſameparallels, AD, 
and GM; I fay, they 

will have the fame proportion as their baſes 

C, and EM. Divide the baſe EM into as 
many equal parts as you pu_ and draw lines 
from the point D to each diviſion, as DF, DH, 
DL. In like manner divide the line CG into 

arts equal to thoſe of the line EM, and draw 

_ from its ſummity A to thoſe diviſions, as 

AB, Al, &c. All thoſe little triangles. being 

enclos'd within the ſame Parallels, and having 

equal baſes, are equal, (by rhe 38 1.) 
Demonſtration. 

The baſe GC contains ſo many aliquot parts 
of EM, as there are parts found in it equal 
 toEF; butas many parts equal to EF as are 
found in the baſe GC, ſo many little triangles 
are'contain'd in the triangle AGC, equal to 

| R thoſe 


b —— 
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thoſe contain'd in DEM ; which being equal 
among themſelves, are the aliquot parts of the 
triangle DEM. As oft therefore as the baſe GC 
contains thoſe abquot parts of EM, ſo oft does 
the triangle AGC contain the aliquot parts of 
the triangle DEM ; which alſo will happen -in 
every divition whatſoever : therefore the trian- 
gle AGC has the fame er to the trian- 
gle DEM, as the baſe GC to the baſe E!\1. 

' Now Parallelograms, deſcrib'd upon the {ame 
baſes, and enclos'd between the fame parallels, 
are double the triangles, (by rhe 41. 1.) there- 
fore they are in the ſame proportion as the tri- 
angles, z. e. as their baſes. 


Tie USE. 


©'This Propolition is not only ferviceable in 
* d>monltrating - thoſe that follow, but alſo of 
5 great uſe in dividing large Fields, or Plains, 
* As for example, ſuppoſe you were to take the 

© 4hird part of the Trapeſium 
6D» © ABCD, having the ſides AD 
* and BC parallel ; produce the 
EF A *line BU roF, to that CE 
i,.Y * may be equal ro AD; and 


DB G© E©® * taking BG the third part of 

* BE, draw AG : I fay, the tri- 
* angle AEG js the third part of the Trapeſium 
* ABCD, 


Dem 9 


” yY CI - - CI - nd - - 


The Sixth Boos, 259 


Demonſtrat 

* The triangles ADF, and Þ CE, are equian- 
» becauſe the lines AD and CE are pa- 
* rallels, and their ſides AD and CE are equal : 
© therefore (by the 26. 1.) the triangles are e- 
* qfial, and conſequently the triangle ABE is 
* equal to the ſrapeſape ABCD. Burt the trj- 
F angle ABG is the third part of the triangle 
* ABE, 7 the preceding,) therefore the trign- 
X gle an is the third part of the trapeſinep 

*A , | 


m—_— 
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PROPOSITION Il. 
A ThzoOREM. 


A line drawn in a triangle parallel to its baſe 
divides its fides proportionally; and the line 
that divides the ſides of @ triangle proportional- 
ly, will be parallt] to its baſe. | 


& F in the triangle ABC the 

EL line DE be parallel tq the 

r, baſe BC, the ſides AB and AC 

will be divided proportionally, 

i. e. AD will have the ſame pro- 

C portion to DB, as AE to EC. 

Draw the lines DC and BE. 

The triangles DBE, and DEC, having the ſame 
| R 4 baſe 
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baſe DE, and being enclosd within the fame 
Parallels DE and BC, are equal, (by the 37. 1.) 
Demonſtration. 

The triangles ADE and DBE have the ſame 
hight E, taking AD and DB for their baſes, and 
therefore may be plac'd within the line AB and 
another parallel to it drawn through the point 
E, and conſequently have the fame proportion 
as their baſes, (by the 1.) z. e. the triangle ADE 
has the ſame proportion to the triangle DBE, 
or its equal CED, as AD to DB. Bur the tri- 
angle ADE has likewiſe the ſame proportion 
to the triangle CED, as AE to EC; and there- 
fore AD has the ſame proportion to DB, as AE 
to EC. 

Secondly, ſuppoſe AE to have the ſame pro- 
portion to EC, as AD to DB, I fay the hs 
DE and BC will be parallels. 

Demonſtration. 

AD has the fame proportion to DB, as the 
triangle ADE to the triangle DEB, (by the 1.) 
and AE has the fame proportion to EC, as 
the triangle ADE to the triangle CED ; and 
conſequently the triangle ADE has the fame 
proportion to the triangle DEB, as the ſame 
ADE to the triangle CED. Therefore (by the 
9. 5.) the triangles BDE, and CED, are equal, 
and (by the 39. 1.) between the fame parallels, 
Theretore the lines DE and BC are parallels. 


The 
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The USE. 
© This Propoſition is _ neceſſary for 
(the demonſtration of thoſe that follow. It may 


by 


ic | © alſo be ſerviceable in _y Dimenſions. As, 

d Ff *in the ng figure, it you were to mea- 

d IF * fore the hight of BE ; having erected a ſtaff or 

it i ©pole DA, there will be the ſame proportion of 

. *CD to DA, as of BC to BE. 

* In 

p PROPOSITION II 

: A THrzroRsi. 

7 A line that divides @n angle of a triangle into 
two equal parts, divides its baſe into two parts, 

which hawe the ſame proportion as the ſides. 

; And if it divide the baſe into two parts propor- 


tional to the ſides, it will divide the angl: mto 
two equal parts. 


E F the line AD divide the angle 

NJ a BAC into two equal parts, AB 

will have the ſame proportion to AC 

2s ar BD to DC. Produce the fide CA, 

and take AE equal to AB; then 
draw the line EB. 

Demonſtration. 
The external angle CAB is equal to the two 
internal angles AEB, and ABE : which being 


equal, (by the 5.1,) becauſe the fides AE and 
Ai 


"_ aan, A. A 
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AB are equal ; the angle BAD, which is the 
half of BAC, will beequal to one of them, ſup- 
poſe ABE ; therefore (by the 27. 1.) the lines 
AD and EB are parallel, and (by the 2.) there is 
the ſame proportion of EA or AB to AC, as of 
BD to DC. 

Secondly, if AB has the ſame proportion to 
AC as BD to DC, the angle BAC will be di- 
vided into two equal parts. 

Demonſtration. 

AB or EA has the fame proportion to AC, 
as BD to DC: therefore EB and AD are pa- 
rallel; and (by the 29. 1.) the alternate angles 
EBA and BAD, the internal BEA, and the ex- 
ternal DAC, will be equal: and the angles 


BEA and EBA being equal the angles BAD and 
ual. 


DAC will be alſo eq Therefore the angle 
BAC will be divided into two equal parts. 
The USE. 
© We make uſe of this Propoſition chiefly to 
* find the proportion of the {des of a triangle 


ww 
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PROPOSITION IV. 


A Tunons. 


The ſides of equiangular triangles are propor- 


tional. 


F | the triangles ABC, and 
% DCE, be equiangular, z. e. 
NP it the angles ABC and DCE, 
gc and CDE be equal, AB 
will have the ſame proportion 
I. E toBCas PC to CE, and alſo 
AC will have the fame pro- 
portion to CB as DE to EC. Join the triangles 
after ſuch a manner, that the baſes BC and CE 
may be upon the ſame line, and produce the 
hides BA and ED till they meet in F ; fince the 
angles ACB and DEC are equal, the lines AC 
and FE are parallels, [ by the 2.8. 1.] and by the 
ſame reaſon CD and BF are parallels, and there- 
fore AFDCa Parallelogram. 


Demonſtration. 
In the triangle BFE, AC is parallel to FE, 
therefore [by rhe 2.] AB has the ſame propor- 


*tion to AF, or, which is equal to it, CD, as BC 


to CE: and alternatively, AB has the ſame 
proportion to BC, as CD to CE. In like man- 
ner in the fame triangle, CD being parallel ro 


» 
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BF, FD or AC has the ſame proportion to DE, 
as BC to CE, [ by the 2.) and alternatively, AC 
has the ſame propartion to FC, as DE to CE. 


The US 5. 

©'This Propoſition is of fo general ute, that it 
© may paſs for a moſt univerſal principle in ta- 
© king all manner of Dimenſions. For in the r:| 
$ place, all the methods of meaſuring inacccilible 
: nm by deſcribing a ſmall triangle f1milac to 
* that which is form'd upon the ground, is 
* founded upon it ; as alſo the greateſt part of 
© thole Marbematrical Inſtruments, upon which 
* are deſcrib'd triangles, iumilar to thoſe of which 
* we delire to take the dimenſions, as the Geo- 
* metrical /quare, the Pantomzter, the Arvaleſs 
© or Croſs-ſtaff, &c. Nor could we know how to 
© raiſe the Plane of any place, but by the help 
© thereof. So that in hne, to untold all the uſes 
* of this Propoſition, ir would be neceſſary to 
* tranſcribe the whole firſt Book of PraFical Ge- 


& ometr 'Y. 
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PROPOSITION V. 


A I uy £oRn mM. 


Triangles, which have proportional ſides, are 
equiangular. 


A 1 T* the triangles ABC and 


Z DEF have proportional 

; Tides, 3. e. if AB has the iame 

B . CE E Þtoportion to BC as DE to 
þ G 


EF, and allo 4B the fame 
proportion to AU as DE to 
DF; the. angles ABC and DEF, A and D, C 
and F, will be equal. Make the angle FEG e- 
qual to the angle B, and EFG equal to the an- 


Je C, 
| Demonſtration. 
The triangles ABC and Ei G have two an- 
ples equal, therefore (by Corell. 2. of the 32. 1.) 
hey are equiangular z and (by te 4.) AB has 
the lame proportion to BU as GE to EF. Now 
ts ſuppos'd, that DE has the ſame proportion 
b EF as AB to BC, therefcre DE has the ſame 
proportion to EF as EG to EF; and conſe- 
quently (by theg. 5.) DE and EG are equa]. 
ater the fanie manner DF may, be prov'd equal 
01G, and conſequently (by the 8. 1) the tri- 
ngles DEF and GEF are cquiangular. Bur the 
angie 


— OS = OS = 
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angle GEF was made equal to B, therefore the 
angle DEF is equal to the angle B) and rhe an- 


gle DEE to the angle C; and conſequently, the l, 
triangles ABC and DEF are equiangular. -n 
PROPOSITION VI. _ 
A Turornw. 
Triangles, which have each one of their angles e- 
qual to one of the other, awd the ſides contain- } 4 


ing that angle proportional, are equiangular. 


| FF the triangles ABC arid DEF (ſee fp. preced,) 
| - have the angles B and E equal, and the fide 
| AB has the ſame proportion to BC as" DE to 
'Þ EF, the triangles ABC and DEF will be cqui- 
'8 angular. Make the angle FEG equal to thean- 
| ple B,and the angle EFG equal to the angle C. 
Demonſtration. 

The triangles ABC and GEF are equian- 
gular, (by Coroll. 2. of the 32.1.) therefore AB 
has the ſame proportion to BC as GE to EF, 
(by the 4, ) Bur as AB to BC, fois DE to EF; 
therefore DE has the ſame proportion to EF as 
GE to the fame EF; and therefore ( by the 9. 

*5.) DE and EG are equal ; and the triangles 
DEF and GFE, having the angles DEF and 
GEF, each cqual to the angle B, and the = 

'F 


he 
he 
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«ck _ - equal, with the fide EF common 

to both, will be equal in all reſpeQts, (by the 4: 

1.) therefore they will be equiangular ; and the 

the triangle EGF being equiangular to ABC, 

the triangles ABC and DEF are equiangular. 
The Seventh Propoſition is of no uſe. 


———— 


PROPOSITION VII: 
A Taunzors mn. 


A jerpendicular drawn from the right angle of 
a refangular triangle to the poets fide di- 
vides the triangle into two others ſumilay to it. 


B | T* the perpendicular BD be 

drawn from the right angle 

X8C to the oppolite {ide AC, it 

AD C Vill divide the rectangular trian- 

gle ABC into two triangles 

ADB and BDC, which will be ſ{imilar, or equi- 
angular to the triangle ABC. 

Demonſtration. 

The triangles ABC and ADB have the fame 
angle A, and the angles ABC and ADB right 
angles, therefore they are equiangular, | by Co- 
roll, 2. of the 32.1.) In like manner the trian- 
gles BDC and ABC have the angle C common: 
to both, and the angles ABC and BDC right 
angles ; therefore they alſo are equiangular. 

'There- 


— ——— 
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Therefore the triangles ABC, BDC, and ADR, 


are {imilar triangles: 


The USE. 

© By the help of this Propoſition inacceſſible 
© diſtances may be meaſured by a Carpenter's 
© Rule. As 4 example, if I were to meaſure 
© the diſtance DC; having drawn the perpen- 
* dicular B D, and placd my ſquare upon the 
* point B in ſuch a manner, that by one of its 
© tides BC I could obſerye the point C, and by 
© the other the point A: *tis evident, there 
* would be the fſanie proportion of AD to DB, 
* as of DBro DC. Therefore multiplying DB 
* by its ſelf, and dividing the product by AD, 
* the Quotient would be DC. 


WY — — 
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PROPOSITION IX, 


A PxOEnLE n. 
Of a line given, to cut off what part you pleaſe. 


Et the line propos'd be 
E, SE: AB, from which you de- 
G fire to take away three fifth 
parts. Make an Angle ECD, 

DP” and bpon one of its {ides a 
— take hve equal parts, three 0 
A B which ſhall 2 enkbed in 
| CF: 


\ 
” 


\ 
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CF: then taking CE. equal to AB, draw the: 
line DE, and another-parallel to that FG : | the 
line CG will contain three 6frb parts of CE ori 
AB. © ©, 1Demonſtration. ' 

In the triangle ECD, FG being parallel to: 
the baſe DE, CF will have the fame propor- 
tion to FD as CG.to GE, {bythe 2.) and. com- 
pounding them, {by the 18, 5.}.CE will chave 
the ſame proportion to CG as. CD ro CF ; : and, 
(by the Coroll. of the 16. 5.) OG will, have the 
ſame proportion to CR as CF to CD. - Bur.CF 
contains three fifths ..of CD, therefore CG will 
contain three fifths of CE or A3, .. 


PROPOSITION. Xx. 


A TxoBLEM: 


To divide @ line after the ſame manner as ano- 
ther line given is divided. . 


F you would divide 
the line AB after the 
ſame manner as AC is 
divided, make with the 
' two lines the angle CAB 
: of what magnitude you 
d:.-7 L pleaſe ; then draw the 
line BC, . and parallel to 

$ ! 


ir 


—_ 
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will be divided | after the fame manner that AC 
6s. Demonſtration. 

Since in the triangle BAC, HX is drawn pa- 
_—— the baſe BC, fl yr — lides 
AB and AC proportionally, (by the 2.) and the 
rants p;prpc po 

To do this more eafily, you may draw the 
line BD parallel to AC; and transferring the 
= wage aye draw lines from oneto 


pn et a ES 


—_— — 


PROPOSITION XI. 


A PrOBL = M. 


Two lines being given, to find @ third freportional, 


A $... F you would find a third 
} mms proportional to the lines 
DL : ABandRBC, 5z. e. that there 
D may be the ſame proportion 

of AB to BC, as of BC to 

A BS Cc the line ſought; make at 


pleaſure the angle EAC, and 
upon, one of its {ides take 


the lines AB and BC, one immediately after the 


other ; and upon the other {ide take AD equal to 
BC: then draw the line BD, and parallel to it 
the line CE; and the line DE will bethat which 
you ſeck, De- 


ry x. wv 


pe bo => 
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 Demonſtratios, _ 

In the triatigle EAC the line DB is parallel 

to the baſe CE, therefore [by the 2.] thete is. 

the ſame proportion of AB to BC, as of AD or 
dc a DE © 


— 


PROPOSITION. Xl. 
A Paxo2inn. 


Three lines being given, to find a fourth propor- 


tional. 


ET the three lincs pro- 
A B 'N 'd, to Which you are 


d—=x<& to find a fourth rtional, 
D be AB, BC, and DE. Make 
ar pleaſure the angle FAC, 


A B © aqdrake upon AC the lines 

AB and BC, and upon AF 

the line AD equal to DE ; then draw the line 

DB, and parallel to it FC I fay, that DF is the 

line ſought, 5. e. there is the ſame proportion of 

AB to BC, as of DE, or AD to DF, | by the 2. 
Demenſtration. 

In the triangle FAC the line DB is parallel 
ta the baſe FC : there is therefore the ſame pro- 
poten of AB to BC, as of AD to DF, [by 
the t- 


S 2 The 


De Cs 
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The USE. 
* The uſe of the — of Proportion is 
* grounded upon theſe four Propoſitions ; for 
© that Inſtrument teaching us to divide a line as 
© we pleaſe ; to make uſe of the Rule . of Three, 
Y _ the help of Arithmerick ; to extra 
© the Square, voy Cubick roots ; to double the 
© Cube; to meaſure all ſorts of Triatigles; to 
*find the capacity of Superficies's, and the oli- 
© dity of bodies : and to (augment or diminiſh 
* any figure, according to what proportion we 
*delire ; all theſe operations are demonſtrated by 
© the preceding Propoſitions. 


a ww. 2aAX©> X a «4d a 


=_ 


WEL 
PROPOSITION XIE. 


A PrOBLEM. 


Two lines being given, to aſſign @ middle proper- 
tional. 


_ TV b& ww FC rs 


F you defire'a' middle 


IT 
proportional” berween 
/ the lines LV, and VR; 
. having plac'd them fo, 


JED. FP | that they make- bur one 
T V right line LR, divide 
V—R thar linc into two equal 

parts in M; and ba- 
ving 


my 


nw. + = a0 = 2 2 JT, wa. 
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ing deſcrib'd a ſemicircle LTR from the cen- 
ter M, draw the perpendicular VT, which will 
be a midle proportional between LV and VR. 
Draw the lines LT, and 'TR. 


Demonſtration. 


The angle LTR, being deſcrib'd in a ſemi- 
circle, is a right angle, (by the 31. 3 ) and (by 
the 8.) the triangles LVT and T'VR are fimi- 
lar; therefore there is the ſame proportion of 
LV to VT in the triangle LVT, as of VT wo 
VR in the triangle TVR, (by the 4.) there- 
fore VT is a middle proportional berween, LV 


and VR. 
The USE. 


* By this Propolitiew any reftangular Paral- 


3 


* lelogram may be reduc'd to a Square. For ex- 
* ample, in the ReQtangle contain'd under LV 
*2nd VR, the fquare of VT is equal 'to the 
* Reftangle under LV and VR; as1 all here- 
© after demonſtrate. 
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* 
PROPOSITION XIY. 


A Turoks n. 


Equal equiangular Parallelograms have their 
ſides reciprocal ; and equiangular Parallels 
grams, that harve their ſides reciprocal, are 
equal. , | 


A. P, H FF the Parallelograms L 
% L | a and M be equiangular and 
C——zt equal, their fides will be reci- 
= | procal, z.e, CD will have the 
_ eG fame proportion to DE as FD 
Fi-lG "— to DB. Since they have <&- 
qual angles, they may be ſo joyn'd together, 
that-the fades CD and DE, FD and DB, will 
concur in two right lines, (by the Coroll. of he 
15. I.) producing therefore the {ides AB and 
GE, you compleat the Parallelogram &DEH. 
Demonſtration. 

The Parallelograms L and 4 being equal, 
will have the ſame proportion to the Parallelo- 
gram BLEH. But the proportion of L to BD 
EH, is as the baſe CD to the baſe DE; and 
that of 4, or DFGE, to BBEH, is as the bale 
FD to the baſe DB, - (by the 1.) Therefore CD 
has the ſame proportivn to DE, as FD w DB. 


— 


Vve- 
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Secondly, if rhe Parallelograms L and M be 
uiangular, and have their ſides reciprocal, 
they . will be equal. 


Demonſtration. 


The ſides of the Parallelograms are ſuppos'd 
to be reciprocal, z.e. that there is the ſame 
proportion of CD to DE, as of FD to DB: bur 
as the baſe CD is to DE,fo is the Parallelogram 
L to the Parallelogram BDEH, (by the 1.) and 
as FD to DB, fo is the Parallelogram M to 
BDEH ; therefore L has the ſame proportion to 
BDEH, as M to the fame BDEH ; therefore 


(by the 9. 5.) the Parallelograms L and M are 


equal. 


s 


- 
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PROPOSITION XV. 


A Tazokrsu. 


Equal triangles, that have one angle equal each 
zo the other, have the ſides that form that an- 
gle, reciprocal ; and if thoſe ſides be reciprocal, 
they will be equal. 


A F the triangles F and G, 
/r\ being equal, have the 
a B & .. angles ACb and DCE «© 

E qual, - their ſides that form 
thoſe angles will be reci- 
procal, z.e. BC will have 
the ſame proportion to CE 
as CO to Ca, Place the 

triangles ſo, that the {ides CD and CA may 

make one right line; and then becauſe the an- 

gles ACB and LCE are ſuppos d to be equal, 

BC and CE will alſo make one right line, (3 

Coral. of the 15. 1.) draw the line AE. 
Demonſtration. 

The triangle ABC has the ſame proportion to 
the triangle ACE, 1as the triangle ECL), equal 
to the former, to the ſame ATE, (bythe 7.5 ) 
Bur as ABC to ACE, fo 1s the baſe BC 10 the 
baſe CE, {by the 1.] having both the 1ame 
hight A; and as ECD to ACE, {© is the by 

C 
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CD'to CA, (by the ſame ::) therefore BC has 
the ſame proportion to CE, as CD ro CA. But 
if the ſides be ſuppos'd reciprocal, 5. e. that BC 
has the ſame proportion to CE as CD to CA, 
the triangles ABC and CLE will be equal, be- 
cauſe they will both have the fame proportion to 
A.E K: 


b — —— 


PROPOSITION NVI. 


A 1 un OnmmM. 


If four lines be preporticnal, the reftangle contain'd 
under the firſt and the fourth, will be equal to 
the reftarple contain'd under the ſecond an the 
third. ' jind if the rettangle contain'd under 
the extremes be equal to that een;ain'd under the 
middle terms, the four lines will be propertis- 
nl. 


—_—_—  — 


F the lines A, B, C, D, be 

[ — proportional, 2. e. it as A 
2... <0. B, to C ro D, the reEtan- 
c| Þ | gle containd under the firſt 

A, and the fourth [), will be 


Cr equal ro the rectangle con- 
1 \ tain'd under B and C. 
Demenſtretion. 


he retangles have one angle equal e:ch to 
th* other, becauſe 'tis a right angle in both ; 
their {ides allo are reciprocal ;. theretore they ars 
qual, | by the 14} In 
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In like manner, if they are , their ſide: 
will be reciprocal, z. e. A will fa 
proportion to B as C to D, 


ve the fame 


PY 
A — 


PROPOSITION XVIL 
A I 1 ns OR8 Mm. 


If three lines be proportional, the retangle con- 
rain'd under the firſt and the third, will be equal 
to the ſquare of the middle term. And if the 
ſquare of the middle term be equal to the reft- 
angle under the extremes, the three lines are 
proportional. 


| F the three lines A, B, D, be 
D proportional , the rectangle 
contain'd under A and D will 
= equal to the ſquare of B. Take 
c C equal to B, and there will be 
| the fame proportion of A to B 
as of Cto D ; therefore the four 
lines are proportional. 
Demonſtration. 

The rectangle under A and D will be equal 
to that under B and C, (by the preceding) but the 
laſt rectangle is a ſquare, the lines B and C be- 
ing equal : therefore the reftangle contain'd un- 
der A and D is cqual to the ſquare of B. 

In like manner, if the reQtangle under A _ 


 » a PW 5 


- 
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D be equal to the ſquare of B, A will have the 
ſame proportion to BasCtoD : and Band C 
being equal, A will have the ſame proportion to 
B, as B to D. 


The USE. 

* By theſe four Propolitions may be demon- 
* ſtrated that Rule in Arithmerick, which is com- 
* monly call'd the Rule of Three ; and confe- 
* quently, the Rules of Fellowſhip, of Falſe, and 
*all thoſe others that depend upon t roportion. 
* For example, Suppoſe Three numbers given, 
*A8, B6, and C 4, and it be requir'd to find 
a fourth proportional number ; which taking 
* as found, 1 will call D. The reQangle then 
* contain'd under A and D, is equal to that un» 
*der Band C. But I may have this latter rect- 
* angle by multiplying B by C, 5. e. ſix by four, * 
*the produ& will be twenty four ; therefore the 
rectangle contain'd under A and D is alto 
* twenty four; and therefore dividing that num- 
' ber by A, which is 8, the Quotient three witt 
* be the number ſought. 
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PROPOSITION XVII. 


A PROBLEM, 
To deſcribe a Poon ſemilar to another ut'on « 


ne grven, 


Er AB be the line 
aſlign'd, upon 
which you are requird 
F to deſcribe a Polygon 
{imilar ro the Polygon 
CFD: ; and having divided the Polygon CFDE 
into triangles, upon the line AB make a triangle 
ABH fmilar to the triangle CFE, 5. e. makethe 
angle ABH equal ro.the angle CFE, and BAH 
equal ro FCE, for then the triangles ABH and 
CFE will be equiangular, | by Corol.2. of the 52. 
I.) Make alto upon the line BH a triangle 
equiangular ro FDE. 
Demonſtration. 

Since the triangles, which are part of the 
Polygons, are equiangular, the two Polygons are 
equiangular, Further, fince the triangles ABH 
and CFE are equiangular, AB will have the 
ſame proportion ro BH as CF to FE, | by the 4] 
In like manuer, the triangles HBG and EFD 
being equiangular, BH will have the fame pro- 
portion to EG as FE to FD: and by equality, 


(accord- 
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[according to defin. 18. 5.) AB will have the ſame 
proportion to BG, as CF ro FD. Andthe ſame 
may be ſaid of all the other ſides. Therefore (by 
defn. 1.) the Polygons are ſimilar. 

The USE 


© Upon this propoſition is grounded the: great- 
* eſt part of Prattical Geometry, thot relates to 
* the railing the plane of any place, as of a 
© building, keld, foreſt, or a whole Country, For 
© having divided a line into equal parts, to an- 
fer the feet or 'yards contain'd in the plane, 
* you may deſcribe a figure {imilap- to;; but leſs 
* than the Original, in which you may ſee the 
* proportion of all its lines. - And having by: ex- 
* perience _ it _ my ealie' to travel 
p , than to take a tedious journey ei- 
th by tad or water, - this propolttion- will- 
* likewiſe afford vs aſliſtance in this reſpect, in-- 
' forming us in almoſt all the parts of Geodcſia, 
* and Chorography ; and giving Inſtructions how 
*to compole Geographical' Charts, and Maps ; 
* which are nothing elſe but methods. of redu- 
* cing great figures to ſmall. Further, the uſe of 
© this rropolition extends it ſelf ro almoſt all 
* thoſe Arts, that require the deſign and model of 
* their works before-hand. 
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PROPOSITION KIX. 


& Tm ooenm 


Similar treangles are in tbt duplicate proportion of 
ther nt —. ſaaes. my , 


A or the triangles ABC and 
7 DEF be {imilar or <qui- 
angular, they will be in the 

TC BF duplicate proportion of their 
RC liides BYq, EF, 

+. e. the ion of the triangle ABC to the 
iangle DEF will be the PD of the pro- 
portion of .BC to EF ; fo that finding a third 
rtional 'HI to the lines BC and EF, and 
making BC' to have "the ſame proportion to EF 
as EF to HI, the triangle AB\ will have the 
fame proportion to DEF as the line BG to the 
line HI ; which is to have to it a duplicate pro- 
portion, | by defi. 11.5.) Take equal to 

[, and draw the line AG. 

Demonfration. 

The angles B and E of the triangles ABG 
and DEF are equal ; and beſides, fince the tri- 
angles ABC and DEF are ſimilar, AB will have 
the ſame proportion to DE as BC to EF, [by 
the fred But as BC to EF, fo EF to HI or 
BG; therefore as AB to DE, ſo EF to BG; 


and 
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Goats, the ſides of the triangles ABG 
and DEF being reciprocal, the triangles will be 
equal, [by the 15.) And [by the 1.] the triangle + 
ABC has the ſame proportion to the triangle 
ABG, as BC to BG or Hl: therefore the trian- 


gle ABC has the ſame proportion to the triangle 
DEF, as BC to HI. if : 


The USE. 

* Theſe Propoſitions may help to corre&t the 
* error of thoſe, who are apt to imagine ſimilar 
figures to have the ſame proportion as their 
ſides. - For it rwo ſquares, two pentagons, two 
* hexagons, or two circles, be propos'd, and the 
* {ide of the hiſt be double that of the ſecond, 
*the firſt figure will be quadruple the ſecond : it 
*the- fide of the firſt be triple that 'of the ſe- 
*cond, the firſt figure will-be nine times greater 
* than the ſecond. T herefore to make a ſquare 
* triple to another, you muſt ſeek a middle pro- 
* portional between one and three, and you'll 


# nd for the {ide of your triple figure almoſt 14. 
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PROPOSITION XX. 


A. Twsonsn. 


Similar Polygons may be divided mto an equal 
number of triangles, and are in the duplicate 
proportion of therr homologous ſides. 


A | v4. FT the Polygons 
C ts 4 ABCDE and 
B EY GH,LM be imi- 


divided 1nto an e- 
L, - qual number of ſimi- 
$98 lar-triangles, which 
will be the ſimilar parts of their wholes. Draw 
the lines AC, AD, Gl, GL. 


C 


Demonſtration 

Since the Polygons are ſimilar, their angles 

B and H will be equal ; and AB will have the 
fame” proportion to BC as GH to Hl, (by defin. 
I.) therefore the triangles A3C and GHI are 
firailar, (by the 6.) and (by rhe 4.) BC has the 
ſame proportion to CA as HI to GI. * Further, 
becaule CD has the ſame proportion to BC as 
IL to IH, and BC the fame to CA as HI to 
IG ; by equality, CD will have the fame pro- 
portion to CA as IL. to GI, Now the angles 
BCD 


_ 
pf JM lar, they may be, 
| | \ 

DI 
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BCD and HIL being equal, if the angles A 
and GIH, which are equal,be taken from them, 
the angles ACD and G1{L will remain qual. 
Therefore (by the 6.) the triangles ACD and 
GIL will be {imilar. In like manner, *ris eaſe 
to run over all the triangles of the Polygons, 
and to prove them fimilar. 

| add further, that the triangles are in the 
ſame proportion as the Polygons, 

Demonſtration. 

Since all the triangles are {imilar, their (ides 
will be proportional, (by the 4.) but each tri- 
angle to its fimilar is the duplicate proportion 
of the homologous ſides, (by the 19.) therefore 
every triangle of one Polygon to every triangle 
of the other is in the duplicate proportion of its 
lides; whici being the fame, the | wo pro- 
portion mult be the fame ; and there will be 
the fame proportion of each triangle to its fimi- 
lar, as of all the triangles of one Polygon to all 
the triangles of the other Polygon,(by rhe 12.5.) 
i, e. of one Polygon to the other. 

Coroll. 1. Similar Pulygons are in the dupli- 
cate proportion of their tides. 

Coroll. 2.. If three lines be in continual pro- 
_ a Polygon deſcrib'd upon the firlt will 

ave the ſame proportion to a Yolygon deſcrib'd 
upon the ſecond, as the firſt line to the third, 
ie. it will be in the duplicate proportion of 

that of the firſt line to the ſecond, 
T P R O- 
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PROPOSITION XXI. 


A TuroREem, 


Polygons, that are ſimilar t#® another Polygon 
- are ſo alſo amongſt themſelves. __ 


toa third, they will be 
lo alſo betwixt themſelves. 
Fa Joap may each be di- 
vided into as many fimilar 
_— o triangles,as are in a third, 
But triangles ſimiliar to a third, are alſo fimilar 
amongſt themſelves ; - becauſe angles equal to a 
third, are equal amongſt rhemlſelves ; and the 
angles of the triangles being equal, thoſe of the 
Polygons being compounded ot them mult be to 
likewiſe. 

I add, that the fides of the triangles being 
proportional, thoſe of the Polygons muſt be 1o 
allo, becaute they are the ſame. | 


& F two Polygons be ſimilar 
A D 
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PROPOSITION. XXll 
A Theorem, 


Similar Polygons deſerib'd upon four proportional 
lines, are alſo tian for Fe Poly- 
gons be proportional, the lines are ſo too. 


A F. BC has the ſame pro- 
Ji AY | portion to EF as HI ro 

MN, the Polygon ABC 
B CE F yill allo have the fame 
L roportion to the {imilar 
= be" Polygon DEF, as HL to its 
P—— fmilar Polygon MO. Seek 
a third proportional G to the lines BC and EF, 
and to the lines HI and MO another third 
proportional P, (by the 11 ) Since BC has the 
lame proportion to EF as HI ro MN, and. EF 
toGas MN to P; by equality, EC will have 
the fame proportion to G, as Hl to P: and this 
proportion will be the double of that oft BC 
to EF, or HI to MN, 

Demenſtraticn. 

The Polygon*AB_ to the Polygon DEF is 
in the duplicate proportion of that of B- to 
EF, (by the 20.) that is, as BU ro G , and the 
tFolygon HL has theſame proportion ro MO, as 
Hl to P. Therefore. ABC has the ſame pro- 

3 A portion 


288 The Elements of Euclid, 


portion to DEF, as HL to MO. 

' And if the ſimilar Polygons be proportional, 
the lines being in the ſubduplicate proportion to 
them, will be alſo proportional. 

The USE. 
A, B; C, LU, © This Propoſition may be ea- 
2 23 6, 4. © lily apply'd to numbers, if the 
9,43 36, 16, © numbers A, B, C, D, be pro- 
E, F; G, H,' ©portional, their ſquares E, F, 
* G, H, will be fo alſo; which 
© 1s very ſerviceable in Aruhmetick, and more 


* in Algebra. 


PROPOSITION XXII 


A I uns ORB M. 


Equiangular Parall:lograms are ins the proportion 


compounded of the proportions of ther ſudes. 


F the Parallelograms L 
and M be cquiangular, 
the proportion of L to M 
will be compounded of that 
of AB to Dt, and that oi 
ED to DF. Joyn the Par 
| rallelograms, ſo that their 
ſides Bi) and DF may make bur one right line, 
asalſfo CD and DE another; which, the = 


The Sixth. Book. 28g 


rallelograms being equiangular, may be done, 
[by the Corll. of the 15. 1.] and compleat the pa- 
rallelogram BDEH. 

Demonſtration. 

The parallelogram L has the ſame proporti- 
on to the parallelogram BYEH, as the bate AB 
to the baſe BH or DE, | by the 1.] and the paral- 
lelogram BDEH has the ſame proportion to the 
parallelogram DFGE, #z. e. M, as the baſe BD 
to DF. Bur the proportion of the parallelo- 

ram L to the parallelogram M is compounded 
of that of L to the parallelogram BDEH, and 
of that of BDEH to the parallelogram M. 
Therefore the proportion of L to M is com- 
pounded of that of ABto DE, and that ot BD to 
UF, For example, iet AB be 8, Di 5, BD 4, 
DF 7; and make as 4 to 7, ſo 5 to 82; by 
which means you will have three numbers, 8, 5, 
and 84, 8 to 5 being the proportion of the pa- 
rallelogram I ro BDEH, which is thar of Ab ro 
DE; and 5 to 8; that of the parallelogram 
BDEH to M. 1 aking away therefore the mid- 
dle rerm five, there will remain 8 ro $£ tor the 
proportion compounded of the rwo. 


FN 
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PROPOSITION XXIV. 


A 1l x zxorn wm. 


In all Parallelograms, thoſe through which the d+ 
ameter paſſes, are ſimiliar to the great one. 


A E_B CUypoſe the diameter of the 
rarallelogram AC paſs thro? 
& the Parallelograms EF, GH: I 
Ki—C lay they are {imilar ro the Paralle- 
cogram AC, 
Demunſtration, 

The Parallelograms AC and EF have the 
ſame angle B: and becauſe nn the triangle BCD, 
IF is parallel to the baſe DC, the triangles 
BFI and BCD are equiangular. Therefore | 5y 
the fourth BC has the fame proportion to LD 
as BF ro FI, and conſequently the {des are in 
the ſame proportion. In like manner IH being 
parallel to BC; DH will have the fame propor- 
tion to HI as DC to BC; the angles are allo 
equal, all the ſides being parallels : therefore 
7 defin. 1. | the parallelograms EF and GH are 
{1milar»to the parallelogram AC, 

| The USE. 

*I have made uſe of this Propoſition to de- 
* monſtrate the 10th Propolition of my laſt Book 

| * of 


The Sixth Book. 291 


* of PerſpetFives, where I have ſhewn a way to” 
*draw an Image {1milar to the Original, by a pa 
* rallelogram compos'd of four Rules. 


———_— 


PROPOSITION XXV. 


A PrOB LEM. 
To deſcribe a Polygon ſimilar to one Polygon given 


S 
and equal to another. 


[A\ F you delire to de- 

/*\ /o\ ſcribe a Polygon e- 

[P D| c| qual to the reCtilineal A, 
E, = 


Q@ 


and ſfmilar to the Poly- 

on B, make a paralle- 

logram CE equal to the Polygon B, | by tbe 44. 

Jo upon the line DE make another gent 

lelogram equal to the reCtilineal A, [ by the 45. 

1.) Then find a middle proportional GH be- 

tween CD and DF, [ by the 13.] Laſtly, make 

upon GH a Polygon O,fimilar to B, [ by the 18. ] 
which will be equal tothe reCtilineal A. 

Demonſtration. 

Since CD, GH, and DF, are in a continual 
proportion, the rectilineal B deſcrib'd upon the 
tirſt, will have the ſame proportion to the recti- 
lineal O deſcrib'd upon the ſecond, as CD to 
Dt, [by cgroll.. 2. of the 20.) But as CD to DF, 
lv is the parallelogram CE to FE, ar Bro A, ' 

T 4 which 


_ _ 
es 


— oP 
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which are equal to them. Therefore B has the 


ſame proportion to O as B to A, and conſe 
quently, | by the 9. 5.] A and © are equal. 


The US E. 
* This propolttion teaches how to change one 
* figure for another, reraining till its equality to 
*a third ; which is very uſetul in Practical Gew 
© metry, for the reducing all gu: es to ſquares. 


ah. 


PROPOSITION XXVI. 
A lnrzoxkzsn. 


If im one angle of a parallelogram you deſcribe a 
4 leſs, ſimilar to the forms th diameter of the 
greater will fall upon the angle of the leſs. 


A F in the angle D of the pa- 


B 
: tx {-/ / I rallelogram AC you de- 
415 ſcribe a lefler parallelogram DG, 


fimilar ro the other, the diame- 
oe ter BG will paſs by the point G. 
For if it do not paſs by that point, ſuppoſe it 
then to paſs by the point I, and ro make the line 
BID. Draw the line IE parallel ro HD. 


| Demonſtration. 
'The parallelogram DI would te ſimilar jo 
, ; the 


The Sixth Book, © 293 


the parallelogram AC, ( by the 24.) But the 
parallelogram DG is alſo ſuppos'd {milar to it, 
therefore the parallelograms DI and DG would 
be ſimilar, which is impoſſible ; for ſo HI would 
have the fame proportion to IE or GF, as HG 
to the ſame GF ; and (by the 9. 5.) the lines Hl 
and HG would be equal. 


PROPOSITION XXX. 


A PrRoBLEM. 
To divide a line according to the extreme and 


middle proportion. 


—— ET AB be the line pro- 
A C B pos d tobe divided —_ 
| ro the extreme and middle 
proportion, 5. e. ſo, that AB may have the ſame 
proportion to AC as AC to CB. Divide the line 
AB (by the 11.2.)fo, that the rectangle contain'd 
under AB and CB may be equal to the ſquare of 
AC. Demonſtration. 

Sincexthe reftangle under AB and CB is e- 
qual to the ſquare of AC, AB will have the fame 
proportion to AC as AC to CB, (by the 17.) 


The USE. 
© This propoſition is neceſſary in the Thir- 


* teenth Book of Euclid, for the finding the oor" 
*O 
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* of five regular bodies. And Friar Lucas, of the 
* Holy Sepulcher, has cumpos'd a whole Book 
* concerning the properties of a Line divided ac- 
* cording-to the extreme and middle proportion. 


_—- — — 


PROPOSITION XXX[. 
A T un ORE MM. 
A Polygon deſcrib'd upon the baſe > a rettangu- 


lar triangle, is Cqual to the two ſimilar Polyguns 
deſcrib'd upon the other fides of the ſame tri- 
avghe. 


T* the angle BAC of the 


A. 
triangle ABC be a right 
\7/ IT angle, the polygon -D, de- 
B © {cribd upon 1ts baſe BC, will 
/ be equal to the,two f1milar po- 
lygons F and E delcrib'd upon 
the lides AB and AC. 


Demonſtration. 

"The polygons D, E, and t, are amongſt them- 
ſelves in the duplicate proportion of- their ho- 
mologous (ides BC, AC, and AB, (by the 29,) 
and if ſquares were deſcrib'd upon the fame 
ſides, they alfo would amongſt themſelves be in 
the duplicate proportion of their {ides; but | 5 
the 47. 1.] the {quare of BC would be equal to 


the 
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the ſquares of. AC and AB : therefore the poly” 
gon D deſcrib'd upon the baſe BC, will be equal 
to the ;milar polygons E, and F, deſcrib'd up- 
on AB and AC. FJ 


The USE. 
*This propoſition is made uſe Cf to augment 

* or diminith all manner of figures, being more 

* univerſal than the 47. 1. which yet is exceed- 

* ing uſeful, in as much as almoſt all Geometry is 

* grounded upon that principle. | 

The 3%. Propoſition 1s uſeleſs. 


PROPOSITION XXXII. 


A TaxnroReEmM. 


In equal circles, the angles as well at the center as ' 
circumference, as alſo the ſettor, are m the ſame 
f oportion as the arches upon which they ſtand. 


F the circles 


þ NJ Es and 

N) UZD) — 
C 

& Hl 


A will have the 
KL ſame proportion Aa 

to the angle 510 
DEF as the arch AC to the arch DF. Sup- 
pole AG, GH, and HC, to be equal arches, 


and 


296 The Elements of Euclid. 


and conſequently the aliquot parts of AC; and 
let DF be divided into as many parts, equal to 
AG, as it contains; and draw the lines EI, EK, 
and the reſt. Demonſtration. 

All the angles, ABG, GBH, HBZ, DEI, 
TEK, and the reſt, are equal, (by the 27. 3.) 6 
that AG, an aliquot part of the arch AC, will 
be contain'd in the arch DF, as oft as the angle 
ABG, an aliquot part of the angle ABC, is 
contain'd in the angle DEF ; theretore the arch 
AC will have the ſame proportion to the arch 
DF, as the angle ABC to the angle DEt. And 
becauſe N and Q are the halves of the angles 
ABC and DEF, they will be in the fame pro- 
portion as theſe : therefore the angle N has the 
lame proportion to the angle O, as the arch AC 
to the arch DF. 

] he ſame holds likewiſe of the Sectors : for 
if you draw the lines AG, GH, HC, DI, IK,and 
'the reſt, they will be equal, (by the 29. 3.) and 
each little ſector will 'be divided into a triangle, 
and a ſegment. But the triangles will be equal, 
(by the 8. 1. ) and the little ſegments will al- 
ſo be equal, ( by the 24. 3.) therefore the whole 
little Seftors will be equal ; and conſequently, 


as many aliquot parts of the arch AC as are con - 


tain'd in the arch DF, fo many aliquot parts of 
the ſector ABC will be contain'd in the ſector 
DEF. Theretore the arch has the ſame propor- 
tion to the arch, as the ſector to the ſector. 


THE 


| COIN! | 


” Lo - - La - - - - - - - - A - 
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THE ELEVEN TH BOOK. 
OF THE 


ELEMENTS 


Las C LID. 


: TY Book eſtabliſhes the firſt principles re- 
c 


lating to ſolid bodies ; infomuch that it 

*is impoſſible ro know any thing certainly con- 
* cerning the third ſpecies of quantity, withour 
* underſtanding what is herein taught. Upon 
* which account the knowledge of it is abſolute- 
*ly neceflary to a through in{1ght into the great- 
* eſt part of Mathematical 'Treatifes. In the firſt 
* place, the DoCtrin of the Sphere deliver'd by 
* Theodofius does ſuppoſe a perie&t knowledge 
* of the whole. In like manner She: ical Trigo- 
* nometry, the third part of Practical Geometry, 
* divers propolitions of Sraticks and Geography 
*are built upon the principles of Solids 1 he 
* main difhculties in Gnemencks, Conick Se- 
* 6F10ns, 


298 The Elements of Euclid. 
* ons, and the Tradts concerning the cutting of 
* pretious Stones, ariling chiefly | their emi- 
© nencies and rais'd parts, not eafily repreſented 
© upon paper, and their being contain'd under 
* many ſuperficies, are render'd intelligible and 
* eafie by the previous knowledge of rhe dodtrin 
© of Solids. 

* I have omitred the ſeventh, eighth, ninth, 
© and tenth Books of the Elements of Euclid, be- 
* ing of little or no uſe in any part of the Ma 
© thematicks. And [ have oft wondred how they 
* obtain'd a place amongit the Elements, fince 'tis 
© evident Euclid compil'd them for no other end, 
© but to ſettle the Doctrin of Incommenſurables; 
© which being little better than a vain curioſity, 
© ought not to be recciv'd into the Books which 
© treat of the Firſt Principles of the Science, bur 
© to make a particular Treatiſe by its ſelf. The 
* ſame-may be ſaid of the thirteenth Book, and 
© thoſe that follow it. And theretore 'tis my 0 
'© pinion, that almoſt all parts of the Marhema- 
* zicks may ſufficiently be underſtood by the help 
* of theſe eight Books of the Elemenrs of Ew 
© olid, 
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DEFINITIONS. 


ol Solid body is a 
A quantity, nd hath 
length, breadth, and depth, 
or thickneſs. *As the - 
* gure LT, whoſe length is 
« NX, breadth NO, and thickneſs LN. 
2. The extremes or terms of a ſolid body are 
ſuperhicies's. 


A 3. A Line is right, or perpen- 
5 dicular to a plane, when 'tis per- 
pendicular to all the lines, which 

it meets in the plane. * As the 


© line AB will be right to the 
* plane CD, if it be perpendicular ito the lines 
'CDand FE, which being drawn upon the 
| plane CD, paſs by the point B, fo that the 
U angles ABC, ABD, ABE, and ABF, are right 


&angles. 


D : 4 One plane is perpendicular 
A ro another, when a perpendicular 
line drawn upon one of them to 
c 
B 


the common leCtion, is alſo per- 
pendicular to the other. 

* We call the line that is com- 

* mon 
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* mon to both the planes the common ſeCtion of 
* the planes : As the line AB, which is as well 
© in the plane AC, as in the other AD. If there 
' fore the line DE, drawn on the plane AD, 
; perpendicular to AB, be alſo perpendicular to 

plane AC, the plane AD will be right to the 


* plane AC. 2 
5. If the line AB be not per- 


A 
\ pendicular to the plane CD, and 
trom the point A a perpendicular 
be drawn to it AE, and alfo the 
D line BE; the angle ABE is the 

Inclination of the line AB to the plane CD. 

6.. I he Inclination of one 
plane to another, is 2he acute 


v D angle form'd by the two per- 

5 pendiculars drawn upon each 

lane to their common ſection, 

© As the Inclination of the plane AB to the plane 

© AD, is nothing elſe but the angle BUD, 

© form'd by the lines BC and CD, drawn upon 

* the two planes, perpendicular to their common 
© ſection AE. 


7, Planes are inclin'd after the ſame manner, 
if their angles of Inclination be equal. 

8. Planes are parallel, if being continu'd as 
far as you pleaſe, they (till rerain the ſame dr 


ſtance one from the other. 
9g: Solid figures are fimilar, which are con- 


tain'd within, or terminated by, an equal num- 
but 
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ber of ſimilar planes ; as two Cubes. © This 
* defifnition does not agree to thoſe figures, 
©* whoſe ſuperhcies's are crooked ; as the Sphere 
**the Cylinder, and the Cone. 

10. Equal and fimilar ſolid 6gures are con» 
tain d within, or terminatsd by, «n equal num- 
ber of equal and fimilar planes. © Inſomuch, 
* that it they were ſuppos'd to penetrate each 
* otter, meither of them would exceed, having 
* their ſides and angles equal. 

1t. A fold angle 1s the con- 
courſe, or inclination, of dizers 
lines, in different planes. * As the 
© concourſe of the lines AB, AC, 
*-nd AD, which ere in different 
* planes. 

1%. A Pyramid is a foiid figure, terminated, 
by triangles, whoſe bates are in the ſame plane. 
* As the hgure BCD. 

12. A Parallelpipedon is a ſolid figure con- 
tain'd within (ix quadilateral planes, of which 
the oppoſites are paralle]. < 

14. A Priſm is a folid &t- 
cure, having two parallel planes 
lmilar arid equal, and the 0- 
thers Parallelograms. © As the 
* hgure AB. Irs oppoltte planes 
* may be } olygons. 

"15. A Sphere is a foud figure, rerminated 
by one only fuperhctes . Iran whica divers 

In lnes 


45 
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lines being- drawn to a point in the middle of 
the figure, they will be all equal. * Some de- 
* fine a Sphere by the motion of a ſemicircle, 
* turn'd about upon its diameter, which remains 
* immoveable. 

16. The Axis of a Sphere is that immove- 
able line about which the ſemicircle is turn. 

17. The Center of the Sphere is the fame 
with that of the ſemicircle, by whoſe motion ir 
is made. 

18. The Diameter of a Sphere, is any line 
whatſoever paſling through its center, and ter- 
minated at the ſuperficies. 

19. If a line, immoveable at one of 

its points, taken above the plane of a 

circle, be mov'd about the circumfe- 

rence, it will deſcribe a Cone. © As if 

the line AB, being fix'd at the point 

*A, be mov'd about the circumfe- 

© rence BD, it will deſcribe the Cone ABED. 

©'The point A will be its ſurnmity or vertex, 
© .nd the circle BED its bale. 

20. The Axis of a Cone, is the line drawn 
from the vertcx to the center of the baſe. *© As 
@ AC. 


21. If a line be mov'd about the 

circumterence of two parallel cir- 
cles, fo that it remains always parallel 
to 2 line drawn from the center ot 
"ne of the circles to that Cf the 0- 
ther, 
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her, 4. e. the Axis, it will deſcribe a Cylinder 

22. Cones are ſaid to be right, when the 
Axis is perpendicular to the plane of the baſe. 
Alfo right cones are fmilar, when their axis's 
and the diameters of their baſes are in the ſame - 
proportion. But inclin'd cones are not ſimilar, 
unleſs they have a third condition ; that their 
_=_ be equally inclin'd to the planes of their 
ba 


——— 


— 
— 


PROPOSITION L 


A Tuzrorsn mn. 


Aright line cannot have one. of its parts upon a 
plane, and the other above or below 1. 


th F the line AB be upon the 
I plane AD, it will not, being 
A continu'd, either riſe above or 
fall below ir, but all its parts 
D will lie upon the ſame. For it 
it be poſſible that BC cin be a part of AB con- 
finued, draw upon the ſame plane AD the line 
BD perpendicular tro AB, and allo B= perpen- 
 dicular to £ D upon the ſame. 
Demonſtration. 

The angles ABD and UBE are two right an- 
gles; theretore (by the 14 i) AB and BE 
make but one right line, and conſequenity BC 


71S 
s 4 
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is no part of the line AB continued : otherwiſe 
two right lines CB and EB would have the fame 
part AB in common, which is repugnant to the 
13. Axiom of the firſt Book. 
The USE. 

© Upon this Propolition is built a principle in 
* Gnomonicks, by which we prove, that the ſha- 
© dow of the Style cannot fall out of the plane of 
* a great circle,. in which is the Sun. For the 
© extremity of the Style being taken for the cen- 
* tre of the heavens, and conſequently of all the 
greater circles, and the ſhadow being always in 
*a right line of a Ray drawn from the Sun to 
* the opacous body, and this ray being in the 
© plane of this great circle, the ſhadow mult be 
© lo likewile. 


PROPOSITION HI. 


A TuzOREmM. 


Lines that cut each other, are in th: ſame plane, 
as- are alſo the parts of a triangle. 


D E F the two lines BE and CD 
cut each other at the point A, 

A and a triangle be form'd by 
drawing the baſe BC; I fay, all 

B, AC the parts of the triangle ABC 
are 
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are in the ſame plane, and alfo the lines BE and 
CD. 
Demonſtration: 


It cannot be ſaid that any part of the triangle 
ABC is in a plane, and another part of the 
lame triangle not in the ſame, but it muſt be al- 
ſo affirm'd, that one part of a right line is in a 
plane, and another part of the ſame line is not 
in the ſame plane z which is contrary to Prop. 1, 
And becauſe the {ides of the triangle muſt be in 
the ſame plane in which is the triangle, the 
lines BE and CD will be alfo in the ſame plane. 


The USE, 


* This Propoſition ſufficiently determines a 
* plane, by the concourſe of two right lines, or by 
*atriangle. Ihave alſo made ule of it in Op- 
* ticks, to prove that objective parallel lines, 
* which meet upon a 'Table, ought ro be repre- 
* ſented by lines that concur in a point. 


PRO- 
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PROPOSITION II 
A Tutors. 


The common ſe&tjon of two planes is one right line. 


J* the planes AB and CD 
cut cach other, their com- 
mon ſection EF will be one 
right line. For if not, take 
B two points common to both 

planes, as EandF; and draw 
a right line from the 'point E to 'the point F 
upon the plane AB, which ſuppoſe to be EHF. 
Lraw likewiſe upon the plane CD a' right line 
from the fame point Eto F; and if it be not 
the ſame with the former, ſuppoſe it to be EGF. 

Demonſtration. 

Theſe lines drawn upon two planes are two 
difterent lines, and encloſe ſpace ; which is con- 
trary to' the 12: Axiom of the r. Therefore 
they will make bur one right line, - which being 
in both the planes will be their common {c- 
ction. Ft OY 


2 
G E 


The USE. 
* This isa fundamental propoſition,ſuppos'd in 
© divers parts of the 2athematicks, though 1 
* be not always quoted: Particularly, 'it is ta* 


© ken for granted in Gnomonicks,when the hour- 
| | - lines 
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lines are repreſented upon Dials, by marking 
only the common ſection of their plane, and 
* that of the wall. | 


— 


PROPOSITION. Iv. 
'A TnunoRksmmnm. 


fa line be perpendicular to two others that cut 
each other, it will be alſo perpendicular 10 the 
plane of the ſame lines. 


A F the line ABbeperpendi- 

DJ I cular to the line CL and 
WP EF, which cut each orher at 
FAVE the point B, fo that the an- 
— > | gles AEC, ABD, ABE, and 
F ABF,be right angles, {which 
c:nnot conveniently be repreſented upon a 
plate,) it will be alfo perpendicular to the 
platie of the lines CD and EF, 4. e. to all the 
lines rhat ſhall be drawn upon the ſame planc 
through the point B; as, for example, the lin 
GBH. Let the lines BC, BD, BE, and BF, be 
equal, and draw the lines EC, DF, AC, AULAE, 
AF, AG, and AH. 

Demonſtration. 

The four triangies ABC, ABD, ABE, and 
ABF, have each a right angle at the point B ; 
and the ſides BC, BD, BE, and BF equal, with 

uU 4 t];e 
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the ſide AB common to all. Therefore their 
baſes AC, AD, AE, and AF, are equal, (by 
the 4.1.) 

2. The ttiangles EBC and DBF will be in 
all reſpects equal, having their ſides BC, BD, 
BZ, and BF, equal; and the angles CBE and 
DEF, being oppos'd at the top, equal : there- 
fore the angles BCE, BUF, BEC, and BFD, 
will be equal, (by the 4. 1.) and allv the baſes 
EC and DF. 

3. The triangles GB_, and DBH, having 
the oppolite angles CG, and DEH, equal ; as 
allo the angles BDH, and BCG ; and the ſides 
BC and Bi); the fides By and BH, CG and 
DH, will be alſo cqual, (by the 26. 1.) 

4 The triangles ACE and AFD, having the 
ſides AC, AD, AE, and AF, equal,and the ba- 
jes EC and DF allo equal; the angles ADF and 
ACE will be cqual, (by the 8. 1.) 

5. The triangles ACG and ADH have the 
ſides AC and AD, CG and DH equal, with 
the angles ADH and ACG; therefore their ba- 
ſes AG and AH are equa). 

Laſtly, the triangles ABH and ABG have 
all their ſides equal ; rherefore-(by the 8. 1.) the 
angles ABG and ABH will be equal, and the 
line AB perpendicular ro GH, Accordingly the 
line AB will be perpendicular to any line drawn 
through the point B upon the plane of the 
lines CD and EF, waich I call being perpendi- 
cular to their plane. The 
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Ir The USE, 

j ©'This Propofition occurs very oft in the firſt 
© Pook of Theodoſius: for example, to demon- 

1 WM frate that the Axis of the. world is perpendi- 

, MI cular to the plane of the Equine&#ial. In like 

* manner in Gnomonicks, 'tis demonſtrated by 


* this propoſition, that the Equinoial line in 
* Horizontal Diels is perpendicular to the Me- 
© ridian. Nor is it leſs uſeful in other Marhe- 
* matical Treatiſes ; as thoſe concerning Aſtrg- 
* labes, and the cutting of precious ſtones, 


PROPOSITION V. 


A 1nrokeM. 


if a line be perpendicular to three others, which 
cut each other at the {ame point, they will be all 
three in the ſame plane. 


A F the line AB be perpendicu- 

F [| lar to three lines BC, BD, and 

V, BE, which cut each other at the 
[= ſame point B, the lines BC, BD, 
- and BE, are in the ſame plane. 
% Suppoſe the plane AE to be that 

of the lines AB and BE, and CF that of the 
lines BC and BD. If BE be the common fe- 
Alon of both the planes, it will be in the plane 


of 
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of the lines BC and BD, as was aflerted : but i 
B* be not, let EG be their common ſeQion, 
Demonſtration. 

AB is perpendicular to the lines BC and BD, 
therefore it 15 perpendicular to their plane CF, 
(by the 4.) and (by Defen. 3.) AB will be perpen- 
dicular to BG, Bur it is alſo ſuppos'd perpen- 
dicular to BE ; therefore the Angles ABE and 
ABG are right angles, and conſequently equal, 
though one be part of the other. Therefore 
the two planes can have no other common ſedi- 
on but BE, BE is therefore in the plane CF, 


| —_— IE mom_ 


PROPOSITION. VI. 


A TruzoRe mn. 
' Lines that are perpendicular to the ſame plant, 
| are parallel. 


the lines AB and CD de per- 

pendicular ro the ſame plane 

EF, they will be parallel. "Tis e- 

vident, that the internal angles 

ABD and BDC are right angles; 

but that is not enough; it re- 

mains to be prov'd, that AB and CD are in the 
fame plane. Draw DG perpendicular to BD, 
and equal to AB; draw alto the lines BG, AG, 


and AD. 
_ 
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Demenſtr ation. 
The triangles ABD and BDG have the ſides 
AB and DG equal, and BD common to both : 


BD, WY and the angles ABD and BDG are right angles, 
CF, therefore their baſes AD and EG are equal, (by 
zen-M the 4. x.) Further, the triangles ABG and 
ven-  ADG have all their fides equal :- therefore the 


and I angles ABG and ADG are equal ; and ABG 
ual, © being a right angle, becauſe AB is perpendicu- 
fore I lar to the plane, ADG is alſo a right angle. 


Therefore the line DG is perpendicular to three 
lines CD, DA, and DB, which conſequently 
are in the fame plane, (by the 5.) bur the line 
AB is in the plane of the lines AD and DB, (by 
the 2.) theretore AB and CD are in the Game 
lane. 

, Coroll. T'wo parallel lines are in the ſame 
plane. £3 
| The USE. 

© By this propolition we demonſtrate, that the 
* hout-lines, in all planes that are parallel co the 
© Axis of the World, as the Polars, Meridional, 
*and others, are parallel among themlelyes. 


PRO- 


212 The Elements of Euclid. 


PROPOSITION VI. 


A Tnurorsnww, 


A line arawn from one Parallel to another, u m 
the ſame plane with them. 


CD E his line CB, being drawn from 
Ne the point B of the line AB to 
the point C of its parallel CD, is 

A B (lfay) in the plane of the lines AB 
and CD. 

Demonſtration. 

The parallels AB and CD are in the fame 
plane : in which it you draw a right line from 
the point B to the _ C, it will be the ſame 
with CB; otherwiſe two right lines would en: 
cloſe ſpace, contrary to 12, Axiom of the 1, 


mo 


PROPOSITION VII. 
A-Tnrort Mm. 


If one of two parallel lines be perpendicular to 8 
4 plane, the other will be ſo alſo. 


J* of the two parallel lines ABand CD, \ ſee fip. 
prop. 6.] the one AB be perpendicular to the 
plane 
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plane EF, the. other CD will be ſo alſo. | Draw 
the line DB : fince the angle ABD is a right an- 
gle, and AB and CD are ſuppos'd to be parallels, 
the angle CDB will be a right angle, (ly the 29. 
1.) therefore if I can prove, that the angle CDG 
is alſo a right angle, it will follow ( by the 4.) 
that CD is perpendicular to the plane EF. Make 
a right angle BDG, and take DG equal to AB ; 
then draw the lines BG and AG. 


Demori[tration. 

The triangles ABD and BDG have the ſides 
AB and DG equal, with the fide BD common 
to both; and the angles AB) and BDG are 
right angles : therefore (by the 4, 1.) their baſes 
AD and BG are equal. 1 he triangles ADG and 


AEG have all their ſides equal, theretore (by :5e 
8, 1.) the angles ADG and ABG are cqual : 
But the latter is a right angle, becauſe AB is 
luppos'd ro be perpendicular to the plane EF, 
therefore the angle ADG is a right angle; and 
the line DG being perpendicular to the lines 
DB and DA, will be perpendicular to the plane 
of the lines DB and DA, which is the fame in 
which are the parallels AB and CD. Þ hcrefore 
the angle GOC is a right angle, (by 2:j72.3.) 


PR O- 
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PROPOSITION IX 


A TuzBorsm. 


Lines, that are parallel to a third, are alſo paral- 
- among themſelyes, though not all in the ſame 
plane. 


A_G_B F the lines AB and CD are 

= &-n parallel to the line EF, they 

aa A = parallel to each other, 

_ though all the three lines be no: 

D in the ſame plane. Upon the 

plane of the lines AB and EF 

draw the line HG perpendicular ro AB; which 

will be alſo perpendicular to EF, | by the Lemm: 

after the 2:6. 1.) In like manner upon the plane 

of the lines EF and CD draw the line Hl per- 

pendicular to EF and CD. 

'Demonſtration. 

The. line EH being perpendiculat to the lines 
GH and HI, is ſo allo to the planes of the line; 
HG and HI, (by the 4.) therefore (by the $,) 
the lines AG and Cl are perpendicular to the 
plane of the lines HG and Hl, and [by he 6., 


parallel ro each other. 
The USE. 
* This propoſition is frequently uſed in Per- 
* ſpectives, to determine the repreſentation ot 
* parallel 
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* parallel lines upon a table ; as alſo in the cut- 
"ting of precious Stones, to prove the fides of 
* the Pannels to be parallel among themſelves, 
* becauſe they are ſo to a line in a different 
* plane. In Gnomonicks likewiſe we are ſome- 
* times obliged to prove, that the Vertical cir- 
* cles ought to be deſcrib'd on Walls by perpen- 
© dicular lines; becauſe the lines, that are the 
* common ſections of them and the walls, are 
* parallel] to a line drawn trom the Zenith to the 
* Nadir, 


ee es 


PROPOSITION X: 


A T x nx oR em. 


If two lines, which concur, are pirallel to two 0+ 
thers 'concurring, of a different plane, they will 
make equal angles. 


A F the lines AB and CD, AE and 

CF be parallel, though they be 

not all four upon the ſame plane, yet 

the angles BAE and DCF will be e- 

qual. Let the lines AB and CD, 

V E AE andCF becqual, and draw the 
lines BE, DF, AC, ED, and EF. 

Demenſtration. 

The lines AB and CT) are ſuppos'd to be 

bath parallel and <£qual, theretore | &; 2br 33. 1. 

te 
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the lines AC and BD are parallel and equal, as 
allo AC and EF ; and | by the preceding | BD 
and EF ar? parallel, and equal, and confequent- 
ly [by the 33.1.] BE and DF will be alſo paral- 
lel and equal. Therefore the triangles BAE 
and DZF have all their {ides equal : and | by the 
8. 1. ] the angles BAE and DCF will be equal. 

Coroll. Many the like Propoſitions might be 
made, which would not be altogether unuſeful : 
as for example, if upon a parallel plane the line 
CD be drawn parallel to the line AB, and the 
angles BCE and DCE be equal, the lines A: 
and CF will be parallel. 


The USE. 
* By this Propolition we demonſtrate, that 


© the angles made by the planes of the hour- 
*circles with a plane parallel to the Equator, 
* are Cqual to the angles made by them with the 
* plane of the Equazor, 
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PROPOSITION XL 


A PrxoBLEM. 


Tod draw a perpendicular to a plane from a point 


given out of the plane. 


C 


pendiculay from the point C 

to the plane AB, draw the line 

?. EF at pleaſure, and CF per- 

pendicular to it, [by the 12. 1.7] 

- And again [by the'11. 1.,Jupon 

the:plane AB draw FG perpen- 

dicular to ED, and CG perpendicular to FG, 

I ſay, CG will be perpendicular to the plane 
AB. Draw GH parallel to FE. 
| Demonſtration. 

The line EF being perpendicularto the lines 

CF and FG, will be perpendicular to the plane 


| þ yoy defire to draw a per- 
A 


CFG, by the 4.7] and HG being parallel to 


EF, will be alſo perpendicular to the fame 
plane, [by the 8.] And b:cauſe CG 1s perpen- 
dicular to the "lines GF and GH, it will be 
perpendicular'to the plane AB, [by the 4 } 


F | - : Ree 
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I 

PROPOSITION XI P 

A Problem. ; 

To draw a perpendicular to a plane through « Y 
9 of the ſame x wo p Y 


F E ih draw a... perpendicular to 
A the plane AB AB through the 


- D point C, draw from the point 
rn E, uken at pleaſure out of the 
plane, the line ED perpendi- 


cular to the ſame plane, | by the 1 i.) Draw alſo 
[by the 31. 1.] CF parallel to DE. CF will be 
perpendicular to the plane AB, [ by the 8.) 


PROPOSITION XII. 
A TmrnzoRsBmM. 


Two lines perpendicular to a plane cannot be drawn 
through the ſame point. 


F the two lines CE and CD, 
drawn _ the ſame point 
C, were ndicular to the 
plane AB, - CF the common 
7 ion of the planes of thoſe 
lines, with the plane AB; the angles m—_ 
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DCF would be both right angles, which is im- 
poſlible. 

I add, that two perpendiculars DC and DF 
to the plane AF cannot be drawn from the fame 
point 5: for-having drawn the line Cf, there 
would be two right angles, DCF and DFC, in 
the ſame triangle, contrary to the 32. 1. 

| The USE. 

©'This Propoſition is neceflary to ſhew, that a 
*perpendicular to a plane was ſufficiently de- 
, Fd, in as much as but one ſuch can be 


© drawn: through the fame point. 


PROPOSITION XIV. 


A TumrOkstgmn. 


Planes, to which the ſame line is perpendicular, 
are parallel. 


F the line AB be perpendicu- 
I lar to the planes ACand BD 
they will be parallel, z. e. they 
will in ail places be equally di- 
ſtant from each other. Draw 
the line DC parallel to AB, [ by the 31. 1. } and 
joyn the lines BD and AC, 

Demonſtration. -. 
AB is 1ppos'd to be perppidicular to the 
X 2 my planes 
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planes AC and BD, therefore the line CD; 
which is parallel to it, will be/alſo perpendicu- 
lar to them, [by the 8 ] and conſequently the 
angles B and D, A and C, will be right angles; 
and [ by the 28. 1.] the lines AC and BD will 
be parallels, and the figure ABDC a parallelo- 

am. Therefore- the lines AB and CD are e- 
qual, [by the 34. 1.] 4. e.the planes in the points 
A andC, B andD. are equally diſtant. Accor- 
dingly the line CD may be drawn through any 
other pvint whatſoever; therefore the planes 
AC and BD are equally diſtant in all places the 
one from the other. | 


The USE. 


* Theodoſius demonſtrates the circles, that have 
* the ſame poles, as the Equator, and the two 
* Tropicks, to be parallel, becauſe the Axis of 
* the World is perpendicular to their planes, 
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PROPOSITION KXIIL 


A Tunorn wm. 


If two lines, meeting at a point, be parallel to two 
lines of another plane, the plan: s of thoſe lines 
will be parallel. 


F the lines AB and AC be 
parallel to the lines DE 
and DF, which are in another 
C plane, the planes BC and FE 
are parallel: Draw Al perpen- 
dicular to the plane BC, [.þ 
the 11.) and Gl and IH parallel to FD and DE- 
they will be alſo parallel to the lines AB and AC 


[by the g.) 
Demonſtration. 

The lines AB and Gl are parallel, and the 
angle IAB is a right angle, Al being perpendi- 
cular to the plane BC: therefore [by the 29. 1.] 
the angle AIG is a. right angle, as alſo the an- 
gle AIH, Therefore | by the 4. the line Al is 
perpendicular to the plane CH ; and being alfo 
perpendicular to the plane BC, the planes BC 
and GH, or FE, will be parallel, by the 14 ] 


D 


X 3 PRO- 
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PROPOSITION  XVL 


A Trurone ww. 


If a plane cut two ethers which are parallel, their 
common ſet}ions will together with them be 


parall.l. 
6G F the plane ABcut two other 
A I a planes, AC and BD; 
I fay, their common ſeQtions 
5 AF and BE will be parallel, 


For if not, being continu'd they 
would at length concur, e. g. at the point G. 
Demonſtration. 

The lines AF and BE are upon the planes 
AC and BD ; and therefore | by the 1.7 can ne 
ver be either above, or below it; therefore if 
they concur at the point G, the planes muſt do 
ſo likewiſe, and conſequently they would not 


be parallel, which is contrary to what was ſup- 


d 
if The US E. | 

© By this Propoſition we demonſtrate, in the 
® Treatiſe of Conick and Cylindrick Sedtions, 
* that if the Cone or Cylinder be cut by a plane 
* parallel to its baſe, the ſeftions are circular, 
© By the fame we deſcribe Aftrolabes ; and 


« prove in Gnomonicks, that the angles, ay 
* the 


” al = i —_ DT 
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* the hour-circles make with a plane parallel to a 
* great circle, are equal to thoſe which they make 
*1n the circle it ſelf ; and again in PerſpedFtves, 
* that the Images of the objeCtive lines perpendi- 
* cular to the table, concur at the point of ſight. 
eir — 


PROPOSITION XVIL 
A TuzoknmMm. 


5 Two lines are divided proportionally by parallel 
wh. planes. 


F the lines AB and CD be 


mY divided by parallel planes, 
A el I fay, AE will have the ſame 
proportion to EB as CF to 


FI. Draw the line AD, 
paſſing through the plane- EF. at the point G : 
Draw alſo AC, BD, tG, and GE. 

Demonſtration. 

The plane of the triangle ABD cuts the three 
planes, therefore (by the 16.) the ſeftions BD 
and EG are parallel ;: and (by the 2, 6.) AE 
has the ſame proportion to EB, as AG to GU. 
In like manner the plane of the triangle ADC 
cuts the planes EF and AC, therefore the leti- 
ons AC and FG are parallel]; and FC has the 
ſame proportion to FD as AG to GD, +. e. as 


AE to EB, 
vY \ &% 4 PRO- 
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PROPOSITION XVIIE 


A Tuzonsu. 


I a line be perpendicular to a plane, all the planes, ' 
in which that line is found, are perpendicular 
ro the ſame plane. 


FF the line AB be perpendicu- 
lar to the plane ED, all the 
planes in which it is found will 

IB Þ\ be perpendicular to the plane 
ED. Suppoſe AB to be in the 

plane AE, having for +a common fſeftion with 


the plane ED the line BE; to which draw a 
perpendicular Fl. 


Demonſtration. 


- The angles ABI and BIF are right angles, 
therefore the lines AB and FI are parallel ; and 
(by the 8.) Fl will be perpendicular to the plane 
ED. Therefore the plane AE will be perpendi- 
cular to the plane ED, (by def. 4.) 
* The ſame may be prov? of the plane AD. 
The USE. 
* The firſt Propolition in Gnomonicks, which 
* may paſs for a Cad one, is built upon 
* this propoſition; which is alſo frequently 
* made uſe of in Spherical Trigonometry, m Per- 
* ſpect ves, 
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 beftiues, and generally in all thoſe Treaties | 
* which are oblig'd to conſider divers planes. 


PROPCSITION XILC 


A TrmEtORE M. 


I two planes cutting each other be perpendicular 
ou por ik therr common ſettion will be per» 
pendicular to the ſame. 


" the planes AB and 
ED, which cur 
each other, be perpen- 
dicular to the plane 
IK, their common fſe> 
Ction EF is alfo per- 
pendicular to the plane 
IK. 
Demonſtration. 

If EF be nor perpendicular to the plane IK, 
upon the plane AB draw the line GF perpen- 
dcular to the common ſeftion BF : and the 
plane AB being perpendicular to the plane IK, 
the line GF will be perpendicular to the ſame 
plane. Draw likewile FH perpendicular to the 
common ſection DF; it will be alſo perpen- 
dicular to the plane 1K. We ſhall have there- 
fore two perpendiculars to the ſame . plane, 
drawn through the ſame point F, (contrary ro the 
I 3. 
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13. Propoſ.) ir muſt therefore be granted that 
EF is perpendicular to'the plane IK. 
The USE. 

©*By iti Propoſition we demonſtrate, that the 
© circle which paſſes through the Poles of the 
© World and the Zenith is the Meridian, and 
© cuts all the diurnal arches into two equal 
© parts; and tharthe Stars ſpend as much time 
© in their motions from their rifings to this cir- 
© cle, as from the circle to their ſettings. 


—c 


PROPOSITION XX. 


YE C——— 


A TarrOkew 


If three plain angles make one / olid one,any two of 
them ought to be greater than the third, 


F the angles BAC, BAD, and 

| JAN CAD, _ the ſolid angle A, 

and the angle BAC be the greateſt 

p_ Oo angle ; the two others, — ro- 

gether, are greater than BAC. 

Suppoſe the angle CAE to be equal to the an- 

gle CAD, and the lines AD and AE to be equal; 
and draw the lines CEB, CD, and BU. 

Demonſtration. 

The triangle CAE and CAD have the fides 

AD and AE equal, and the fide AC common to 

| | both, 


in” DO 


at 
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both, and the angles CAD and CAE equal : 
therefore (by the 4. 1.) their baſes CD and CE 


are equal. Burt the (ides CD and DB are great- - 


er than the fide CB alone, (by the 20. 1.) there- 
fore taking away the equal lines CD and CE, 
the line BD will be greater than BE. Further, 
the triangles BAE and BAD have the ſides AE 
and AD equal, and the ſide BA common, and 
the baſe BD greater than the baſe BE : therefore 
(by the 18. 1.) the angle BAD is greater than 
the angle BAE; adding therefore the equal an- 
gles CAD and CAE, the angles BAD and 
CAD will be greater than the angles CAE and 
BAE, 5s. e. the angle BAC; 


PROPOSITION XXL 
A TuazortM 


All the plain angles, that make one ſolid angle, ave 
leſs than four right angles. 


x the plain angles BAC, BAD, 


D 
and CAD, make the ſolid an- 
gle A, they will be lefs than four 
right angles. Draw the lines BC, 


* B BD, and CD, and you will have 
a pyramid, whole baſe isthe triangle BCD. 
Demonſtration. 


The ſolid angle at the point B, has the an+ 
gles ABC and ABD greater than that of the 
baſe 
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baſe alone CBD. In like mariner ACB and 
ACD are greater than BCD alone, and the an- 
gles ADC and ADB are greater than CDB a- 
lone, But all the angles of the baſe are equal 
to two right angles, therefore the angles ABC, 
ABD,ACB, ACD, ADC,and ADB, are great- 
er than two right angles. And becauſe all the 
angles of the three triangles BAC, BAD, and 
CAD, are equal to fix right angles; taking a- 
way morethan two right angles, there will re- 
main leſs than four,for the angles made at the 
point A. But if the ſolid angle A conlift of 
more than three plain angles, ſo that the bale 
of the pyramid be a polygon, it may be divi- 
ded into triangles ; and the computation be- 
ing made, you will find, that all the plain 


angles which w#ke up the folid one, are al- 
ways leſs than four right angles, 


Tone USE. 
© Theſe two propoſitions ſhew when many 
© plain angles may make up one ſolid one, 
* © which is often neceſſary. in the treatiſes of 
© cutting of Stones, and in the following pro- 
« politions, 


The 22. and 23. Propoſations are of no uſe. 
PRO- 
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PROPOSITION XXIV: 


A TnrzoORtEm. 


If a ſolid body be terminated by parallel planes, 
the oppoſite ſides will be ſimilar and equal pa- 
rallelograms. 


A FF the ſolid AB be ferminated 
by parallel planes,the OpPo- 
ſite ſuperficies's will be ſimular 
and equal parallelograms, 

Demonſtration. 


B © The parallel planes AC and 


BE are cnt by the plane FE : therefore their 
common ſections are parallel, (by the 16.) and 
ſo likewiſe DF and AE; therefore AD will be 
a parallelogram, After the ſame manner I may 
demonſtrate, that A(G,FB, CG, and the reſt, 
are parallelograms. I add, that the oppoſite 
parallelograms, e. g. AG and FB, are ſimilar 
and equal, The lines AE and EG are parallel 
to the lines FD and DB: therefore the angles 
AEG and FDB are equal,(by the 10.) Accord- 
ingly I may demonſtrate all the ſides and all 
the angles of the oppoſite parallelograms to 
be equal, therefore the parallelograms are 
ſimilar and equal, 


PRO- 
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PROPOSITION XXV. 


A. TmzOReM. 


If a Parallelepipedon be divided by a plane paral- 
lel to one fo planes, the two ſolid bodies which - 
ariſe by that diviſion, will bave the ſame pro- 
portion as their baſes. 


FF the parallelepipedon AB be 
EC - divided by the plane CD, 
>; {> which is parallel to the planes 
N.A..IR [| | AF and: BE, the ſolid AC 
ZR} will have the ſame proportion 
A Eto BD, as the baſe Al to the 

baſe DG. Suppoſe the line 
AH which ſhews the hight of the figure to be 
divided into as many equal parts as you pleaſe; 
for example,ten thouſand; which we may take 
as indiviſtbles, 7.c. without reflecting upon the 
poſlibility of their being further ſubdivided, 
Suppoſe alſo ſo many ſuperficies's parallel 
to the baſe Al, as there are parts in the line 
AH ; I have deſcribed only one OS: fo that 
the ſolid AB be compounded of all thoſe ſu- 
perficies's of the ſame thickneſs, as a Ream of 
paper is compounded of all its ſheets and quires 
laid one upon another, Tis evident that fo the 


ſolid AC will be compounded of ten thouſand 
ſuper- 


——— aA .-£©sO@ ooo. 
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ſuperficiegs equal to the baſe AI, (by the pre- 
ceding,) and the folid DB will contain ten 
thouſand ſuperficies's equal to the baſe DG. 

: . Demonſtration. 

Every {uperficies of the ſolid AC has the 
ſame proportion to any of the ſuperficiegs of 
the ſolid DB, as the baſe Al to the baſe DG; 
becauſe they are every one of them equal to 
their baſes : therefore (by the 12. 5.) all the 
ſuperficies's of the ſotid AC, taken together, 
will have the ſame proportion to all thoſe of 
the ſolid DB, as the baſe Al to the baſe DG. 
But all the ſuperficies's of the ſolid AC make 
up the ſolid AC, which has no other parts but 
thoſe ſuperficies's ; and all the ſuperficies's of 
the ſolid DB are nothing elſe but the ſolid DB; 
therefore the ſolid AC has the ſame propor- 
tion to the ſolid DB, as the baſe Al to the 
baſe DG. 

The USE. 
 EThis is Cavaleriws's demonſtration; which 


4s very clear, provided it be uſed as it ought ; 


and that the line, by which is meaſur'd- the 


*hickneſs of the ſuperficies's, be taken in the 


*ame reſpect in both the terms. I ſhalll/make 
fuſe of it hereafter, torender ſome intricate 


*and perplex'd demonſtrations more facil 
'and clear, 


'PRO- 
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| PROPOSITION XXVI; 


A TntoOrEM, 


off pdrallelepipedon is divided into two cqual 


parts by the diagonal plane. 


H Uppoſe the allelepipe- 
> don AB to be divided by 
the plane CD, drawn from one 

'F angle to another : I ſay it will be 

divided into twa: equal parts, 

W Divide the line AE itito as 

many parts as you pleaſe, and 

.draw ſo many planes parallel to the baſe AF; 

each of thoſe places is a parallelogram equal 
to the baſe AF, (by the 24:) 

Demonſtration, 

All the parallelograms,*that can be drawn 
parallel to the baſe AF, are divided into two 
equal parts by the plane GD; for the triangles 
which are forn'd on both ſides the plane CD, 
have their baſe common,ia each equal to CD, 
and their fades equal, being thoſe of a paralle- 
logram. But *tis evident, that the parallelepi- 
pedon is nothing. elſe but thoſe parallel. 
grams, which are each divided into two equal 
triangles: therefore the parallelepipedon isdi- 
vided into two equal parts by the plane CD. 
* The 
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 The27. and 28. Propoſitions are of no uſe dc- 
cording to this way of demonſtrating. | 


PROPOS. XXIX, XXX, XXXI. 


A THEOREM, | 
Parallelepipedons of the ſame hight, having the 
ſame or equal baſes, are equal. 


=, D F the Parallele- 
- Þ pipedons AB 
FI \\ and CD. be of the 
. & ſame hight ac- 
T I\\ cording to the per- 
CNT Ui. pendiculars AE 
A G © andFG; and have 
the ſame or equal baſes AH and CI, they will 
be equal, Suppoſe the two baſes to be ſet up- 
on the ſame plane; ſince their perpendiculars 
are equal, the baſes EB and FD will be in the 
ſame. plane, which will be parallel to the plane 
of the baſes AH and CI. Suppoſe then the line 
AE or FG to be divided into as many equal 
parts as you pleaſe, e. g. ten thouſand, and ac- 
cording to them ſo many ſuperficies's or planes 
drawn of the ſame thickneſs; 1 have deſcrib'd 
only one for all, asK or M.Each ſuperficies will 
form in theſe ſolids a parallel plane, ſimilar 
and equal to the baſe,(by the 24.) as KL, OM; 
Y 


and 
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and there will be as many in one ſolid as in the 
other ; becauſe their thickneſs, which 1 take 
perpendicularly according to their reſpe&:ve 
hights, 1s equal, 


Demonſtration. 

The baſe AH has the ſame proportion to the 
baſe CI, as each plane KL to OM. But they 
being equal in number in both, all the antece- 
dents (by th# 15.5.) will have the ſame propor- 
tion to all the conſequents, #. e, the whole ſolid 
ABto the whole ſolid CD, as the baſe AH to 
the baſe CI. But *tis ſuppos'd that the baſes 
are equal, therefore the ſolids are equal. 

Coroll. To find the ſolidity of a parallelepi- 
pedon, ?tis uſual to multiply the baſe by the 
- Inght taken perpendicularly, becauſe that per- 
pendicular ſhows how many ſuperficies's equal 
to the baſe are contain'd in it. As for example, 
if I take a foot for my indiviſible meaſure, . e, 
whick I will not afterwards ſubdivide ; if the 
bafe contain twelve feet ſquare, and the perpen- 
dicular hight ten, I ſhall have an hundred and 
twenty cubick feet for the ſolidity of the body 
AB. For the hight containing ten feet, I may 
make ten parallelograms equal to the baſe, hav- 
ing each a foot. in thickneſs ; but the baſe with 
one foot in thickneſs makes twelve cubick feet: 
the whole therefore will make an hundred and 
twenty, if the hight contain ten feet. 


PR OP. 
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PROPOSITION XXXII 


" A T mEOREM. 


Parallelepipedons of the ſame hight are in the ſame-. 


proportion as their baſes. 


Have prov'd this propolition 1n the precede 

ing, demonſtrating, that the parallelepipe- 
don 4 B has the ſame proportion to the paral- 
lelepipedon CD, as the baſe AH to the baſe 
CI. (See fig. preced.) 

Coroll. Parallelepipedons that have equal 
baſes, are in the ſame proportion as their 
hights. As the parallzlepipedons 4B and AL, 
whoſe perpendicular hights are AX and AE. 
For if you divide the hight AX into as many 
aliquot parts as you pleaſe, and AE into as ma- 
ny as it contains equal to the former,and draw, 
according to each part, planes parallel to the 
baſe 3 as many as AE contains of the aliquot 
parts of AK, ſo many will the ſolid 4B con- 
tain of the ſuperficics's cqual to the bale, which 
are the aliquot parts of the ſolid AL ; therefore 
(by defin. 5. 5.)the ſolid AB will have the fame 
proportion to the ſolid AL, as the tight AE 
© the hight AX. 


a The 
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The USE. 


© The three preceding propoſitions contain 
© almoſt all the ways of meaſuring parallelepi- 
© pedons, and may be eſteem'd as firſt prin 
© ciples for thar purpoſe. Tis after the ſame 
© manner alſo that we take the dimenſions of 
© the {olidity of Walls, by multiplying their 
© baſes by their hights. 


—_ 


———_ 
Ls 


PROPOSITION XXXIIL 


A THEOREM. 


Similay parallelepipedons are in the triplicate pro- 
portion of their homologous ſides. 


L || F the parallelepipe- 
py dons AB and CD be 
6 775+) Uumiliar, 3. e, if all the 
oy planes of one be like 
Dj : |= A thoſe of the other ; and 
C - 
all their angles equal, fo 
N that they may be placd 
in a right line, #. e:that AE and EF, HE and 
EI, GE aid EC, may make right lines ; and A 
has the ſame proportion to EF as HE to E), 
and as GE to EC : I ſay, that here are four ©- 
lids in continual proportion according to the 
proportion of the ſide EA to that,which is ho- 
mologous to it, EF or DI, De 


mt A 39 rd hos o&s7 
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Demonſtration. 

The parallelepipedon AB has the ſame pro- 
portion to EL of the ſame hight, as the baſe 
AH tothe baſe EO, (by the 32.) But the baſe 
AH has the ſame proportion tothe baſe EO,as 
AE to EF, (by the x. 6.) In like manner, the 
proportion of the ſolid EL to the ſolid EK, is 
the ſame with that of the baſe EO to the baſe 
ED, #. e. that of HE to El. And laſtly, the ſo- 
lid EK has the ſame proportion to the ſolid 
EN, as the hight GE to the hight EC, (by the 
coroll. of the 3 2.) or (taking the line EF for their 
common hight) as the baſe Gl to the baſe Cl, 
i.e. a$GE to EC. But the proportion of AE 
toEF, of HE to El, and of GE to EC, was 
ſuppogd to be the ſame; and conſequently,the 
ſolid AB has the ſame proportion to EL as EL 
to ER, and as EK to CD. Therefore (by defin. 
11, 5.) the proportion to ABto CD will be 
the triplicate proportion of that of AB to EL, 
or of AE to its homologous ſide EF. 

Coroll, If four lines be in continual propor- 
tion, the parallelepipedon deſcrib'd upon the 
firſt, has the ſame proportion to another ſim1- 
lar parallelepipedon deſcrib'd upon the ſecond, 
as the firſt to the fourth 3; for the proportion 
of the firſt to the fourth, is the triplicate pro- 
portion of that of the firſt to the ſecond. 


The USE. 
© You may perceive by this propoſition that 
| Y 3 © that 


SY Oo 
+ aa tn Dn ne » GCnows - 
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© that famous problem of the duplication of the 
© Cube, propos'd by the Oracle, conſiſts in find- 
© ing two middle terms in continual proportion, 
©For if you make the ſide of the firſt cube the 
© firſt term, and the double of that the fourth ; 
© having found twe middle proportionals, the 
* cubedeſcrib'd upon the firſt line will have the 
© ſame proportion to that deſcrib'd upon the ſe- 
© cond, as the firſt line to the fourth, 7.e. as one 
© to two. By this propoſition alſo may be cor- 
© rected their error, who fancy ſimilar ſolids to 
© have the ſame proportion as their ſides; as if a 
© cube of one foot in length was the half of a 
© cube two foot long ; when indeed it is but the 
© eighth part thereof, This is likewiſe the foun- 
© dation of the Rule concerning the ſize of the 
© bores of Canons; and is applicable not only to 
© bullets, but to all ſorts of ſimilar bodies, For 
© example; ſhould a man, about to build a Na- 
© vy, and reſolving to retain the ſame propor- 
© tion in all his Veſſels, reaſon thus with him 
© ſelf ; If a ſhip of an hundred tun require fifty 
© foot in Keel, another of two hundred tuns 
© ought to have an hundred foot in Keel ; he 
© would be guilty of a great miſtake : for in- 
* ſtead of making a Veſlel twice as large as the 
* former, he would make one cight times fo 
* much. He ought to aſlign to the ſecond Vel- 
* {el ſomewhat leſs than ſixty three feet. 


PROP, 


The Eleventh Book. 339 


PROPOSITION KXXXIV. 
A T u80xtM, 


Equal parallelepipedous have their baſes's and 
bights reciprocal, and thoſe that have their ba« 
ſes and bights reciprocal are equal; 


F the paralle- 


D 
B Hfo— lepipedons 
G By Lt K AB and CD be 
I equal, their ba- 
#7 HFS [/- » fes and hights 
A c 


will be recipro- 
cal, i. e, the baſe AE will have the ſame pro- 
portion to the baſe CF, as the hight CH to 
the hight AG. Having made CI equal to 4G, 
draw the plane IX parallel to the baſe CF. 


Demonſtration, 

The parallelepipedon AB has the ſame pro- 
portion to CK, being of the ſame hight, as the 
baſe AE to the baſe CF, (by the 32.) But as AB 
toCX, ſo is CD to the ſame CX, becauſc 13 
and CD are equal; and as CD to CK, which 
have both the ſame baſe, ſo is the hight C# to 
the hight CI, (by the Coroll. of the 32.) tiicre- 
fore as the baſe AE to the baſe CF, {> is the 
light CH to the hight CI or AG. 

S- & | 
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I add, that if the baſe AE has the ſame pro- 
portion'to the baſe CF as the hight C# to 
the hight AG, the ſolids AB and CD will be 


equal, 
Demonſty ation. 

AB has the ſame proportion to CX, being 
of the ſame hight, as the bale AE to the baſe 
CF, (by the 32.) Alſo the hight CH has the 
ſame proportion to the hight CT or AG, as 
CD to CK: But we ſuppoſe that AE has the 
ſame proportion to CF, as CH to CI or AG; 
therefore the ſolid AB has the ſame proporti- 
on to the ſolid CX as the ſolid CD to the ſame 
CX, and conſequently the ſolids AB and CD are 


equal, (by the g. 5.) 
The USE. 


©This Reciprocation of the baſes and hights 
© makes the ſolid very caſie to be meaſur*d. And 
© the propoſition ſeems to bear ſome analogy to 
© the 14. Prop. of the 6. which aſſerts, That e- 
*quiangular and equal parallelograms have 
© their ſides reciprocal z and the praftice of 
© the Rule of three. may be demonſtrated from 


©both. | 


The 35. Prop. may be omitted. 
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by PROPOSITION XXXVI, 

A Turzorem, 
ng " "0 | 
aſe BN If three lines be incontinual proportion, a paralle- 
he lepipedon made of thoſe three lines 1s equal to, 
25 an equiangular parallelepipedon, which bas all 
he its ſades equal to the middle line, | 
T3 


I 1. M 


G E ÞP ABC K Q 


FF the lines 4, B, C, be in continual propor- 
tion, the parallelepipedon EF made of thoſe 
three lines, the ſide FI being equal to the line 
A, HE equal to B, and HI equel to C, is equal 
to the equiangular parallelepipedon XL, whoſe 
ſides LM,MN,and XN,are each of them equal 
to the line B, From the points # and N draw 
the lines ZP and N@ perpendicular to the 
planes of the baſes; which lines will be equal, | 
becauſe the ſolid angles E and K are ſuppos'd > 
equal, (ſo that if they could penetrate, neither | 
-11d exceed the other,) and the lines E#/ 

and 


Re 4. 5 = £5. 
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and KN arealſo ſuppogd equal. Therefore the 
hights ZP \and N9 are equal. 
Demonſtration. 

There is the ſame proportion of Ato B, or 
of FI toLM,asof B toC,or LM to Hl: There- 
fore the parallelogram FH contain'd under Fl 
and T7 is equal to the parallelogram LN con- 
tain'd under LM and 21N both equal to B, (by 
tbe 16, 6.) therefore the baſes are equal. But the 
hights ZP and N9 are alſo equal; thereforc 
(bythe 31.) the parallelepipedons are equal. 


I —— — — 


PROPOSITION XXXVII. 


A TrrOREM. 


If four lines be proportional, the parallelepipedons 
deſcril>d upon tboſe lines are proportional : and 
sf the ſimilar parallelepipedons be proportional, 
their homologous ſides will be alſo proportional. 


B F the line A has the ſame 

proportion to B as C to 

D  D, the ſimilar parallelepi- 

pedons, whoſe homologous 

ſides are the lines A,B,C,D, will be in the ſame 
proportion, 


Demonſtration. 
The parallelepipedon A is in the triplicate 


proportion to the parallelepipedon B, of that 
ot 
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of the line A to the line B, or that of the line 
C to the line D. But the parallelepipedon C to 
the parallelepipedon D is alſo in the triplicate 
proportion of that of the line C to the line D, 
(by the 33.) Therefore the parallelepipedon 4 
has the tame proportion to the parallelepipe- 
don B, as the parallelepipedon C to the pa- 
rallelepipedon D. 


DE — 


PROPOSITION XXXVIIL 
A T HEORBEw. 


If two planes be perpendicular to each other, a per- 
pendicular drawn from a point in one of the 
planes to the other will fall upon the common 
ſettion, 

E1]B FE, the plancs AB and CD heing 

perpendicular to cach other, 
you draw from the point E in the 
plane AB a line perpendicular to 
the plane CD, it will fall upon 
the common ſeQion of the planes. 

Draw EF perpendicular to the common ſection 

AG. Demonſtration. 

The line, EF, perpendicular to AG, the com- 
mon ſection of the planes, which are ſuppoYd 
to be perpendicular, will be perpendicular to 
the plane CD, (by defin. 3.) and becauſe nn 

LNCS 
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lines cannot be drawn from the point E per- 

pendicular to the plane CD, (by the 1 3.) eve- 

ry perpendicular will fall upon the common 

ſetion AG, | 
Toe USE. 

This propoſition ought to have follow'dnext 
©fter the 17th. becauſe it reſpets ſolids in 
&eneral. Tis of uſe to us in the Treatiſe of 
© Aſtrolabes, to prove that in the Analemma all 
he circles, perpendicular to the Meridian, 
©ught to be markt by right lines, 


Pn — 


PROPOSITION KXXXIX. 


A T unoOnnw. 


If im a parallelepipedon be drawn two planes, which 
divide the oppoſite ſides into two equal parts,their 
common ſettion and the diameter will alſo di- 
vide each other into two equal parts. 


N__D _B Uppoſe the oppoſite ſides 
SANP 8 ofthe eld 

D AB _— be _ two 
F . wh equal parts by the planes 
DFAS CD and EF, their common 
” a ſetion GH and the diame- 
ter BA will equally divide 

each other at the point O. Draw the lines BG, 
GK, AH and BL, I ſhall prove firſt, that the 
wo 
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two firſt of theſe, BG and GK, (and fo like- 
wiſe AH and HL,) make but one right line. 
For the triangles DGB and KMG have their 
tides DB and KM equal, becauſe they are the 
halves of equal fides ; as alſo GD and GM. Fur= 
ther, DB and KM being parallel, the alternate 
angles BDG and GMK will be equal, (by the 
29, 1.) and therefore (by the 4. 1.) the trian- 
gles DBG and KGM will be equal in all re- 
ſpects, and conſequently the angles BGD and 
KGM: and [by the coroll. of the 15. 1.] BG 
and GK make but one right line, as alſo LH 
and HA : therefore ALBK is one plane, in 
whichare found both the diamater AB, and the 
common ſection of the planes GH, The plane 
ALBK cutting the parallel planes AN and CD, 
their common ſeQtions/GH and AK will be 
parallel > And [7 by the 2.6.7] BG will have the 
ſame proportion to GK, as BO to OA; and 
therefore [by the 18. 5.] as BK to GK, fo BA 
to BO; and[by the 4.6.] ſo GR or AK to 
OG. But BK is double to BG, therefore BA is 
double to BO and AK, equal to GH, double 
to GO. Therefore the lines GH and AB di- 
vide each other equally at the point O. 

Coroll, 1, All the diameters are divided at 
the point O, 

Coroll. 2, Here we may add ſome Corolla- 
ries, which depend upon divers propolitions. 


As for example, that triangular priſms of the 
ſame 
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' ſame hight are in the ſame proportion as 
their baſes: For the parallelepipedons, of 
which they are the halves, are [by the 32.7 in 
the ſame proportion as their baſes : Theretore 
the halves of their baſes, and the halves of the 
parallelepipedons, 7. e. the priſms, will be in 
the ſame proportion. 

Corcll, 3. Polygon priſius of the ſame hight 
are alſo in the ſame proportion as-their baſes, 
becauſe they may be reſolv'd into triangular 
ones, each of which will have the ſame pro- 
portion as their baſes. 

Coroll, 4. The reſt of the propoſitions con- 
cerning parallelepipedons are alſo applicable 
to priſms : as for example, that equal priſms 
have their hights and baſes reciprocal ; and 
that familar priſms are in the triplicate pro- 
portion of that of their homologous ſides. 


The USE. 


©This propoſition may help us to find out the 
enter of Gravity in parallelepipedons ; and 
*todemonſtrate ſome other propoſitions in the 
*hirtcenth and fourteenth books of Euclid. 


PROP. 
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of PROPOSITION XL. 
| in | 

Ire A Tutor, 

the 


in Þ 4 Priſm, that bas a parallelegram for its baſe 
double to the triangular baſe of another priſm, 


ht and of the ſame hight, is equal to it, 
es, | 
ar ET ABE and CDG be two triangular 
0- priſms, of the ſame hight; and the baſe 


of one the parallelogram AE, double to the 
n- Þ triangle FGC, the baſe of the other priſm : I 
le || fay theſe priſms are equal.Suppoſe the paralle- 
ns || lepipedons AH and Gl were compleated, 


” D L 08 
| - 
C —— % 
1 G C A. 
& * 
Demonſtration, 


'Tis ſuppog'd, that the baſe AE 1s double to 
the triangle TGC, but the parallelogram GK 
15 double to the ſame triangle, [ by the 2.4. 1.7] 
therefore the parallelograms AE and GK are 

cqual ; 
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equal; and conſequegtly the parallelepipedons 
AH and GI, having the ſame baſes and the 
ſame hights, are equal; and therefore the 
priſms that are the halves, [by the 26.7] will be 
likewiſe equal. 


THE TWELFTH BOOK. 
OF THE 


ELEMENTS 
. UCLID. 


Uclid, after having in the preceding Books 
deliver'd the general principles of folid 
*odies, and cxplain'd the manner of meaſuring 
the molt regular of them, that is, ſuch as are 
*terminated by plain ſuperficievs; treats in this 
*of ſuch bodies as are contain'd in ſuperficcs's 
hat are crooked, as the Cylinder, Cone, and 
Sphere”: comparing one with the other, and 
BIVI, 1g rules, relating both to their ſvlidiry, 
tnnd the manner of taking their dimenſions, 
1 he Book is of exceeding great ule, becauſe 
Gn it we find'the principles upon which the 
'molt learned Mathematicians have byilt fo 
*many famous demonſtrations concerning the 
*Cylinder, the Cone, and the Sphere, 
| L PRO- 
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| PROPOSITION IL 
A Txrzoxet,. 
Similar polygons, inſcril/d in circles, are in the 


ſame proportion as the ſquares of the diameters 
of the ſame circles, 


FF the polygons 


A b 
f I cc and 
& FGHKL, infer 
in circles, be ſimi- 
lar, they will be in 
PIC TH the ſame propor 


tion as the ſquares 
of the diameters AM, FN. Draw the lines 
BM, GN, AC, and FH. 
Demonſtration, 

"Tis ſuppos&'d that the polygons are ſimilar, 
that is to ſay, that the angles B and G are e- 
qual, and that AB has the ſame proportion to 
BC as FG to GH : from whence I infer, [by the 
6.6.7 that the triangles ABC and FGH are e- 
quiangular, and that the angles ACB and FHG 
are equal : ſo that likewiſe [by the 21. 3] the 
angles AMB and FNG are equal. But the an- 
gles ABM and FGN, being in a ſemicircle, are 
Tight angles, [ by the 31. 3.] and conſequently, 
the triangles ABM and FGN are AT, 

ere- 
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Therefore [by the 4. 6.7] AB has the ſame pro- 
portion to FG, as AM to FN : and [by the 22. 
6.] if two ſimilar polygons be diſcrib'd upon 
AB and FG, as thoſe that are propos'd ; and 
two other ſimilar polygons upon AM and FN, 
which ſhall be two ſquares; the polygon 
ABCDE will have the ſame proportion to the 
polygon FGHKL, as the ſquare of AM to the 
{quare of FN, | 
* This propoſition is neceſlary to demons 
* ſtrate that which follows. 


EE 


LEMMA. 


If a certain quantity be leſs than a circle,a regulay 
polygon may be inſcrih'd in the ſame circle 
greater than that quantity. 


hgure A 
©to be leſs 
© than thecir- 
*cle B; a re- 
* gular poly- 

gon may be 


© infcrib'd in 
"the ſame circle, which ſhall be greater than the 
*iigure A. Let- the figure G be the difference 


*betweea the figure A and the circle,ſo that the 
& 2 figures 


Grape the 
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*hgures A and G taken togother, may be equal 
*to the circle B. Inſcribe in the circle. B the 
*(quare CDEF, [by the 6. 4.] and if the ſquare 
®De greater than the figure A, we ſhall have 
*what we wanted. If ir be leſs, divide the four 
*quarters of the circle CD, DE, EF, and FC, 
*ach into two equal parts at the points H,L,K, 
fT, that ſo you may bave an octogon. Bur it 
*he octogon be ſtil] leſs than the figure A,ſub- 
©tivide its archs, and you will have a polygon 
&f ſixteen fides, afterwards of thirty two, and 
*then of ſixty four.l ſay,at length you will have 
© polygon greater than the 5gure A, 7.e, a po- 
*Iygon whoie difference from the circle 1s leſs 
*than that of the figure A, that 1s lels than the 
y 1 Demonſtration, 

The inſcrib'd ſquare is more than half of the 
*.ircle, being half of the fquare deſcrib'd about 
*ne circle ; and 1a deſcribing the octogon you 
"Take more than half of the Remainder, i. e. of 
"the four ſegments CHD, DIE, EKEF, and CLF, 
*For the triangle CHD is the half of the rect- 
*angle CO, [by the 34. 1.7] therefore it is more 
"*than half of the ſegment CHD ; and the ſame 
*may be ſaid of all che other arches. In like 
*manner, in deſcribing the polygon of ſixteen 
*/ides, you take more than half of what was left 
©f the circle; and fo in all the others. There- 
*fore you will leave at 1alt a leſs quantity than 

*G. For 'tis evident, that ewo unepual quanti- 
| tics 
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*jes being propos'd, if you take away mare 
"than-balf of the greater, and afterwards more 
hanihalf of what remains, and again more than 
half of what is {til} left hehind ; at length that 
*which remains will be leſs than the ſecond 
<uantity.. Suppoſe the ſecond quantity to be 
©ontair'd in - the firſt an hundred times : *tts 
evident, that dividing the firſt into an hundred 
*parts,in ſuch ſort, that'the firft part may have 
*a greater proportion to the ſecondfthan two to 
*one 3; the laſt will be leſs than the hundredth 
art : ſo that at laſt yon will obtain a-polygor, 
*waich will be ieſs exceeded by the circle, than 


*he-circle cxceeds;the figure A ; that. is to ſay, 
*hat what-will remain of the circle, when the. 
polygon 'is taken away, will be leſs than G., 


*T herefore the polygon will be greater than the 
figure A. 


—— CC 


PROPOSITION 1. 


A THEOREM. 


Circles are in the ſame proportion as the ſquares 
of their diameters, 

Prove,that 

the crrcles 

/{__B A and B are 

= -- - in the ſame 

proportion,as 

Z 3 the 


4 
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the ſquares of CD and EF. Suppoſe the figure 
G to have the ſame proportion to the circle B, 
as the ſquare of CD to the ſquare of EF; if the 
figure G be leſs than the circle A, [by the pre- 
Ceding Lemma,)] a regular polygon may be in- 
ſcrib'd in the circle A greater than G. Let a fi- 
mular regular polygon be alſo inſcrib'd in the 
circle B, 
Demonſtration, 

The polygon of the circle A will have the 
ſame proportion to the polygon of B, as the 
ſquare of CD to the ſquare of EF, 5. e. the ſame 
as G to the circle B; but the quantity G is leſs 
than the polygon inſcrib'd in A: accordingly 
therefore [by the 14.5. Jthe circle B muſt beleſs 
than the polygon inſcrib'd in it,which is mani» 
feſtly falſe. It muſt therefore be granted that 
the figure G, being leſs than the circle A,can- 
not have the ſame proportion to the circle B, 
as the ſquare of CP to the ſquare of EF; and 
conſequently, that the circle A cannot have a 
greater proportion to the circle B, than the 
ſquare of CD to the ſquare of EF : nor can it be 
ſaid to have aleſs; for then the circle B would 
have a greater proportion to the circle A, and 
the fame demonſtration would be applicable 


portion of that of their diameters ; becauſe the 


ſquares being ſimilar figures, are in the dupli- 
cate 


to it 
I 1. Circles are in the duplicate pro- 


vY mw C0) C(þ I Fly 7 
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cate ©voog of that of their ſides, [by the 
20. 6. 

Coroll, 2. Circles are in the ſame proportion 
as the ſimilar polygons, that are inſcrib'd in 
them. 

Coroll, 3. This ought to be well obſerv'd as 
a general rule: When ſimilar figures, being in- 
ſcrib'd in others, fo that they may approach 
ſtill nearer and nearer to them, and at laſt de- 
generate into the figures themſelves,are in the 
ſame proportion; the figures that contain them 
are alſo in the ſame proportion. What I would 
ſay is this 3 That ſimular regular polygons, in- 
ſcrib'd in divers circles, are always in the ſame 
proportion as the ſquares of the diameters ; 
and being made of more ſides, ſo as to approach 
{till nearer and nearer to the circles, they ſtill 
retain the ſame proportion ; and the circles 
themſelves are in the ſame proportion as the 
ſquares of their diameters. This manner of 
meaſuring round bodies, by inſcribing in them 
others, is of great uſe. 

The US E. 
© This being a very general Propoſition, en- 
©:bles usto argue about circles in the ſame man- 
©ner as wedo of ſquares. For example, we ſay 
tn the 4.7. 1.7] that in a rectangle triangle the 
*{quare of the baſe alone is equaFto the ſquares 
©t both the ſides taken together. We may ſay 


*he ſame of circles, #. e, That the circle, de- 


Z 4 ſcrib'd 
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©{crib'd upon the baſe of a re&angle triangle, is 
equal to Che circles, whoſe diameters are the 
«des. And in the ſame manner may we avg- 
"ment or diminiſh circles, according to what 
*Proportion we pleaſe. We prove alſo by it in 
"Opt:cxs, that the light decreaſes in the dupli- 
*catc proportion'of That of the ditances pl the 


*Incid bodies, 


PROPOSITION Ill. 


A TrnzORngmM. 


Every Pyramid, whoſe baſe is triangular, may be 
divided into two equal priſms, which make up 
more than half of the pyramid ; and into two 
equal pyramids. | 

= the pyramid ABCD 

. may be found two equal 

priſms, EBFI, and EHKC, 

which will be greater than 

half the pyramid. Divide the 

ſix ſides of the pyramid e- 

qually at the points G,F.E,1I, 

H,K, and draw the lines EG, 

GF, FE, EI, HI, FH, IK, and EK, 
Demonſtration. 
In, the triangle ABD, AG has the ſame pro- 


portion to GB as AF to FD, becauſe AB and 
AD 
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AD are equally divided in G, and- F; there- 
fore [by the 2.6.] GF and BD are parallels; and 
GF will be the half of BD, 5. e. equal to BH, 
In like manner, GE and BI, FE and HI, will 
be paarllels, and equal: and [ly the 15.21.Jthe 
planes GFE and BHI will be parallel, and con- 
ſequently EBFI wt] be a priſm, The fame 
may be ſaid of the figure HEKF,which will be 
aſo a priſm equal to tho cther, [by the 40.11. 
the parallelogram baie HIKD being double the 
triangular BHI, [by the 41. 1.] 

Secondly, I ſay, the pyramids AEFG, and 
ECKI, are fimilar and equa]. 

| Demonſtration, | 

The triangles AFG.and FDH are equal, (by 

the 8. 1.) as alſo FDH and EIK 3 and likewiſe 


AGE, and EIC, and fo of all the other -trian- 
ples of the yarn therefore the pyramids 
O 


zre equal, (by defin. 10.11.) They are alſo ſimi- 
lar to the great pyramid ABDC: for the tri- 
angles AGE, and ECl are {milar, (by the 2.6.) 
the lines GE and BC being parallels ; and the 
lize may be demonſtrated of all the other tri- 
angles of the leſler pyramids. 

Laſtly,I ſay the priſms are more than halfof 
the firſt pyramid. For if each was equal to one 
of the leſſer pyramids, both would be equal to 
the half of the greater pyramid. But they are 
each of them greater than one of thoſe pyra- 
mids; as the priſm GHE contains the m__ 

I 
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GBHI,and ſomewhat more; and that pyramid 
is equal and fimilar to the others, having all 
their triangles equal and ſimilar to thoſe ot the 
pyramid AGFE,as may be eaſily prov'd by the 
paralleliſm of their ſides: from whencel infer, 
that the two priſms taken together are greater 
than the two pyramids, and conſequently 
greater than half of the great pyramid. 


PROPOSITION IV. 


A THrOREmM 
If two triangular pyramids of the ſame hight be 
divided into twv priſms and two pyramids, and 
the latter pyramids ſubdivided after the ſame 
manner ; all the priſms of one pyramid will have 
the ſame proportion to all thoſe of the other, as 
the baſe of one pyramid to the baſe of the other. 


F the two pyra- 

mids ABCD, 

DEFG, of the ſame 

hight, and having 

triangular baſes, be 

V divided into two 

wei : priſms and two py- 
ramids, according to the method laid down 1n 
the third propoſition; and the two leſler pyra- 
mids be ſubdivided after the ſame manner, = 
0 
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fo in order, that, having made as many diviſio.. 

of one as of the other, you have the ſame num- 

ber of priſms in both; I fay, that all the 

priſms of one will have the ſame proportion 

to all the priſms of the other, as their baſes, 
Demonſtration, 

The pyramids being of the ſame hight, the 
priſms, produc'd by the firſt diviſion, will have 
alſo the ſame hight, becauſe they have each the 
half of that of their pyramids. But priſms of 
the ſame hight are in the ſame proportion as 
their baſes, (by the coroll. of the 39. 11.) The 
baſes BTV and EPX are fimilar to the baſes 
BDC and EGF; and having for their ſides the. 
halfof thoſe great baſes, they can make but the 
fourth part of them, but they are in the ſame 
proportion as the great baſes are; therefore the 
firſt priſms will have the ſame proportion as the 
great baſes. After the ſame manner I may prove 
that the priſms produc'd by the ſecond diviſion, 
i.e, of the leſſer pyramids, will be in the ſame 
proportion as the baſes of thoſe leſſer pyramids, 
which are in the ſame proportion as the great 
baſes. Therefore all the priſms of one have the 
ſame proportion to all the priſmsof the other, 
as the baſe to the baſe. 

in VIE. 

©* Theſe two propoſitions are neceſſary to 

*compare pyramids together, and to take their 


*Jlimenſions. FORE 
ROP. 


ff 
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PROPOSITION V. 


A T nzorty, 


Triangular pyramids of the ſame hight are in the 
ſame proportion as their baſes, 


HE pyramids ABCD 

AB AN _ and EFGH are in the 
{\ / I\ ſame proportion as their ha- 
WV ſes. For if they were not, 

F > I 1/33 one of them, e. g. ABCI), 

would have a greater pro- 

portion t9 the pyramid EFGH, than the baſe 
BCD to the baſe FGH ; ſo that a quanrity leſs 
than ABCD would have the ſame proportion 
to the pyramid EFGH,as the baſe BCD.to the 
baſe FGH. Divide the pyramid ABCD after 
the manner of the third propolition ; divide 
alſo the pyramids,that reſult from that firſt di 
viſion, into two priſms and two pyramids,and 
thoſe again into two other priſms, continuing 
the diviſion as long as there ſhall be occaſion. 
Since the priſms of the firſt diviſion are more 
than the half of the pyramid ABCD, (by the 3.) 
and the priſms of the ſecond diviſion more than 
half the remainder, #.e, of the two leſfler pyra- 
mids, and thoſe of the third diviſion ſtill more 


than the half of what is left ; it is evident,that 
{9 
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ſo many diviſions may be made,that that which 
remains ſhall be leſs than-the . exceſs of the py- 
ramid ABCD above the quantity L, that is, 
that all the priſms taken together ſhall he great- 
er than the quantity L. Make as many divi- 
fions of the pyramid EFGH, ſo that you may 
have-as many priſms as there are in ABCD. 
Demonſtration, 

The priſms of ABCD have the fame pro- 
portion to the priſins of EFGH, as the baſe 
BCD to the baſe FGH : but the proportion of 
the baſe BCD to the bate FGH 1s the ſame 
with that of the quantity L to the pyramid EF 
GH : therefore the priſms of AECD have the 
ſame proportion to the priſms of E*CH, 2s the 
quantity L to the pyramid EFGH. But alio the 
priſms of ABCD are greater than the quantity 
L: therefore (by the 14. 5.) the priſms con- 


tain'd in the pyramid ErGH would be greater. 


than the fame pyramid EFGH, which 1s evi- 
dently falſe, becauſe the part cannot be greater 
than the whole. Therctore it mult be granted, 
that no quantity leſs than one ot the pyramids 
can have the ſame propottion to the other as 
the baſe to the baſe, and conlequently neither 
of the pyramids can have a greater proportiun 
to the other than the baſe co the bale. 


"YA 
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PROPOSITION VL 
A Tuzons  n. 


All forts of pyramids, of the ſame bight, have the 
ſame proportzon as their baſes. 


D HE pyramids ABC 
T and DEFG, of the 
ſame hight, are in the 

G ſame proportion as the 


baſes BC and EFG. Di- 
. vide the baſes into triangles. 
Demonſtration. 

The triangular pyramids AB and DE, being 
of the ſame hight, are in the ſame proportion as 
their baſes, (by the 5.) So alſo the triangular 
pyramids AC and DF arein the ſame proportion 
as their baſes. Therefore the pyramid ABC 
has the ſame proportion to the pyramid DEF 
as the baſe BC to the baſe EF, (by the 12. 5.) 
Further, ſince the pyramid DEF has the ſame 
proportion to the pyramid ABC, as the baſe EF 
to the baſe BC; and again, the pyramid DG has 
the ſame proportion to the pyramid ABC, as 
the baſe G to the baſe BC; the pyramid DEFG 
will alſo have the ſame proportion to the py- 
ramid ABC, as the baſe EFG to the baſe BC, 


PROP, 
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PROPOSITION VI. 
A THEOREM 


Every pyramid is the third part of a priſm, bemg 
upon the ſame baſe, and of the ſame bight. 


D A Q Proſe firſt the trian- 
gular priſm AB be pro- 

pos'd : I ſay, a pyramid, 

5 N having one of the triangles 
F E ACE or BDF for its baſe, 


and being of the ſame hight, as the pyramid 
ACEEF, will be the third part of the priſm. 
Draw the three diagonals AF, DC, FC, of the 
three parallelograms. 

Demonſtration, 

The priſm is divided into three equal pyra- 
mids, ACFE, ACED, and CFBD ; therefore 
each will be the third part of the priſm. The 
two firſt, having for their baſes the triangles 
AEF and AFD, which (by the 34.1.) are equal, 
and for their hight, the prependicular drawn 
from the top C to the plane of their baſes AF, 
will be equal, (by the preceding,) The pyramids 
ACED, and CFBD, which tor their baſes have 
the equal triangles ADC and DCB, and the 
ſame top F, will be alſo equal, ( by the preced- 
ing.) Therefore one of thoſe pyramids, e. pg. 

AICE, 


\s 
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AFCE, having the ſame baſe BDF with the 
priſ':;, and the ſame hight, which is the perpen- 
dicuiur drawn from the point 7 to the plane of 
the h4ſe ACE, 1s the third part of the ſame 
priſm. lf che priſm be a polygon, it mult be 
divided into divers triangular priſms ; and tlic 
pyramid, which has the ſame baſe,and the ſame 
hight, will be alſo divided into as many trian- 
gular pyramids ; - each of which will be the 
third part of its priſm. Therefore (by the 12. 
5.-)the polygon pyramid will be the third part 
of the polygon priſm. 


PROPOSITION VII. 
A I HE ORs nn. 


Similar pyramids are in the triplicate proportion 
of that of toerr homologous fades. ' 


FF the pyramids be triangular, compleat the 
priſms, which will he alſo {imilar, becaute 
they will have certain planes the ſame with 
thoſe of the pyramids, But the {imilar priims 
are in the triplicate proportion of their homo- 
Jogous ſides,[ by Coroll. 4.of the 39.1 1.Jcheretore 
the pyramids, which (by the preceding} are the 
third parts of the priſms, will be in the triplt- 
cate proportion of that wgir homologous tides. 
If the pyramids be polygons, they mult be re- 

duc'd to triangular pyramids. 
PROP, 
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PROPOSITION IX: 


A T x ft ORE hw. 


Equal pyramids have their tichts and baſes rect- 
procal, and thoſe that have their heights and 
baſes reciprocal are equal. 


bs twoecqual triangular pyrarnids be propos'd, 
make priſms upon the ſame baſe, and of the 
ſame hight. Since every priſm is triple his py- 
ramid, (by the 7.) they will alſo be equal. But 

qual priſms have their baſes and hights rect- 
? 4a! (by Coroll, 4. of the 39. 11.) therefore 
the baſes and hights of the pyramids, which 
are the ſame with thoſe of the priſins, will be 
alſo reciprocal. 

Secondly, if the baſes and hights of the py- 
ramids be reciprocal, the priſms will be equal, 
as alſo the pyramids, which are the third parts 
of the priſms. 

If the pyramids propogd be polygons, they 
muſt be reduc'd to triangular pyramids. 

Coroll. Other propoſitions may be made con- 
cerning pyramids : as for example z That py- 
ramids of the ſame hight, are in the {ame pro- 
portion as their baſes z and thoſe that have the 
{ame baſes, are in the ſame proportion as their 
hights, | 


A a The 
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TieUSE. 

*From theſe propoſitions is drawn the man- 
*ner of meaſuring pyramids, whichis, by mul- 
* tiplying their baſes by the third part of their 
*tights. Other propoſitions may alſo be made, 
*as, That if a priſm be equal to a pyramid, the 
*baſesand the hight of the priſm, with the third 
*part of the hight of the pyramid, will be reci- 
©procal ; which is as much as to ſay, that if the 
* baſe of the pyramid has the ſame proportion to 
*the baſe of the priſm, as the hight of the priſm 
*tothe third part of the hight of the pyramid, 
*the priſm and the pyramid will be equal. 


ALEMMA. 


If a quantity leſs than a Cylinder be propos'd, a 
polygon priſm may be inſcriÞd in the Cylinder 
grater than that quantity, 


F the quantity 
A be leſs than 
*the cylinder , 
© whoſe baſe 1s 
© the circle B, 4a 
© polygon priim 
© may be in- 
© ſcrib'd in the 
© cylinder greater than the quantity A. 1 The 
Quare 
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*{quare CDEF, inſcrib'd in, andGHIK circum- 
*{crib'd abont the circle. CLDMENEFO is an 
*octogon inſcrib'd. Draw the tangent PLQ: and 
*luppoſe you had ſo many priſins as there are 
*polygon baſes, and all of the ſame hight with 
*he cylinder. That which has the circumſcrib'd 
*{uare for its baſe, will encompaſs thecylin- 
*der;and that whoſe baſlc is the in{crib'd ſquare, 

*will be alſo inſcrib'd in the cylinder, 
Demonſtr, Priſms of the ſame hight are in 
*the ſame proportion as their haſes, (by coroll.3. 
"of the 39. 11.) and the inſcrib'd ſquare being 
"the half of that which is circumſcrid'd, its 
priſm will be the half of the other, and there- 
*tore more than the half of the cylinders And 
*making the priſm with the oftogon baſe, you 
"take away more than half ot what remain'd of 
"The cylinder, after the priſin of the inſcrib'd 
*{quare was taken from it, becauſe the triangle 
*CLD is the half of the rectangle CQ. And be- 
*auſe priſms of the ſame hight are in the ſame 
Þroportion as their baſes, the priſm, whoſe 
*baſe is the triangle CLD, will be the half of 
The priſm, which for its baſe has the rectangle 
DCPQ: it will therctore be more than the 
*halt of thar part of the cylinder, whoſe baſe is 
"the ſegment DLC. The ſame may be faid of 
*all theother ſegments. After the ſame manner 
I may demonſtrate, that making a polygon 
priſm of ſixtcen ſides, I take away more than 
A a2 nalt 
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© half of what remains of the cylinder, after the 
* octogon priſm is taken from it: ſo that there 
* will remain at laſt a part of the cylinder, leſs 
* than the exceſs of the cylinder above the quan- 
*tity A. We ſhall have therefore a priſm in- 
© {crib*d in the cylinder, which ſhall be leſs ex- 
*ceeded by the cylinder than the quantity A. 
* 7,e, which ſhall be greater than the quantity A. 
* The ſame way of arguing will hold of the py- 
©ramids inſcrib'd in a cone. 


7 SSOpO0sSITION X 


A T uncknmM. 


A Cone is the third part of a cylinder, baving the 
ſame baſe, and being of the ſame hight. 
N— F a cone and a cylinder have 
ec & B the circle A for their baſe, 
=—RD and he of the ſame hight, the 
""\\ cylinder will be triple the cone. 
"WP For it the proportion of ue 
E cylinder to the cone was great- 
er than the triple proportion, 
the quantity B lefs than the cylinder wouic 
have the ſ:zme proportion to the cone as three 
to one : 2d (by the preceding Lemma) a po!y- 
gon Priſ:: may be 1:{crib'd in the cylinder 
greater than the quantity B. Suppoſe that which 
has for its baſe the polygon CDEFGH to be 


ſvch an one. Make alſo upon the ſame bale a 
pyramid nſcrib'd 1n the cone. De- 


The Twelfth Book. 369 


Demonſtr, The cylinder, the cone, the priſm, 
and the pyramid, are of the ſame hight ; there- 
fore the priſm is the triple of the pyramid, (by 
the 7.) But the quantity B is alſo the triple of 
the cone; therefore the priſm has the ſame pro- 
portion to the pyramid, as the quantity B to the 
cone: and (by the 14. 5.) the priſm being great- 
er than the quantity B, the pyramid would be 
greater than the cone, in which it is inſcrib'd, 
which is impoſlible. 

But if it be ſaid, that the cone has a greater 
proportion to the cylinder than one to three, 
the ſame method may be made uſe of to de- 
monſtrate the contrary. 


PROPOSITION XL. 
A T HEOREM 


Cylinders and Cones of the ſame bight are in the 
ſame proportion as their baſes. 

z ET two 

cones , 
or two Cy- 

L | } linders, of 
the fame 
hight, be 


propos'd, having for their baſes the circles A 
and B; I ſay, they are in the ſame proportion 
as their baſes. For if not, one of them, 0. g. the 
cylinder A would havea greater proporuon to 

Aaz the 


370 The Elements of Euclid, 


the cylinder B, than the baſe A has to the baſe 
B; ſuppoſe then that the quantity L, leſs than 
the cylinder A, has the ſame proportion to the 
cylinder B, as the baſe A to the baſe B, There- 
forc a polygon priſm may be inſcrib'd in the 
cylinder A, which ſhall be greater than the 
quantity L. Suppoſe it that therefore, whoſe 
baſe is the polygon CDEF ; and inſcribe a fi- 
milar polygon GHIK in the baſe B, which is 
alſo the baſe of a cylinder of the ſame higat. 

Demonſir, The priſms of Aand B are in the 
ſame proportion as their polygon baſes, (by co- 
roll, 4. of the 39. 11) and the polygons are in 
the ſame proportion as the circles, (by coroll. 2, 
of the 2.) therefore the priſm A has the ſame 
proportion to the priſm B, as the circle A to 
the circle B But as the circle A to the circle 
B. fois the quantity Lto the cylinder B: there- 
tore as the priſm A to the priſm B, ſo 1s the 
quantity L to the cylinder B. But the priſm A 
is greater than the quantity L, and conſequent- 
iy [by the 1.4. 5.7] the priſm B, inf{crib'd in the 
cylinder B, would be greater than its cylinder, 
which is impoſſible. Therefore neither of the 
cylinders has a greater proportion to theother, 
than its baſe to the other*s baſe, 

Coroll. Cylinders are triple the cones, of 
the ſame hight, therefore cones of the ſame 
hight are in the ſame proportion as thetr baſes, 
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PROPOSITIONKIL 


A Trnrorm mm. 


Cylinders and Cones, that aye ſimilar, are in the 
triplicate proportion of that of the diameters of 
their baſes. 


= — | de 
"q oo or 
2. } two cylinders, 
that are ſimilar, 
K 'F be propog'd, ha- 
ving the circles 
A and B for their baſes ; I fay, that the pro- 
portion of the cylinder A to the cylinder B is 
the triplicate proportion of that of the diame- 
ter DC to the diameter EF, Fer if it he not the 
triplicate proportion, let the quantity G, leſs 
than the cylinder A, be, to the cylinder B, In 
the triplicate proportion of that of the diame- 
ter DC to the diameter EF; and inſcribe a 
priſm in the cylinder A greater than G,and an- 
other ſimilar to it in the cylinder B : they will 
be of the ſame hight with the cylinder, be- 
cauſe ſimiliar cylinders have their hights and 
the diameters of their baſes proportionzl, as 

well as priſms, (by defin. 22. 1t.) 
Demonſtr, The diameter DC has the ſame 
proportion to the diameter EF as the {ide D! 
to the ſide EL, or as DC to EF, as I have fhews 


A a 4 in 
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in the firſts, But fimilar priſms are in the tri- 
plicate proportion of that of their homologons 
lides, (by coroll.4.of 39. 1x.) therefore the priſm 
A to the priſm Bis in the triplicate proportion 
of that of DC to EF. But we ſuppos'd that the 
quaintity G in reſpect of the cylinder B was in 
the triplicate proportion of that of DC to EF ; 
therefore the priſm A will have the ſame pro- 
portjon to the priſm B as the quantity G to the 
cylinder B; and(by the 14-5.)the priſm A being 
greater than the quantity G, the priſm B, in- 
{crib'd in the cylinder B, will be greater than 
the cylinder B, which is impoſſible. Therefore 
ſimilar cylinders are in the triplicate propor- 
tion of that of the diameters of their baſes. 
Cones are the third parts of Cylinders, [by the 
20.7] therefore ſimilar cones are ia the triplicate 
proportion of that of the diameters of their ba- 


ſes. 


PROPOSITION XII. 
A THEOREM. 
If a cylinder be cut by a plane, that is parellel to 
its baſe, the parts of its axis will be in the ſame 
proportion as the parts of the cylinder. 


ET the cylinder AB be cut by 
| the plane DC parallel to its 
4g baſe : I ſay, the cylinder AF will 
have the ſame proportion to the cy- 
linder FB, as the line AF to the 

| | line 
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line FB. Draw the line BG perpendicular to 
the plane of the baſe A. Draw alſo upon the 
planes of the circles DC and A the lines FE 
and AG. Demonſtration. 

The plane of the triangle BAG cuts the pa- 
rallel planes A and DC ; ther-torethe ſetions 
FE and AG are parallel,(by the 16.11.) So that 
AF has the ſame proportion to FB, as the hight 
GE to EB. Take any aliquot part of EB; and 
having divided GE and EB into parts equal to 
it,draw ſo many planes parallc] to the baſe A; 
then will you have ſo many cylinders of the 
ſame hight z which, having their baſes and 
hights equal, will be-equal, (by the 11.) 

Further, the lines AF and FB will be divi- 
ded after the ſame manner as EG and EB, [by 
the 17.21] fo that the line AF will as oft con- 
tain any aliquot part of the line FB, as the cy- 
linder AF contains the like aliquot park ot the 
cylinder FB ; therefore the parts of the cylin- 
der will be in the ſame proportion as the parts 
of their axis. 

Coyoll, The parts of the perpendicular are 
in the ſame proportion as the parts of the cy- 
linder, 


PROP. 
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PROPOSITION XIV. 


A Tarnors , 
Cylinders and cones, having the ſame baſes, are in 
rag ſame proportion as their bights. 


I cylinders of equal ba- 

Þ- fs being propos'd, as A 

9” and CD, cut in the greater a 

DJ as of the ſame hight with 

the leſs, drawing a plane EF pa- 

rallel te its baſe. Tis evident [by the 1 1] that 

the cylinders CF and AB are equal ; and that 

CF has the ſame proportion to CD, as Gl to 

GH, or [by the Coroll. of the preceding} as the 

hight of CF to the hight of CD; theretore AB 

has the ſame proportion to CD, as the hight of 
CF or AB to the hight of GD. 

Cones, being the third parts of cylinders,if 

their baſes be equal, will be alio in the {ame 

proportion as their hights. 


PROPOSITION XV. 
A 1HtoRtm, 

Cylinders and cones that are equal, have their ba- 
ſes and bights reciprocal : and thoſe, that bave 
their baſes and hights reciprocal, are equal. 

C F the cylinders —_— = 
be equal, the baſe B wi 

CAA have _- ſame proportion to 

the baſe D, as the hight CD 


Sy» 5 t0 


E 


I 
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to the hight AB. Take the hight DE equal to 
the hight AB, 
Demonſtr, The cylinder AB has the ſame pro- 
in | portiontothe cylinder DE, of the ſame hight, 
as the baſe B to the baſe D, [by the x1.7 But as 
the cylinder AB 1s to the cylinder DE, fo is 
- a |} the cylinder CD, equal to AB, to the cylinder 
DE; #. e. ſo is the hight CD to the hight AB 


ith | Or DE. Therefore as the baſe B to the baſe D, 
ſo is the hight CD to the hight AB, 


bat Secondly, it the baſe Bhas the ſame propor- 
tion to the baſe D, as the hight CD to the hizhc 
AB, the cylinders AB and CD will he cqual. 
For the cylinder AB is in the fame proportion 
ag | 79 the cylinder DE, as the baſe B to the baſe 
D: and the cylinder CD will have the ſame 
proportion to DE, as the hight CD to the hight 
DE : therefore AB has the ſame proportion to 
. | DE, as CD to DE; and [by the 9.5.7] the cy- 
linders AB and CD will be equal, 

—_ «The 16. and 17. Propolitions are very dif- 
«ficult, and of no other uſe but to.prove the 
*18. which may more eaſily be done by the 
r ba- | © following Lemma's, 


> — — — 


CD LEMMA TI. 

will Þ If a quantity be propog”d leſs than a ſphere, cylin” 
;n to | deys of the ſame bight may be inſerib'd in tic 
CD ſame ſphere greater than that quantity. 
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B ©* CUppoſe A 

. D i BC to be 

© a great ſemi- 

Y , | © circle of the 
CE OE A MS < ſphere,where- 


© of we trear, 


©nd the quantity D to be the quantity leſs 
*han that ſphere: I ſay, ſeveral cylinders of 
*he ſame hight may be inſcrib'd in the ſphere 
*which taken together will be greater than the 
©Juantity D. For if the ſemi-ſphere excced the 
©uantity D, it will exceed it by ſome magni- 
*+nde; let it then be the cylinder MP, fo that 
*he quantities D and MP taken together may 
be equal to the ſemi-ſphere. Make a great cir- 
©le of the ſphere to have the ſame proportion 
©o the baſe MO, as the hight MN to the hight 
©. Then divide the line EB into as many e- 
©ual parts as you pleaſe, each being leſs than 
R- and drawing parallels to the line AG, de- 
cribe the inſcrib'd and circumſcrib'd paratle- 


*Jograms. The number of the circumſcrib'd 
will exceed that of the inſcrib'd by one. Butall 
&hereCtangles circumſcrib'd will ſurpaſs all the 
tnſcribd by the little reqangles through . 


*which the circumference of the circle paſlles: 
e211 which taken together are equal to the rect- 
©ngle AL. I imagine then the ſemicircle to 
he turn'd about upon the diameter EB the fe- 


enicircle will by that motion deſcribe a ſemi- 
*phere, 
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"ſphere, and the reQangles inſcrib'd ſo many 
*ylinders inſcrib'd in the ſemi-ſphere; and the 
*circumſcrib'd, other cylinders circumſcrib'd, 

Demonſtr, The circumſcrib'd cylinders ſur- 
*paſs the inſcrib'd more than the ſemi-ſphere 
*lurpaſſes the ſame igſcrib'd cylinders, it being 
*contain'd within the circumſcrib'd cylinders, 
*But the circumſcrib'd ſurpaſs the inſcrib'd by 
*he cylinder AL: therefore the ſemi-ſphere 
*1ll ſurpaſs thoſe inſcrib'd cylinders by leſs 
*han the cylinder deſcrib'd by the re&tangle 
*AL. But the cylinder AL is leſs than the cy- 
*inder MP - for there is the ſame proportion 
*of a great circle of the ſphere, which is the 
®aſe of the cylinder AL, to MO, as of MN to 
*R; therefore (by the preceding) a cylinder, 
*which ſhould have a great circle of the ſphere 
tor its baſe, and the hight R, would be equal 
"to the cylinder MP - but the cylinder AL,tho 
"it have the ſame baſe, yet its hight CL is leſs 
*han R; therefore the cylinder AL is leſs than 
"he cylinder MP. Conſequently the ſemi- 
*phere, that exceeds the quantity D by the cy- 
*inder MP, and the inſcrib'd cylinders by a 
*quantity leſs than AL, exceeds the inſcrib'd 
"Cylinders by leſs, than it exceeds the quantity 
D; therefore the quantity D is leſs than the 
"Cylinders inſcrib'd in rhe ſemi-ſphere. 

FT hat which I have ſaid of the ſemi-ſphere, is 
"applicable to an entire ſphere, 
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LEMMA II. 


Similar cylinders, 1mſcriÞd in two ſpheres, are in 
the triplicate proportion of the diameters of the 
—_ 


F two fi- 
milar cy- 
F <linders CD 
*and EF be 
© inſcrib'd in 
© the ſpheres 
*A and B, 
© they will be in the triplicate proportion of 
« the diameters LM and NO. Draw the lines 
*GD and IF. Demonſtration. 
© The right cylinders CD and EF are fimi- 

lar; therefore HD has the ſame proportion to 
© DR as QF to FS, as alſo KD has the ſame pro- 

© portion to DG as PF to FI. Conſequently the 
© triangles GDK and IFP are limilar, (by the 6. 
©6.) therefore KD has the ſame proportion to 
©PFasGD to IF, or LM to ON. But the i- 
© milar cylinders CD and EF are in the tripli- 
* cate proportion of KDand PF,the ſemiliame- 
© ters of rheir baſes, (by the 12.) therctore the 
© ſimilar cylinders CD and EF, infcrib'd in the 
© ſpheres A and B, arc in the triplicate propor 
& tion of the diaineters of the pheres, 


PRO, 
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PROPOSITION -XVII.L 


A T nzoxt. 
Spberes are in the triplicate proportion of their dig< 
meters, 


72 ſpheres A and B are in the triplicate 
proportion of that of their diameters CD 
and EF. For if not, one of the ſpheres, ſuppoſe 
A, will be in a greater proportion to B, than 
the triplicate of that of the diameters CD and 
| EF; therefore the quantity G, leſs than the 
iphere A, will be in the triplicate proportion 
of that of CDto EF, to the ſphere B and then 
ſome cylinders may (according to the Lem.1) be 
inſcrib'd in the ſphere A,greater than the quan- 
tity G. Inſcribe an equal number of cylinders 
in the ſphere B,fimilar to thoſe in the ſphere A. 


Demonſtr. The cylinders of the ſphere A to 
thoſe of the ſphere B are in the triplicate pro- 
portion of that of CD to EF, but the quantity 
| to the ſphere B is alfo 1n the triplicate pro- 


portion of that of CD to EF: therefore the cy+ 
linders of the ſphere A have the ſame propor- 
tion to The ſimilar cylinders of the ſphere B, as 
the 


"Y 


o 
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the quantity G to the ſphere B. Conſequently 
the cylinders of A being greater than the quan- 
tity G, the cylinders of B, 5.e, inſcrib'd in the 
ſphere B, will be greater than the ſphere B, 
which is impoſlible, Therefore the ſpheres A 
and B are in the triplicate proportion of that 
of their diameters. 

Coroll, Spheres are in the ſame proportion 
as the cubes of their diameters; becauſe cuhes, 
being ſimilar ſolids, are in the triplicate pro- 
portion of their ſides, [by the 33. t1.7 
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